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Abstract

A longest path in a graph is called a detour. It is not difficult to see that a
connected graph of minimum degree at least 2 and order at least 4 has at
least four detours. We prove that if the number of detours in such a graph
of order at least 9 is odd, then it is at least nine, and this lower bound can
be attained for every order. Thus the possibilities three, five and seven
are never attained. The reason for this interesting phenomenon does not
seem obvious, in view of the fact that the numbers four, six, eight and
nine can be attained. Two related problems are posed.

1 Introduction

We consider finite simple graphs and use terminology and notation from [7]. Follow-
ing Kapoor, Kronk, and Lick [6], we call a longest path in a graph G a detour of
G. This concise term has now been widely used (e.g. [1] and [3]). In 1966, Gallai [4]
asked whether all detours in a connected graph share a common vertex. The answer
is no in general. However, for some classes of special graphs, the answer is yes. See
[5] and the references therein. It is natural to consider the number of detours in a
graph, but the author cannot find any results on this problem in the literature. Even
results on the number of paths with a given length are few [2].

The order of a graph is its number of vertices. We denote by V(G) and E(G) the
vertex set and edge set of a graph G, respectively. For vertices x and y, an (z, y)-path
is a path with endpoints x and y. We denote by 6(G) the minimum degree of a graph
G, and by N(z) the neighborhood of a vertex z. If u, v are two vertices on a path
P, then Plu,v] denotes the subpath of P with i endpoints u and v. A basic fact
about detours [6] is that a detour of a connected graph G of order n has order at
least min{2§(G) + 1,n}.

We will consider the minimum number of detours in a given class of graphs. If the
graph is disconnected, it suffices to consider its components, while if the minimum
degree of a graph is 1, then the graph may contain only one detour. Thus we will
consider only connected graphs of minimum degree at least 2. In Section 2 we prove
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Figure 1: The case 1 < j

that a connected graph of minimum degree at least 2 and order at least 4 has at
least four detours and if the number of detours in such a graph of order at least 9 is
odd, then it is at least nine, and this lower bound can be attained for every order.
Thus the possibilities three, five and seven are excluded. In Section 3 we pose two
related unsolved problems.

2 Main results

Notation. f(G) denotes the number of detours in a graph G.

Theorem 1. The minimum number of detours in a connected graph of minimum
degree at least 2 and order at least 4 is four.

Proof. Let G be a connected graph of order at least 4 with 6(G) > 2 and let

P : xy,29,..., 24 be a detour of G. Then N(z;) C V(P) and N(zx) C V(P). Since
0(G) > 2, x1 has a neighbor z; with ¢ > 3 and x;, has a neighbor z; with j <k — 2.
If i = k or j = 1, then G contains a k-cycle and we clearly have f(G) > 4. Next
suppose 3 <i<k—land2<j<k—2.

Case 1. i < .

G has at least the following four detours:
P, Plzy,z;)Uzz, U Plag, x4,

P[I’i,h 1'1] U T1T; U P[J?Z, xk], P[.ﬁ[i,l, 1’1] U T1T; U P[.Z'i,$j] U l'jl'k U P[.ﬁEk,.ﬁEjJrl .
See Figure 1.
Case 2. 1 > j.

G has at least the following six detours:
P, Plxy,z;|Uzjx, U Plag, xj], Plrio, 1] Uz U Plag, x),

Plzj_q, x| Uziz; U Pla;, o) Uzgpr; U Plej, xq],

Plaipr, zp] Uaga; U Plag, x1] U ziz; U Plag, xj4],

Plxj_y, x| Uziz; U Plag, x| Uzjx, U Plag, 4]
See Figure 2.

This shows f(G) > 4. Conversely, for every order n > 4 we construct a graph
G, of order n with §(G) > 2 satisfying f(G,) = 4. G4 = Cy, the 4-cycle. G5 is the
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Figure 2: The case i > j

bowtie, the graph consisting of two triangles sharing one vertex. (G§ consists of a
triangle and a 4-cycle sharing one vertex. G7, Gg and Gy are depicted in (a), (b) and
(c) of Figure 3, respectively.
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Figure 3: The graphs G7, Gg and Gy

G's has the four detours:

(1) 1,0,6,2,7,5,4,3; (2) 1,0,6,2,3,4,5,7;

(3) 3,4,5,7,2,1,0,6; (4) 6,0,1,2,3,4,5,7
and Gg has the four detours:

(1) 2,6,3,0,8,1,5,7,4; (2) 2,6,3,0,8,1,4,7,5;

(3) 3,6,2,0,8,1,5,7,4; (4) 3,6,2,0,8,1,4,7,5.
Observe that each of the four detours in GGg contains the path 0,8,1. For n > 10, G,
is obtained from Gy in (c¢) of Figure 3 by replacing the path 0,8,1 by a (0, 1)-path
of order n — 6. O
Remark 1. Note that for n > 7, the graphs G,, in the above proof of Theorem 1

are 2-connected. Thus, if we replace “minimum degree at least 2” by “2-connected”
in Theorem 1, we obtain the same conclusion for graphs of order at least 7.

We make the following conventions: (1) For a positive integer r, “r detours”
means “r pair-wise distinct detours”; (2) for an edge e of G and a detour D, we say
that e appears on D if e € E(D).

Lemma 2. Let P : x1,x9,...,x be a detour in a graph of order at least 4 and
suppose that x1 has a neighbor x; with © > 3 and xy, has a neighbor x; with j < k—2.
Then an edge e of P appears on at least four detours unless (1)1 < j and e = x;_1x;
ore=x;T;1 or (2)i=j+1 and e = z;x;. Each of the three edges in the exceptional
cases (1) and (2) appears on at least two detours.

Proof. This can be verified by checking the proof of Theorem 1. O
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Recall that f(G) denotes the number of detours in a graph G.

Theorem 3. Let G be a connected graph of minimum degree at least 2 and order
at least 9. If f(G) is an odd number, then f(G) > 9. Furthermore, the lower bound
9 can be attained for every order by both graphs of connectivity 1 and graphs of
connectivity 2.

Proof. We first prove that if f(G) is an odd number, then f(G) > 9. By Theorem 1
it suffices to show that either f(G) > 8 or f(G) =4 or f(G) = 6.

Let P : 1,9, ..., 2, be a detour of G. If there is another detour ) with V(Q) #
V(P), by the proof of Theorem 1, there are at least four detours with the same vertex
set V(P) and there are at least four detours with the same vertex set V(Q). These
detours are clearly distinct. Hence we have f(G) > 8. Next suppose that all detours
of G have V(P) as their vertex set.

Recall that an edge e of GG is called a chord of a path R if the two endpoints of e
lie in R but e € E(R). A chord e of R is called an inner chord if both endpoints of
e are internal vertices of R. Otherwise e is called a boundary chord. A detour D is
called a basic detour if no inner chord of P is an edge of D; otherwise D is called a
non-basic detour.

Let the order of G be n. If G is hamiltonian, then f(G) > n > 9. Next assume
that G is non-hamiltonian.

Since P is a detour, N(z1) C V(P) and N(x) C V(P). The condition 6(G) > 2
implies that x; has a neighbor z; with ¢« > 3 and z;, has a neighbor z; with j < k—2.
If 1=k or y =1, then G has a k-cycle C' which contains P. Since P is a detour, C
must be a Hamilton cycle, contradicting our assumption that G is non-hamiltonian.
Hence 3 <i<k—1and 2 <j <k — 2. We distinguish two cases.

Case 1. Every detour of GG is a basic detour.
We need consider only the boundary chords of P.
Subcase 1.1. P contains exactly two boundary chords.

As analyzed in the proof of Theorem 1, in this case f(G) =4 or f(G) = 6, where
we have used the assumptions that all detours of G have V(P) as their vertex set
and every detour of (G is a basic detour.

Subcase 1.2. P contains exactly three boundary chords.

Without loss of generality, let 1z, be the third chord of P with ¢ # ¢. Note that
the two boundary chords z;x; and x;x, are in symmetric positions. If ¢ > ¢ we may
interchange the roles of x;2; and z,2,. Thus we may and do assume that ¢ < 1.

Suppose ¢ < j. We have four basic detours not containing the edge zyz,. If
3 < q <i— 2, we have exactly the following two detours containing the edge zz4:

Plzgq, 11| Uxizy U Plag, ), Plrg—1, 1] Uxi2, U Plrg, ;] Uz, U Plog, 4]

Hence f(G) = 6. If ¢ =i — 1, we have exactly the following four detours containing
the edge x1x,:

Plxg, xg|Uzgri Uz, U P2, 5], Plag, 2y|Uzxi Uz UP [z, x;]Uz ;o UP[2g, ©44],
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Pleg_q, 1| Uxizg U Plag, xy), Plrg1, 1] Uxiz, U Plrg, ;] Uxjaoe U Plog, 4]

Hence f(G) = 8.

Suppose ¢ > j. We have six basic detours not containing the edge z;z,. In this
case it is easy to check that there are at least two detours containing the edge z;z,
by considering the subgraph P U zy2, U zxx;. Thus f(G) > 8.

Subcase 1.3. P contains at least four boundary chords.
Based on Subcase 1.2, we deduce that f(G) > 8 in this case.

Case 2. (G contains a non-basic detour.
Claim 1. Every edge in a detour appears on at least two detours.
This claim follows from Lemma 2.

Since G contains a non-basic detour, some inner chord e of P is an edge of
a detour. By Claim 1, there are at least two detours containing e as an edge.
Thus G has at least two non-basic detours. If ¢ > j, we have six basic detours,
and consequently f(G) > 8. By Subcases 1.2 and 1.3, if P contains at least three
boundary chords, then G contains at least six basic detours. Again we have f(G) > 8.
If an inner chord of P appears on at least four detours, then we have at least four
non-basic detours. It follows that f(G) > 8.

It remains to treat the case when (1) i < j, (2) P contains exactly two boundary
chords, and (3) every inner chord of P appears on at most three detours. Next we
make these three assumptions.

Let D : y1,y2,...,yr be a detour of G. Suppose y. is a neighbor of y; and yq4
is a neighbor of y, with 3 < ¢ < k—1and 2 < d < k— 2. As in the proof of
Theorem 1, there are four detours (if ¢ < d) or six detours (if ¢ > d) whose edges
belong to E(D)U{t1Ye, yrya}. We denote by W(D) the set of these four or six detours
according as ¢ < d or ¢ > d. When we write ¥(D) we assume that the two boundary
chords y1y. and y,y, have been prescribed.

Claim 2. If an inner chord h of P appears on a detour D such that U(D)NW(P) # (),
then one of the two endpoints of h belongs to the set {z;_1, 2,41}

Let D = y1,%9a,...,yx with b € E(D). Suppose y. is a neighbor of y; and yq
is a neighbor of y, with 3 < ¢ < k—1iand 2 < d < k — 2. Since h appears on
at most three detours, by Lemma 2, if ¢ > d we must have ¢ = d + 1 and then
V(D) is contained in a cycle which must be a Hamilton cycle since D is a detour,
contradicting our assumption that G is non-hamiltonian. Thus ¢ < d and then by
Lemma 2, either h = y._1y. or h = yqyqr1. Note that since h is an inner chord
of P, the two endpoints of h cannot be z; or z;x. Let R € V(D) N ¥(P). Then
R does not contain h. Each of the two detours in ¥(D) not containing h has one
endpoint which is an endpoint of h. Thus one endpoint v of R is an endpoint of h.
Since the endpoints of the four detours in W(P) are z1, xy, x;_1, T;4+1, we deduce that
v € {xy, Tk, xim1, 241} but v € {x1, 2 }. Hence v € {x;_1, 241}

Subcase 2.1. G has a detour which contains at least two inner chords of P.

Let h and e be two inner chords of P that appear on one common detour. Consider
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the subgraph G’ = PUxz 2;Uzgx;UhUe. The path T' = Pla;_y, 21| Uz 2, UP [z, 2;]U
z;x) U Plrg, ;41] is a detour of G" with endpoints x;_y and x;1,, which is also a
detour of G. Since we have assumed that G is non-hamiltonian, z;_; and x;;, are
non-adjacent. By Claim 2, each of h and e has exactly one endpoint in the set
{zi21,2;41}. Now in G, the detour T has four boundary chords x;_;x;, xj112;, h
and e. By Subcase 1.3 above (replacing P there by T'), we obtain f(G) > f(G') > 8.

Subcase 2.2. Every non-basic detour contains exactly one inner chord of P.

Denote by € the set of the inner chords of P that appear on at least one detour.
By the above Claim 1, if one inner chord of P appears on a detour, then there are
at least two detours containing that chord. Thus, if |Q2] > 2 then we have at least
four non-basic detours, and consequently we have f(G) > 8. Next suppose |2 = 1
and let Q = {z 2} with 2 < s <t — 2. Recall that we have assumed ¢ < j. Using
Claim 2, we deduce that f(G) =61if (1)t=i—1;(2) s=75+1; (3) s=i—1 and
i+2<t<j;(4)i<s<j—2andt=7j+ 1 In all other cases f(G) > 8. This
completes the proof that if f(G) is an odd number, then f(G) > 9.

Next for every integer n > 9 we construct a graph H,, of order n and connectivity 1
which contains exactly nine detours. Every H, is traceable. We depict Hy, Hqy and
Hyy in Figure 4.

T

2 X D 0 L/)9 . T
\ '/ A ¢ 7 L
3

(a) (b) (©

Figure 4: The graphs Hy, Hig and Hy,

For n > 11, H, is obtained from Hiy by subdividing the edge (4,5) precisely
n — 10 times, i.e., replacing the edge (4,5) by a (4, 5)-path of order n — 8. Note that
the vertex 4 is a cut-vertex of Hy. The nine detours in Hg are

(0,1,2,3,4,5,6,7,8), (0,1,2,3,4,5,6,8,7), (0,1,2,3,4,7,8,6,5),
(1,0,2,3,4,5,6,7,8), (1,0,2,3,4,5,6,8,7), (1,0,2,3,4,7,8,6,5),
(3,2,0,1,4,5,6,7,8), (3,2,0,1,4,5,6,8,7), (3,2,0,1,4,7,8,6,5).

Finally, for every integer n > 9 we construct a graph M,, of order n and connec-
tivity 2 which contains exactly nine detours. Every M, is traceable. We depict My
and M in Figure 5.

For n > 10, M,, is obtained from My by subdividing the edge (7,8) n — 9 times.
Observe that My is obtained from Hy in Figure 4(a) by adding the edge (2,6), and
any detour of My cannot contain the edge (2,6). Hence My and Hy have the same
set of detours, in particular, the same number of detours, i.e., nine. Note that each
detour of My contains the edge (7,8). Thus for every n > 10, M, has the same
number of detours as Mj. O
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(a) (b)

Figure 5: The graphs My and My

Remark 2. The condition “of order at least 9”7 in Theorem 3 cannot be dropped.
A computer search shows that the minimum odd number of detours in a connected
graph of order 8 and minimum degree at least 2 is 11, and the minimum odd number
of detours in a connected graph of order 7 and minimum degree at least 2 is 7.

Next we show that the numbers six and eight can be attained.
Theorem 4. For every integer n > 4, there exists a 2-connected graph of order n

with exactly six detours, and for every integer n > 6, there exists a 2-connected graph
of order n with exactly eight detours.

Proof. For every integer n > 4, we construct a 2-connected graph D,, of order n
with exactly six detours. We depict Dy and Dj in Figures 6(a) and (b), respectively.

3 - ) -1)- 0

(a) (b)

&
y

we e
v
=

/N

Figure 6: The graphs D, and Dj;

D, has exactly the six detours:
(0,3,2,1), (0,1,3,2), (0,3,1,2), (0,1,2,3), (1,0,3,2), (2,1,0,3).
Ds has exactly the six detours:
0,2,3,4,1), (0,4,3,2,1), (0,2,1,4,3), (0,4,1,2,3), (1,2,0,4,3), (1,4,0,2,3).

For n > 6, D,, is obtained from Dj by replacing the edge (3,4) by a path (3,4,...,
n — 1); i.e., subdividing the edge (3,4) precisely n — 5 times. Clearly D,, has the
same number of detours as Ds.

For every integer n > 6, we construct a 2-connected graph F,, of order n with
exactly eight detours. We depict Fg, F; and Fy in Figures 7(a), (b), and (c), respec-
tively.
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Figure 7: The graphs Fg, F7 and Fy

Note that Fg, F7 and Fy are all traceable. Thus every detour is a Hamilton path.
F§ has exactly the eight detours:

(0,5,4,3,2,1), (0,1,5,4,3,2), (0,5,1,2,3,4), (0,1,2,3,4,5),
(1,0,5,4,3,2), (2,1,0,5,4,3), (3,2,1,0,5,4), (4,3,2,1,0,5).

F has exactly the eight detours:

(0,2,3,4,5,6,1), (0,2,3,1,6,5,4), (1,3,4,5,6,0,2), (1,6,5,4,3,0,2),
(1,3,2,0,6,5,4), (1,6,0,2,3,4,5), (2,0,3,1,6,5,4), (2,0,6,1,3,4,5).

F3 has exactly the eight detours:

(0,2,3,4,5,6,7,1), (0,7,6,5,4,3,2,1), (0,2,1,7,6,5,4,3), (0,2,1,7,6,5,3,4),
(0,7,1,2,3,4,5,6), (1,2,0,7,6,5,4,3), (1,2,0,7,6,5,3,4), (1,7,0,2,3,4,5,6).
For n > 9, F,, is obtained from Fg by replacing the edge (6,7) by a path (6,7, ...,
n —1); i.e., subdividing the edge (6, 7) exactly n — 8 times. F,, has the same number
of detours as Fg. This completes the proof. O

3 Unsolved problems

Finally we pose two problems. Recall that f(G) denotes the number of detours in a
graph G.

Problem 1. Let k£ and n be integers with 3 < k < n — 2. Denote by I'(k,n) the set
of connected graphs with minimum degree k and order n. Define

a(k,n) =min{f(G)|G € T'(k,n)}.

Determine a(k, n).

Problem 2. Let k, n and I'(k,n) be as in Problem 1. Define
b(k,n) = min{f(G)| G € T'(k,n) and f(G) is odd}.

Determine b(k,n).

Perhaps for sufficiently large orders n, a(k,n) and b(k,n) are independent of n.
We may also ask the two corresponding problems by replacing “with minimum degree
k” in Problems 1 and 2 above by “with connectivity k”.
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