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Abstract

It is observed that the reciprocal of the Poincaré series (or growth series)
of a finite rank Coxeter system with respect to its Coxeter generators
is a specialization of the Hilbert series, in fine grading, of the face ring
(or Stanley-Reisner ring) of the barycentric subdivision of the nerve, in
which the indeterminate attached to each finite rank standard parabolic
subgroup is specialized to a corresponding signed monomial determined
by the subgroup’s rank and longest element. This result is part of a close
correspondence (described in detail in this note but not conceptually
explained) between certain properties of reciprocals of Poincaré series
of Coxeter groups and properties of Hilbert series of face rings of order
complexes of lower Eulerian posets. In both settings, some new formulae
(or novel reformulations of old formulae) are given which are analogous
to well-known formulae in the other setting.

Introduction

Let (W, S) be a Coxeter system of finite rank |S| (standard references are [2, 3, 7, 9]).
Denote the standard length function of (W,S) as [: W — N. The Poincaré series
(or growth series) of (W, S) is the formal power series Py := >y /) in Z[[t]]. It
has been extensively studied because of its significant applications in or to invariant
theory, Lie groups, algebra, representation theory, combinatorics etc. (see [5] for a
recent paper which surveys the main known facts and some of the applications).

It is well known that Py is rational (i.e. it is the power series expansion at 0 of
some rational function). This follows directly from a formula

D=y
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of Steinberg from [17], where W := (J) is the standard parabolic subgroup gener-
ated by JC S, e;:= (1) and N :={JC S | |W,| < co}. As is also well known,
the polynomial Py, for J in AV is given by a formula (due to Solomon [13]) involving
degrees of the basic invariants of W;. Rationality of Py (and of Poincaré series of
other subsets of W) can now also be established using finite state automata arising
in the study of an automatic structure on W ([4]).

The main purpose of this note is to record some analogies and relations between
reciprocals of Poincaré series of Coxeter groups and standard generating functions at-
tached to simplicial complexes (especially, order complexes of lower Eulerian posets).
Steinberg’s formula implies the following explicit formula for Py :

ey fmUD+Am()

=2 Y g )
(1 — GJItm(Jl)) v (1 — EJntm(J"))

neN P=Jo C - C Jn €N

where for J in N, w(J) is the longest element of W, and m(J) := l(w(J)).

Although this formula is not particularly efficacious for computation of Py in
examples (cf. [2] for some computationally more convenient formulae), it does suggest
some interesting structural features of these Poincaré series in general, as follows.
For each subset J of S, let x; be an indeterminate. The right hand side of (x) is
obtained by specializing each z; with J € N\ {0} to ,#™)) in the left-hand side of
the identity

Z Z (1_;;;]3 1_$Jn Z Z Ty T,

neN =Jy C - C JpeN neN f=JyC J1 C - CJneN

The right-hand side of the identity may be regarded as a generating function for
multichains in the (inclusion-ordered) poset A\ {0}. In other terms, N is the set
of simplexes of an abstract simplicial complex on vertex set S, called the nerve of
(W, S), and the last generating function is the Hilbert series, in fine grading, of the
face ring (or Stanley-Reisner ring, see [14]) of the barycentric subdivision of the
nerve (i.e. the order complex of N'\ {0}). In this note, it is observed that many of
the known general facts about reciprocals of Poincaré series of Coxeter groups are
specializations of identities involving such multivariate rational functions attached
to simplicial complexes.

We now discuss some previously known results related to formula (x). An ele-
mentary fact [14, Ch II, Theorem 7.1] on fine Hilbert series of face rings of simplicial
complexes, applied to the barycentric subdivision of the closed simplex on vertex set
S, gives the following identity:

nez%@:JOC;JTLCS(1_‘%‘]13".(1”_1‘]71)

- " (1)
— (—1)"es
=2 Y aoaiasaT

neN 0=Jo C - C Jo=8

Although (%) itself does not seem to appear in previous literature, specializing
(1) by ;7 + 0 for JCS with J &€ N and z; +— e;t™) for J € N gives an
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alternative (“dual”) form of (%) which is in [18], at least for crystallographic W. This
dual form follows directly from a well-known algorithm for computing Py which is
(mostly) implicit already in [3] and is described completely explicitly in [9]. We also
mention that in the case of right-angled Coxeter groups, [7, Proposition 17.4.2] gives
a formula for % in terms of the h-polynomial of A, and [8] gives a formula for Py
as a specialization of a multivariate rational function (which also specializes to the
growth series of W for “automatic” generators (w(.J))sear\ {o3) Which is attached to

N; for (A;)", the function is 1 + >0z 5 27 With specialization z; — gm(J)

Section 1 of this note recalls basic properties of (reciprocals of) Poincaré series of
Coxeter groups and then proves (x) and its dual form. Section 2 recalls some rudimen-
tary properties of simplicial complexes and posets and then shows that the properties
listed in Section 1, such as Steinberg’s formula, are specializations of (known or easily
proved) general facts about Hilbert series of face rings of order complexes of lower
Eulerian posets. We state also some other formulae which specialize to apparently
new formulae for #: notably, we give determinantal formulae (consequences of [15])
for the rational function in (1) and for its numerator, and observe that the coefficient
of each (necessarily squarefree) monomial occurring in the numerator is the reduced
Euler characteristic of the corresponding order complex (up to sign). We remark
that the results of this note are very elementary, and the exposition has been kept as
simple and self-contained as possible. In particular, no essential use is made of face
rings or of topological or homological aspects of the theory of simplicial complexes.

As suggested above, the Poincaré series Py of a Coxeter system (W, S) has close
connections to many interesting objects naturally associated to W; for instance,
for crystallographic (respectively, arbitrary) W, Py gives the non-trivial factor in
the Hilbert-Poincaré series of the T-equivariant cohomology ring of an associated
flag variety for a Kac-Moody group (respectively, its algebraic analogue, the dual
nil Hecke ring; see [11]). As another example, the values of the rational function
% at a positive real number is the Euler characteristic for the correspondingly
weighted L%-cohomology theory of the Davis complex of W (see [7]). There are
many situations where (positive) Hilbert-Poincaré series are inverse to one another
up to systematic change of some signs; for instance, this occurs for Koszul dual
algebras (see [1]), although the nature of the sign changes here is different. Finally,
the class of simplicial complexes arising as nerves of finite rank Coxeter systems is
very extensive; this is an important fact in [7], where it is observed that it includes the
barycentric subdivisions of all finite polytopal complexes. For such reasons, it would
be desirable to have a more structural explanation for the correspondence of results
between Sections 1 and 2 than the one through generating function manipulations

in this note.
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1 Reciprocals of Poincaré series of Coxeter groups

1.1

Let (W, S) be a Coxeter system of finite rank |S| (see [2, 3, 7, 9] as general references
for basic properties of Coxeter groups used in this note). Let [: W — N be the
standard length function of (W, 5).

Let Z[t] and Z[[t]] denote respectively the polynomial ring and formal power
series ring over Z in the indeterminate ¢t. Let Q(¢) and Q((¢)) = (Q[[t]])[t '] be their
respective fields of fractions. We regard Z[t|, Z[[t]] and Q(t) as subrings of Q((t)),
and say that a formal power series in the intersection Q(t) N Z[[t]] is rational. Let
7: Q(t) — Q(t) be the field automorphism given by f(t) — f(3).

For w € W define X,, := ¢! in Z[[t]] (in particular, X;,, = 1z4). (The whole
development also applies to certain multivariate Poincaré series as considered in [12],
in which the X, are certain monomials of total degree I(w) in a set of variables in
bijection with the set of conjugacy classes of reflections; our notation is intended to
make the corresponding generalization of the results here obvious for readers familiar
with such length functions, but we do not give details.)

For any subset Z of W, define its Poincaré series (or growth series) Py in Z[[t]]
to be the formal power series

Py=Y X,=)» . (1)

weZ wez

If 1 € Z, then Py has constant term 1 and is invertible in Z[[¢]].

The analogy between the results in this section and those in Section 2 would be
highlighted if all formulae we give involving P, with 1 € Z were written instead in
terms of P!, but we do not do that if the resulting formula looks less natural here.

1.2

For J C S, let W; denote the standard parabolic subgroup W = (J ) generated by J.
Write ey := (—1)II. Let

W' ={weW |l(wz) =Il(w)+I(z) for all z € W, } (2)
be the set of shortest left coset representatives for Wy in W. Define the set
N ={JCS5||W)[ <00}, (3)

called the nerve of (W, S), and partially order N by inclusion. For J € N, let w(J)
denote the longest element of W; and set x; := €;X,,(5). We set x; :=0 for JC S
such that J € N. Also, for J in N, let

p(J,00) == — Z €JEK (4)

KeN
KDJ
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(the integers p(J, 00) are certain values of the Mobius function for a poset NU{oo}
obtained by adjoining a maximum element oo to N; see Section 2).

The theorem below collects some of the main formal facts on Poincaré series
of Coxeter groups which apply “uniformly” across all (finite and infinite, crystallo-
graphic and non-crystallographic) types. Certain well-known and interesting formu-
lae for the Poincaré series in terms of exponents for finite Coxeter groups ([13]) or
root heights for finite and affine Weyl groups ([12]) are therefore not listed.

Theorem 1.1. (a) If JCS, then Py = Py Py,.
(b) If J is in N, then Py, = €z, 7(Pw,).

(c) In general,

> g =rsp
=rg—.
=6 Tw, Py

(d) One has

(e) One has

R $ p(J, 00)
PW JEN PWJ

(f) Pw is rational, and W lies in Z[[t]] with constant term —u(0, 0o).

(g9) Suppose there is an integer N such p(J,00) = (=1)Ne; for all J in N'. Then
T(Pw) = (—1)N+lpw.

Proof. The first results are in [3] and [9], while [2], [7] and [5] contain developments
proving many of the facts listed. Specifically, see [3, Ch IV, §1, Ex 26] for (a), (b)
and (c), [9, 5.12] for (a) and (c), [2, 7.1] for (a)—(c) and (e), and [7, Ch 17] for (a)—(g)
(note that the results in [7] are proved where possible for the multivariate Poincaré
series from [12] and notation there conflicts with that in this note). We provide
below sketches of proofs and more references for some of these results.

(a) This holds since each element w of W can be uniquely written in the form
w = xy with z € W/ and y € W and I(zy) = I(z) + I(y).

(b) This holds since the map = — zw(J) is a bijection W; — W, satisfying
lxw(J])) =1l(wy) —I(z).

(c¢) The proof is essentially the same as in the special case of finite W, which is
from [13]. To sketch it, set D(w) :={s € S | l(ws) < l(w) } for w in W. By (a),

IR D DR D Wi > o)X,

Jcs “Ws JCS JC S wew/ weW N JCS\D
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where the inner sum is zero unless D(w) = S (i.e. unless W is finite and w = w(5)),
when it is 1. The result now follows (recall zg := 0 if S € N i.e if W is infinite).

(d) For finite W, the result is equivalent to that of (c), by (b). It was proved
in general in Steinberg [17]. One uses the fact that D(w) is in N for all w, with
D(w) = 0 if and only if w = 1. By (a) and (b),

Z ?g;v):ZEJPWJXw(J):Z Z € Xy = Z € Xy =1
J

T
JEN JEN JEN weW weW
D(w)2J J C D(w)

where the second equality uses the fact (which follows easily from standard properties
of W7 and w(J)) that W/w(J) = {w e W | D(w) 2 J }.

(e) This was proved in [6] (see also [2, Proposition 7.1.7]). It may be proved by

writing T(P;WJ) =D Kkcy PEW—KK on the right in (d) (where this formula is proved by

applying 7 to (d) for W instead of W) and reversing the order of summation.

(f) Rationality of Py and the fact that m is in Z[[t]] (with integer constant

term) are in [3, Ch IV, §1, Ex 26(g)]; they are both clear from (d). The value of
the constant term is from [6]; it may be proved by applying 7 in (e) (or (d)) and
examining the constant term.

(g) This is also from [6], where the hypothesis is expressed more geometrically in
terms of the notion of “Euler spheres” (see also [7]). It may be proved by applying
7 in (d) and comparing with (e). O

Now we state and prove the main result of this section.

Theorem 1.2. (a) One has
1 (—1)"eg
PW_Z 2 (I=zp)-(1—2y)

neN P=Jy - G Jo=S

where xy =0 for JCS with J & N .
(b) One has

1 ZL’Jl"'.IJn
E:Z Z (1—xzy)(1—xz;)

neEN O=Jo CJ1 C - C Jn€N

Proof. Before giving the proof, we remark that the results as formulated use standard
conventions (which we impose also in Section 2) that empty sums have value 0 and
empty products have value 1. In particular, the inner sum in (a) is empty if n = 0
and S # () and has one term, the empty product, if n = 0 and S = (), while for
n = 0, the inner sum in (b) has one term, the empty product.

(a) We prove that

1 (—1)e
BT PR e R ®)

P
Wi neN 0=Jy C - C Jp=K
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for all K'CS by induction on |K|. The result holds if K = . Assume K # 0.
Applying Theorem 1.1(c) to Wi instead of W and solving for Py, gives

1 —€K €J
PWK B ]_—ZL‘KJ;KPWJ'

Then (a) follows immediately by applying the induction hypothesis to each term in
the sum on the right.

(b) Suppose in (a) that K is in A/. Then all the terms z;, (with ¢ # 0) appearing
in (5) are invertible in Q(¢), so multiplying that equation by ex and applying 7 shows

that . . .
K J T,
7(Pwy) %ZN@:JOQEQFK (I—zp) - (1—xy)
since 1_;1;1 = 124 Substituting into % = ZKENT(;—‘I/\(/K.) (from Theorem 1.1(d))
proves (b). O

Remark. As noted in the introduction, (a) and its proof appear for crystallographic
W in [18, Section 7, (second) Proposition 3], while most of the argument for (a) is
implicit in [3, Ch IV, §1, Ex 26(g)] and the whole argument for (a) (although not the
formula there) is completely explicit in [9, Proof of Proposition 5.12(b)]. I do not
know of any occurrence of (b) in the literature. Equivalence of (a) and (b) follows
from the rational function identity () in the introduction.

2 Rational generating functions attached to order complexes

2.1

Recall that an abstract simplicial complex on a (finite) vertex set V' is, by definition,
a collection ¥ of subsets of V', called simplexes of ¥, such that {v} € X for all v
in V, and 0 C7 € ¥ implies that o is in X. (See [16] and [14] as general references
for this section.) An abstract simplicial complex which is important in the study of
Coxeter groups is the nerve of a Coxeter system (W, S), which has vertex set S and
N ={JCS||W;| <oo} as its set of simplexes.

2.2

Fix an abstract simplicial complex ¥ on the finite vertex set V. A subcomplezx of ¥ is
a subset Y of ¥ such that o C 7 € ¥ implies that o is in X; it is an abstract simplicial
complex on vertex set U,ex 0. The link in ¥ of a subset o of V' is the subcomplex
k(o) =lkg(o) :={T7€X|on7=0,0U7 € ¥}. Note the link is non-empty if and
only of ¢ is a simplex of 3. For a simplex ¢ in ¥, the corresponding closed simplex
is the subcomplex @ = {7 | 7 Co}.
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A simplex o (of 3) which is of cardinality d is said to be of dimension dim(o) =
d —1=|o| — 1. The dimension of a non-empty simplicial complex is the maximum
of the dimensions of the simplexes it contains.

The reduced Euler characteristic of X is defined to be the integer

X(E) = Do (-1

ocED
Given abstract simplicial complexes ¥; for ¢ = 1,...,n on disjoint vertex sets
Vi, ..., V, their join is the abstract simplicial complex 1 * - - % X, on vertex set

U?:ll/;, with the subsets of the form U;o;, where each o; is a simplex of ¥;, as
simplexes. Since |U_;0;| —1=n—14 " (|o;| — 1), one has

X(Ep o 0) = (=1)" T X(51) - X(Ea). (6)

2.3

Attach to each vertex v in V' an indeterminate y,. Define the polynomial ring R :=
Z[(Yv)vev] and formal power series ring R = Z[[(y»)vev]]. The field of fractions R of
R contains the field of rational functions Ry = Q((y)sev) (ic. the field of fractions
of R) as a subring. We also regard R C R C R as subrings.

There is an automorphism ¢, of Ry given by vy, — =z, =
with inverse given by y,

1+
The map y, — x, for v in V also

Yo
1-y
extends to a (continuous) automorphism of R given by f((yu)vev) — f((24)vev)
(where the right-hand side is the result of formally substituting the formal power
series ©, =y, (—1)"ys*! for the variable y,, for all v, in the formal power series

f = f((yy)vev). This automorphism of R extends to an automorphism ¢ of R which
restricts to ¢g on Ry (but does not map R into itself if V' # ().

One has y, = ¢ '(z,) = 122~ = 3 2y and @, = > ((=1)"yy*'. From

nEN Ly
above, one may when convenient regard R as the formal power series ring R =
Z[[(zy)vev]], R as its field of fractions, and Ry as the function field Ry = Q((zy)vev)
of indeterminates z, for v in V.

There is also a ring automorphism of R determined by y, — —y, — 1 for all v
in V. Denote its extension to an automorphism of the field Ry as 6 (it does not
extend naturally to R in general). One readily checks that 6 is determined by the
conditions 6(x,) = z;! for all v in V; also, % = Idp,.

24

For any subset o = {vy,...,v,} of V, where the v; are distinct, define a corresponding
monomial Y, := y,, ---y,, in R. In particular, one has Yy = 1. For any subset I
of the power set of V' define F(I') := > . Y,. Note that both F(I') and §(F(T"))
are in the polynomial ring R, although they will usually be regarded as elements of
RN Ry, i.e. as rational formal power series, in the indeterminates (z,),cv -
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In particular, F'(T") is defined for any simplicial complex with vertex set contained
in V, and, as an element of the formal power series ring }A%, it has constant term 1
(and hence is invertible in R and Ry) if ' is non-empty. It is easy to see that if T';
and 'y are complexes on disjoint vertex sets contained in V', then

If o above is a simplex of a simplicial complex 32, one has
O(F{o}) = (1) (o + 1) -+ (9o, +1) = (=1)" Y _ ¥z = (=) 1(7)
T7Co

and hence 0(F (X)) = 3 s, (—1)9™@T1F(5). In terms of the monomial basis,

D) = 3 X 01, = S (-0

ceX1T7Co TEYD oEX

ooT

In the inner right sum, o \ 7 runs over lk(7) and |0\ 7| — 1 = dim(o \ 7). Hence

O(F(2) = Y (-1 X(lks ()Y (8)

TEX

Applying 0 again gives the expression FI(X) = = 5 X(lks(7))F(7) for F(X) in
terms of closed simplexes. Interpreting (8) as an equation in R = Z[[(z,)ver]] shows
(see the proof of [14, Ch II,Theorem 1.4]) that it is equivalent to [14, Ch II, Theorem
7.1] on the Hilbert series in fine grading of the face ring of ¥, although we shall not
use this fact (the proof here is essentially the same as in loc. cit., except expressed

in terms of variables (y,) instead of (z,)).

Our concern here is the following consequence of (8): if ¥ is non-empty, then

O(F() = £F(2) <= 6(F(%)) = (1) E(E)
— Y(kg(r)) = (=1)3mE=dmO=1 for 1] 7 in X,

Indeed, 0(F (X)) = eF(X) with € in {£1} if and only if (—1)4™(") ¥(lkg(7)) = € for all
simplexes 7 of ¥, and then one must have ¢ = (—1)3™®)+1 by taking 7 of maximal
dimension in ¥ (since then dim(r) = dim(X), lk(7) = {0} and x(k(7)) = —1).
The final condition in 9 may be phrased in terms of Euler spheres (cf. the proof of
Theorem 1.1(g) for a reference to the definition).

(9)

2.5

We now specialize to the case of order complexes of finite posets. For any poset
Q and any z < y in Q, we let [z,y] = [z,ylo = {2 € Q| 2 < 2z < y} and
(x,y)o={2€ Q| x <z <y} denote the corresponding closed and open interval,
respectively. It is frequently convenient to adjoin to €2 a maximum element, which
we denote as 00 = 00g, and a minimal element, which we denote as —oo = —o0q, to
form a new poset 2 = QU {—00, 0o} such that 2 has the order induced as subposet
of (AZ, —00 < 00 and (—o00,00)g = 2. An order ideal of 2 is a subset A of Q, given
the induced order from €2, such that <y in Q and y in A imply that = is in A.
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2.6

Fix a finite poset €). Recall that a chain of € is a subset of {2 which is totally ordered
in the induced order from Q. A chain {vy,...,v,} with v; < .-+ < v, is said to have
length n — 1 and, if n > 0, it is said to be a chain from v; to v,. The order complex
A(Q) of Q is defined to be the abstract simplicial complex with vertex set €2 and
with the chains of ) as simplexes. One says a chain is a maximal chain of  if it
is inclusion-maximal as a simplex of A(£2) i.e. if it is not properly contained in any
other chain of €.

We take V' := Q in 2.3-2.4, so F'(A) is a rational power series in (z,),ey for any
complex with vertices in V. From the definitions, one has

N D S D D T Erow

neN vy <--<vp neN v <--<vp
_ b g = (10)
= xvl * Xy, Loy Lo,
neN  v1<--<vpn neN vy <---<vp
k1,..., kn€N>0

where the v; run over vertices of A(Q2) (i.e. elements of €2). Note that this formula
shows that F'(A(€2)) may be regarded as a generating function for the set of chains
v; < -+ < vy, in Q (when expressed in terms of the elements y, of R for v in ) or as
a generating function for the set of multichains v; < --- < v, in Q (when expressed
in terms of the clements z, of R).

2.7

Write F'(A(Q)) = FAQ)T,eq(l — o), so that F(A(Q)) = % It is
ve v

clear from (10) that F’ € Z[(x,),ev] is a polynomial with integral coefficients in
the indeterminates z,,, and we shall now determine them explicitly using a known
determinantal formula from [15] for F/(A(Q)) as an element of Z[(y,)veq)-

Let A = Ag be the Q0 x Q matrix with entries in Ry given by
1, if !
Av,v’ = { Y g ! (11)

0, ifv<?

for all v,v" € Q. Let D (respectively, D) be the Q x Q diagonal matrix over Ry
with entries given by D, = 6,y (respectively, D! o = = 0,%,) Where 0 denotes
the Kronecker delta. Finally, let I = Idg denote the Qx 0 identity matrix over Rj.

Theorem 2.1. (a) F(A(Q)) = Det(I + D(I + A)).
(b) Set B:= (I—D')(I+D(I+A)). Then B=1I+D'A and F'(A(Q)) = Det(B).

(¢) FI(AQ) = Y cal D AM))ea where 2y = [T,y 0.
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Proof. (a) This is stated, with a sketch of a proof, in [16, Ch 3, Exercise 22]. A more
general result appears in [15], and is itself a special case of [10, Lemma 3.12]. We
sketch a proof following [16]. Let z be an indeterminate over Ry. It will suffice to
show that

Det(I + zD(I + A)) Z 2y, (12)

TEA(Q

in Ry[z]. This is shown using the fact that for any Q x 2 matrix M over Ry, one has
Det(I + 2M) = Y o217 Det(M[o]) where M][o] is the o x o-principal submatrix
of M (i.e. (M[0])y = M, for v,v" € o) and by convention, the () x () matrix has
determinant 1. Using this with M = D(I + A) shows that

Det(I + 2D(I + A)) = Y _ 2I”' Det(D[o]) Det((I + A)[o]).

oCQ

Now Det(D[o]) = [[,c, 4o = Y» and Afo] = A, where o is regarded as poset in the
induced order, so it suffices to show that

Det(I + A) = 1, ifoe A(Q) i.e. o is a chain in Q2 (13)
0, otherwise.
Choose vy, ...,v, in Q recursively so that v; is the maximum element of the poset

Q\{v1,...,v;1}, and n € N is maximal subject to this. If n = |Q| then Q is a
chain v, < --- < ;. In this case, (I + A),,,, is equal to 1 if i < j and 0 otherwise,
so det(/ + A) = 1. Otherwise, one has n < || and 2\ {vy,...,v,} has at least
two maximal elements, say v and v”. One has (I + A)y,, = (L + A)yra, = 0 for
i=1,...,nand (I+A)y, ={[I+A), =1forallve Q\{v,...,v,}. In this case,
(2 is not a chain and the v'-th and v”-th rows of I + A are equal, so det(/ + A) = 0.

(b) Since (1 — z)y, = (1 — x,)7™- = z,, one has (I — D')D = D" and so
(I —=D)I+D)=1. Hence B= (I—-D')((I+ D)+ DA)) =1+ D'A. Since
det(I — D') =[] cq(l — ), one has det(B) = ([[,cq(l — z.)) F(A(Q)) = F'(A(Q))

by (a) and the definitions.

(c) It suffices to show that

Det(I +zD'A) = > (=) N F(AA))zs. (14)

ACQ

As in (a), the left-hand side is

> M Det(D'[A]) Det(A[A]) = )~ 21y Det(A[A))

ACQ ACQ
and it suffices to show that Det(A[A]) = (1)1 Y(A(A)). Since A[A] = Ay, we
may assume A = (2. But specializing z — —1 and y, — 1 for all v in V' in the
identity (12) shows that (—1)Y Det(A) = Det(—A) = ZGGA(Q)(—l)W| = —X(A(Q))
as required. There is also a simple direct proof of (c¢) from (10) which we leave to
the interested reader. O
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2.8

We now recall some salient properties of the Mobius function p = ug of the finite
poset €. Recall that the Mobius function may be regarded as the unique function
p:{(z,y) € A x Q| x <y} — Z such that the following conditions hold:

(i) p(x,z) =1 for all z in .
(1) 3 epos (@, y) =0if 2 < 2 in Q.
(iii) Zye[m wu(y,z) =0if x < z in Q.

) (. y) = X(A((z,y)q) if 2 <y in Q.

It is well known and easily seen (see [16]) that u is uniquely determined by (i) together
with any one of the other three conditions (ii)—(iv) above.

(iv

Let 0 = {vy,...,v,} be any simplex of A(£2), where n is in N and vy < -+ < v,
in 2. Set vy := —o0 and v, 1 := 00. One sees at once that
lka(o)(0) = A((vo, v1)a) * A((v1,v2)0) * + -+ * A((Vn; Vpt1)0) (15)
and hence, by (6), one has
n+1
Rk ago)(@)) = (~1)# [ v, v (16)
i=1

By (9), 0(F(A(Q))) = (—1)dmAEI+FP(A(Q)) holds if and only if one has

15 vy, v) = (=1)3AE@) for all n in N and v, < --- < v, in ©Q, where
Vg := —00 and v,y = 00.
2.9

A (finite) poset A is said to be lower Eulerian if it has the following properties:

(i) It has a minimum element m = m,, and for any z in A, all maximal chains
from m to z (i.e. the maximal chains of [m, z|) have the same length r(z).

(ii) For any = <y in A, one has p(z,y) = (—1)"® "),

The function r: A — N is called the rank function of A. One says that A is Eulerian
if it is a lower Eulerian poset with a maximum element M = M,. Note that in any
lower Eulerian poset A, and for any = < y in A, any maximal chain from z to y has
length r(y) — r(x) and [z, y| is an Eulerian poset (in the induced order from A).

For example, it is well known and easily seen that any finite Boolean interval
(i.e. a poset isomorphic to the inclusion-ordered power set P(X) of a finite set X) is
an Eulerian poset. It follows that for any non-empty finite simplicial complex, with
vertex set V', the poset of its simplexes, ordered by inclusion, is lower Eulerian. In
fact, it is an order ideal in the (Eulerian) poset P(V').
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2.10

For the rest of this section, 2 denotes a lower Eulerian poset with minimal element
m = mg. From 2.12 onwards, it will also be assumed that (2’ is an order ideal
in a specified Eulerian poset Q. Set Q := Q'\ {m} and identify Q = QU {—o0, 00}
with the poset Q'U{oo} (obtained by adjoining a maximum element co to ') by
identifying —oo = m. For v in ', let r(v) denote the maximal length of a chain in 0
from m to v, and set €, := (—=1)"®. For any v in €, write Q_, :={z € Q |z < v}
and Q<, = {2z € Q| z <wv}. The construction of 2.3-2.4 will be applied to various
(order) complexes ¥ on vertex sets contained in V := ., regarding the resulting
clements F(3) as rational power series in R = R[[(%y)veq]]. Also set @, := 15 for
convenience in certain formulae below.

Theorem 2.2 below states analogs in the context here of several of the main results
from Section 1 (see 2.11). The equality of the rational functions F,, in 2.2(a) and
F(A(Q<,)) in 2.2(f) in the case v is a maximal element of {2 generalizes the identity
(1) of the introduction. These identities (and more generally, [14, Theorem 7.1]) have
many interesting (known) specializations, which it would be too much of a digression
to list here.

Summation indices v; below run over €)' unless otherwise indicated. For conve-
nience, Table 1 provides a dictionary of notational correspondences between §1 and
§2; some of the notation it lists is introduced in the following subsections.

Section Section
81 §2 81 §2
N ()™ Foi= FA®)
N =N\{0} Q=\{m} (Pw,) Hyen  (F(A(Q<0)))veer
DeN m=mo e ((1-z)Py)en (F(AQw)))ven
NU{x} Q= QU{cx} P(S) Q N
(1T, 00D sen (1(v,50) ey SeP(s) M=Myef
Z[t], Z[[t]], Q(t) R, R, Ry (2 =0)seps)\ W (0 = 0),cq\ o
T 6 ([T seris)  (1(v),eq
(EJ)JeN (Gv)veg/ (€J)Je7>(5) (Ev)veﬁ
(Z‘J)Je/\/ (%)uew ((PWJ)_l)JeP(S) (Fq)qen
rg=1 =z, = ((PWJ)_l)JeP(S) (Fq)qeg

Table 1: Table of correspondence of notations between §1 and §2. Correspondences
involving (2 require additional assumptions as in 2.12. Note F, := F(A(f2<,)) and
F1:= (F,) 'F, for g € Q.

Theorem 2.2. (a) One has

Fo=FO@) =3 3 G Sy

neN m=vo<---<vp
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(b) If Q is Eulerian, then §(F.) = (—1)dmA@)+1p

(¢) For any v in Q, one has 0(F(A(Q,))) = —e, F(A(QL,)).
(d) If vis in Q, then F(A(Q<,)) = (1 — 2,)F(A(Q<)).

(e) For allv in ', one has O(F(A(Q<,))) = ex, F(A(Q<)).
(f) If v is in U, then

—1)"¢,
FAQa) =Y. X (1—%$?%1—%J'

neEN m=vo<--<vp=0v

(g) Fo = ZUEQ’ EUQ(F(A(Q&})))'
(h) Foo = =X peqr H(v,00) F(A(Q<y)).

Proof. (a) This is part of (10) in the special case here.

(b) This follows from the last paragraph of 2.8. One needs only to note that for
Vg, ..., Uns1 as there, one has

n+1 n+1
[T wir.v) = [T (1077 = (2=t — (—qye=)
i=1 i=1

(c¢) This may be proved by applying (b) with Q replaced by the Eulerian poset
[m,v] = Q<, U {m} (with the maximum element v playing the role of c0), noting
dim(A(Q<,)) = r(v) — 2.

(d) One way to prove this is to note that A(€<,) is the cone on vertex v over
A(Q.,) (ie. it is the join of A(Q,) and the closed simplex {v}) and use (7). Alter-
natively, note that the subsum on the right from the formula in (a) (taking Q = Q<)
with v, < v is F(A(Q«,)) and that with v, = v is %F(A(Q@))‘

(e) Both sides are 1 if v = m. If v # m, the result follows from (c)—(d) since
0(z,) = x, "

(f) If v = m, both sides are equal to 1. Otherwise, one has

L RA©L) = T aF(A0)

1—x, 1—2x,

FA(Q(<v))) =

-1 -1
_6’0 $U1 ...(L‘vn
e D D ey

neEN m=vg<--<v, <V

B (_1)n+1ev
"2 2 (=) (1= 2,)(1

neN m=vp<--<vnp<v

— xv)
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using (d), (c¢) and (a) for the first, second and third equality respectively. The final
expression is equal to the right-hand side of the equation in (f), because the inner
sum there is zero if n = 0 since v # m.

(g) By (f), the right-hand side of (g) is equal to

(=1)"
Y Y e

veQY neN m=vg<--<vp=v Un

- Z Z (1— %13 . (1n_ )

neN v=vpg<--<vp,

and the desired equality follows by (a).
(h) This is proved by the computation

Fu= 3 atF @) = 5 (X5 ule))ab(Fa©))

ved vel ey e
v'>u v<o’ <o’

-3 (X ) (zg;evew(A(ﬂ@))))

v’ ey Noeq)
1)” Zvl ’US’U/

— —pu(v', 00) F(A(Q<y))

v’ e

in which the first equality holds by (g), the second is from 2.8(iii), the third follows
by change of order of summation and the last equality follows from 2.8(ii) and (g)
(applied to <, instead of 2). O

2.11

According to Table 1, Theorem 2.2(a) is an analog of Theorem 1.2(b), and Theo-
rem 2.2(f) is an analog of (5) for K in N. Theorem 2.2(e) (respectively, (g), (h))
corresponds to Theorem 1.1(b) (respectively, (d), (e)). For the rest of this section,
we discuss the remaining “missing” analogs of results from Sections 1 and 2. Parts
(a)—(b) of the next result give analogs of Theorem 1.1(f)—(g).

Corollary 2.3. (a) The constant term of the formal power series expansion of

0(Fs) in R = Z[[(z0)vev]] is = X(A(Q)) = —pg(m,c0).

(b) If there is an integer N such that u(v,00) = (=1)e, for all v in Q', then
0(Fy) = (—1)NTIE,.

Proof. (a) Since Hlf?v' = #, Theorem 2.2(a) implies

1
9(F°°>:Z Z (g — 1)+ —1)

xT
neN m=vg<---<vpn ( Un
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where the right-hand side is in R and, using 2.8(iv), has constant term

>Y ()= Y (DI = —(A®) = —alm, o).

neN m=vo<---<vn o€A(Q)

(b) This follows by applying 0 to 2.2(g) and comparing with 2.2(h). O

2.12

Assume henceforward that €2’ is an order ideal of an Eulerian poset Q. For q in ﬁ,
let Qe :={peQ|p<q}and Q. :={p e Q|p<q}, extending the notation
introduced previously for ¢ in €2'. The rank function of Q extends the rank function
r of Q' and will still be denoted as r. Let e, = (—1)"@ for ¢ in Q (which extends
the definition of €, for p in Q). Since Q) is Eulerian, one has pe(x,y) = ege, for
r < yin Q. Let M = Mg denote the maximum element of Q. For q in Q, define
F, = F(A(Q<,)) and F? := % Set x, := 0 for all v € Q\ €. This explains the
notations involving Q) in Table 1. These additional entries in the table are consistent

with the others where they overlap; in particular, the two entries corresponding to
ﬁ for J € N are the same. Note also that Fy; = F., since Q<p; = .
» <

One obtains from above an analog (F,F'9 = F, for q € Q) of Theorem 1.1(a)
just by definition of F?; it is not clear if there is an independent description of F¢
which would make this equation a theorem instead. Analogs of Theorem 1.2(a) and
Theorem 1.1(c) are given by parts (a) and (b) of the following result.

Theorem 2.4. (a) One has

B (—1)"6M
Fe=2. 2 Gy 0m)

neN m=vg<--<vp,=M

where the v; range over Q and Ty =0 forv e Q \ Q.

(b) One has
enrmFo, fMeEQie =0
Sk - |
~ 0, otherwise.
qeN

Proof. (a) Set A := Q\ {m} and A’ := Q. Applying Theorem 2.2(a),(f) to A instead
of Q2 gives identities

FaM =3 ¥ 5o

neN m=vg<--<uvp

and

Faha) =Y % (CL)en

neN m=vg<--<vp=M (1 a $v1) o (1 - xv")
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where (z,)yea are indeterminates and the v; range over A’. Since A<y, = A, one has
F(A(A)) = F(A(A<a)). Now substitute x, = 0 for all v € A\ €' in these identities.
By Theorem 2.2(a) applied to Q, F/(A(A)) specializes to F, under this substitution,
while F'(A(A<a)) obviously specializes to the right-hand side of the identity in (a)
which is to be proved. The result follows.

(b) By Theorem 2.2(g) (applied to the posets <, for ¢ € Q instead of Q) the
left-hand side is

L = Z Q<q Zeq ZEU v)))

a€Q a€Q 1;%%’
_ Z( 3 ug(v,q>)e<F<A<ﬂ<v>>>.
Ve N e
M=>q>v

The inner sum over ¢ is zero unless M = v € ', in which case it is 1. Hence if M
is not in €2, then L = 0, and the “otherwise” case is proved. Assume now that M
is in '. This obviously is equivalent to 2 = Q and implies 2 = Q<;,. In this case,
one has L = 0(F(A(Q<n))) = emxar Foo by Theorem 2.2(e), as required. O

2.13

All the results on Poincaré series of Py in Section 1 may now be deduced from
Theorem 1.2(b) by specialization of results of this section. To be explicit, given
the finite rank Coxeter system (W, S), we take ' := N (the nerve of (W, S) as in
Section 1) and © = P(S) (the power set of S, as Eulerian poset) with A as order
ideal. One considers the specialization given by z; + (—1) |X ), where X, is
as in Section 1, for J € N. Table 2 then indicates how the ratlonal functlons F, Iy,
F1 etc. specialize to rational functions naturally associated to (W,.S). We observe
that specialization of Theorem 2.1 leads to some other apparently new formulae for
Py, but shall not list them explicitly.

2.14

For completeness, we conclude this paper by discussing the translation of Theo-

rem 2.2(c)—(d) back to the setting of Section 1. Theorem 2.2(c) suggests the entry

in Table 1 according to which 11;;" for J € N\ {0} corresponds to F(A(Q.,)) for
J

v € Q. Theorem 2.2(d) then corresponds to the statement in the setting of Sec-

1
tion 1 that for such J, one has :(;IJ = —¢y 1};” , which is readily checked from
Wy

WJ)
Theorem 1.1(b).

Note that this last correspondence does not extend as stated to one for J € N

and v € ', since % = 0, which is not the relevant specialization (namely, 1) of

0
F(A(Q<,)) = F({0}) = 1. This may be fixed by setting Q_, = {z e Q' |z < v}
for v € € and using lkaor )({m}) instead of A(S2.,) from 2.2 on (note they differ
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only for v = m); then Theorem 2.2(c)—(d) hold for all v € €. Using also A(Q)) =
lkan({m}) and A(Q<,) = lka, y({m}) for v € @', where O, :={z € ¥ [z <
v }, permits a more natural formulation of the results in terms of the lower Eulerian
poset ' than in terms of its subposet (2, as we have given in this note.
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