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Abstract

A function f : V(G) — {0,1,2} is called a Roman dominating func-
tion on a graph G if for every vertex v € V(G) with f(v) = 0, there
exists a vertex w adjacent to v with f(u) = 2. A Roman dominating
function f is an outer-independent Roman dominating function if the set
{v € V(G) : f(v) = 0} is independent. The outer-independent Roman
domination number of G is the minimum weight of an outer-independent
Roman dominating function on G. Chellali and Dehgardi [Commun.
Comb. Optim. 6 (2021), 273-286] proved that the outer-independent Ro-
man domination number of any tree 1" of order n > 3 is bounded above
by 5n/6. In this paper, aiming to obtain best upper bounds for the outer-
independent Roman domination number in cactus graphs, we prove an
8n/9-upper bound for unicyclic graphs and a 9n/10-upper bound for bi-
cyclic graphs. We also characterize extremal unicyclic graphs as well as
bicyclic graphs, achieving equality for the given bounds.
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1 Introduction

For graph theory notation and terminology not given here we refer to [9]. We consider
finite and simple graphs G with vertex set V' = V(G) and edge set E(G). The
number of vertices of G is called the order of G and is denoted by n = n(G). The
open neighborhood of a vertex v € V is N(v) = Ng(v) = {u € V | w € E}
and the closed neighborhood of v is N[v] = Ng[v] = N(v) U {v}. The degree of a
vertex v, denoted by deg(v) (or degq(v) to refer to GG), is the cardinality of its open
neighborhood. We denote by 6(G) and A(G), the minimum and maximum degrees
among all vertices of G, respectively. A vertex of degree one is referred as a leaf and
a vertex adjacent to a leaf is referred as a support vertex. A strong support vertex
is a support vertex adjacent to at least two leaves, and a weak support verter is a
support vertex adjacent to exactly one leaf. A component of a graph G is a maximal
connected subgraph of G. We denote by P,, C,, and K,,,, the path of order n, the
cycle of order n, and the complete bipartite graph such that one partite set has m
vertices and the other partite set has n vertices, respectively. We refer to K 3, as a
claw. For a subset S of vertices of a graph G, we denote by G[S] the subgraph of
G induced by S. A graph G is claw-free if G[S] 2 K3 for any set S of cardinality
4. A unicyclic graph is a graph obtained from a tree by adding precisely one edge.
Equivalently, a unicyclic graph is a graph with precisely one cycle. A bicyclic graph
is a graph with precisely two cycles. A cactus graph is a graph such that no pair of
distinct cycles have a common edge. An independent set in a graph G is a subset S
of vertices such that the subgraph induced by S has no edges.

A function f : V — {0,1,2} having the property that for every vertex v € V
with f(v) = 0, there exists a vertex v € N(v) with f(u) = 2, is called a Ro-
man dominating function or just an RDF. The weight of an RDF f is the sum
f(V) = > ev f(v). The minimum weight of an RDF on G is called the Roman
domination number of G and is denoted by vg(G). The mathematical concept of
Roman domination was developed by Cockayne et al. [8]. Many variations, general-
izations and applications of Roman domination parameters have been studied, and
to see the latest progress until 2020 see [5, 6, 7].

Ahangar et al. [1] introduced the concept of outer-independent Roman domina-
tion in graphs. An RDF f in a graph G is an outer-independent Roman dominating
function (OIRDF) on G if the set {v € V(G) : f(v) = 0} is an independent set.
The outer-independent Roman domination number 7,zr(G) is the minimum weight
of an OIRDF on G. The concept of outer-independent Roman domination in graphs
was further studied in, for example, [2, 3, 10, 11, 12, 13]. Chellali and Dehgardi [4]
proved that v,r(T) < 5n/6 in any tree 1" of order n, and they characterized trees
achieving equality for this bound.

In this paper we present upper bounds for the outer-independent Roman domina-
tion number in unicyclic graphs as well as bicyclic graphs, and characterize unicyclic
graphs and bicyclic graphs achieving equality for the given bounds. The organiza-
tion of the paper is as follows. In Section 2, we present our main results, namely
Propositions 2.1 and 2.2, and Theorems 2.3 and 2.4. In Section 3, we present a
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proof for Propositions 2.1 and 2.2. In Section 4, we present a proof for Theorem
2.3. In Section 5, we present a proof for Theorem 2.4. In Section 6, we propose our
suggested bounds and conjectures for cactus graphs. We make use of the following.

Theorem 1.1 (Chellali et al. [4]) For any tree T of ordern > 3, voir(T) < 5n/6.

For an RDF f in a graph G, we denote by V; (or Vif to refer to f) the set of all
vertices of G with label ¢ under f. Thus an RDF f can be represented by a triple
(Vo, Vi, V3), and we can use the notation f = (Vy, Vi, Va).

2 Main results

Let H; and Hs be the graphs depicted in Figure 1.

—_ P>—__

H, Hy
Figure 1. Graphs H; and H,.
We will prove the following.

Proposition 2.1 For any integer n > 3, 7oir(Cn) = 52 if n = j (mod 4), j =
0,1,2,3.
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Proposition 2.2 For any integer n > 3, Voir(Pn) = j (mod 4), j =

0,1,2, and voir(P,) = 3”4_1 if n =3 (mod 4).

Theorem 2.3 For a unicyclic graph G # K3, oir(G) < 8n/9, with equality if and
only if G = Hy, where Hy is depicted in Figure 1.

Theorem 2.4 For a bicyclic graph G of order n, voir(G) < 9n/10, with equality if
and only if G = Hy, where Hy is depicted in Figure 1.

3 Proof of Propositions 2.1 and 2.2

We only present the proof of Proposition 2.1; the proof of Proposition 2.2 is similar
and is thus omitted.

Let V(C,) = {v1,...,v,}, where v; is adjacent to v, fori =1,2...,n—1 and v;
is adjacent to v,. It is evident that v,z(C,) < n for n > 4, since assigning 2 to v, 0 to
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vy and v3, and 1 to all other vertices yields an OIRDF. It is easy to see that 7,;zr(C3) =
3, Y0ir(C1) = 3, Yir(Cs) = 4, 70ir(Cs) = 5 and 7,;r(C7) = 6. Thus, assume that
n > 8. We show that for each n, Yoir(Cr) = Voir(Crn—4)+3, and then the result follows
by induction on n. Let f = (Vy, Vi, Va) be a 7,r(Cy)-function such that |V, is as
small as possible. If V, = (), then w(f) = n, a contradiction. Thus, V5 # (). Clearly,
for any vertex v; € Va, [{vi_1,vix1} N Vo| > 1. Suppose that there is a vertex v; € V3
such that [{v;_1,v;41} N Vo] = 1. Assume that {v;_1,v;41} N Vo = {v;_1}. Then we
change both f(v;) and f(v;—1) to 1 to obtain a v,;z(C,)-function with fewer vertices
assigned 2 than under f, contradicting the choice of f. Thus, [{v;_1,vi11} N V| = 2,
for each vertex v; € Vo. Let v; € V4. As noted, {v;_1,v;41} C Vo. Observe that
Vize & Vo and v;_o & V. Suppose that v;1o € V5. Then we change both f(v;) and
f(vi_1) to 1, leading as before to a contradiction on the choice of f. Thus, v;12 € V],
and likewise, v;_o € V1. Let G’ be obtained from C,, by removing v;_1, v;, v;41 and
Vi+2, and then joining v; s to v;43. Then G’ = C,,_4 and f|g is an OIRDF for G,
implying that v5ir(G") = Yeir(Cn-1) < Yeir(Cy) — 3, since f(v;) + f(vir2) = 3.

On the other hand, let g = (V4, V1, V2) be a 44ir(Cy—4)-function such that |V5| is
as small as possible. If V; = (), then n — 4 is even (since by the choice of g, both
neighbors of a vertex of V{) belong to V5 and both neighbors of a vertex of V5 belong to
Vo) and we may assume that Vo = {vg;41 : 0 <i < %} and Vo = {vy; : 1 <i < %},
and so Vir(Ch_4) = n — 4, a contradiction, since n > 8. Thus, there is a vertex
vj such that v; € Vi. Then we form a graph G” by replacing v; with a path abcde,
and join a to v;_; and e to v;; 1. Observe that G’ = C,. Then h defined on
G" by h(z) = g(z) if x &€ {a,b,c,d,e}, h(a) = h(e) = 1, h(b) = h(d) = 0 and
h(c) = 2, is an OIRDF on G”, and so Y,r(G") < w(g) + 3 = Yoir(Cn-4) + 3. We
deduce that v,r(Ch) < Yoir(Cn_4) + 3. Hence Ypir(Cr) = Yoir(Cn—4) + 3. Now it is
straightforward to prove that v,;zr(C,) = % using induction on n.

4 Proof of Theorem 2.3

We prove this by induction on the order n. For the base step of the induction it is
easy to see that the result holds if n < 5. Thus let n > 6 and assume the result holds
for all unicyclic graph G’ of order 5 < n’ < n, that is, v,r(G") < %"’, with equality
if and only if G’ = H,. Now consider the unicyclic graph G of order n. Assume G
has no leaves. Then G = C,,. By Proposition 2.1, v,r(C,) = % if n =4 (mod 4),
7 =20,1,2,3. Since n > 6, we find that % < 8n/9. We thus assume that G has
at least one leaf. Let C' be the unique cycle of G, and zy be a vertex of C' such that
deg(xp) is as maximum as possible and xg . ..z4, where d > 1, be a path from x, to
a farthest leaf x4 of G, where x; is outside C for i = 1,...,d. Let |V(C)| = k, and
V(C) = {0, y1,Y2, -, Yp_1}, where k > 3, xy is adjacent to y; and y,_1, and y; is
adjacent to y;4q forve=1,2,... k — 2.

Lemma 4.1 Ifdeg(y;) =2 for somei € {1,2,...,k — 1}, then v,r(G) < 8n/9.

Proof. Suppose that deg(y;) = 2 for some i € {1,2,...,k— 1}, and let T = G — y;.
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By Theorem 1.1, v,,z(7) < 5(n—1))/6. Then we extend any v,;z(7")-function to an
OIRDF for G by assigning 1 to y;. Thus, v,r(G) < 5(n—1))/6 +1 < 8n/9, since
n > 6. O

By Lemma 4.1, we have deg(y;) >3 fori=1,2,... k— 1.

Lemma 4.2 Ifv € C is a strong support vertex of degree at least four such that all
its meighbors but two are leaves, or v € V(G) — C is a strong support vertex such
that all its neighbors but one are leaves, then v,ir(G) < 8n/9.

Proof. Let v € C be a strong support vertex of degree at least four such that all its
neighbors but two are leaves and let v" and v” be the neighbors of v in C. Let T" be
the tree obtained from G by removal of edges v'v and v"v, such that T contains v’.
If [V(T")| = 2, then n = 1 + deg(v) and by assigning 2 to v, 1 to v" and 0 to each
other vertex we obtain that v,,z(G) = 3 < 8n/9, since deg(v) > 4. Thus assume that
|[V(T")| > 3. By Theorem 1.1, v,;z(T") < 5(n— (deg(v) —1))/6. Then we extend any
Yoir(T")-function to an OIRDF for G by assigning 2 to v and 0 to its leaf neighbors.
Thus, Y,ir(G) < 5(n — (deg(v) —1))/6 + 2 < 8n/9, since deg(v) > 4. The proof for
the case v € V(G) — C is similar and is omitted. O

We proceed with Lemma 4.3.
Lemma 4.3 Ifd =1, then v,r(G) < 8n/9.

Proof. Assume that d = 1. Then n = 2k, since deg(y;) > 3, fori =1,2,... .k — 1.
It is straightforward to see that if & = 3 then v,r(G) = 5 < 8n/9, if k = 4,
then v,r(G) = 6 < 8n/9, if k = 5 then v,r(G) = 8 < 8n/9 and if k = 6 then
Yoir(G) = 9 < 8n/9. Thus assume that £k > 7. Let T be the tree obtained by
removing the edges yr_17o and yoy3 such that 7' contains y3. By Theorem 1.1,
Yoir(T) < 5(n —6)/6. We assign 2 to xp, 1 to yo and the leaf-neighbors of y; and
y2, and 0 to z; and y; to extend any 7,;zr(7T)-function to an OIRDF for G. Then
Yir(G) < 5(n—6)/6 45 < 8n/9. O

We thus assume that d > 2. By Lemma 4.2, deg(z4_1) = 2, and any neighbor of

Tq_2, with the exception of z4_3 (if d > 3) and with the exception of its neighbor on
C (if d = 2), is a leaf or a support vertex of degree two. We proceed with Lemma 4.4.

Lemma 4.4 Ifd > 3, then v,r(G) < 8n/9.

Proof. Assume that d > 3. We consider the following two cases.

Case 1. deg(zys_2) > 3. Assume that s o has a neighbors as support vertices
of degree two and b neighbors as leaves. Clearly a > 1 and a + b > 2. Let G’ be the
component of G —x4_s that contains x4_3. If G’ = K3, then d = 3 and n = 2a+b-+4.
Then we assign 2 to x1, 0 to each neighbor of x1, and 1 to any other vertex of G to
obtain that v,;r(G) < a+4 < 8n/9, since a + b > 2. Thus, assume that G’ # K.
By the inductive hypothesis, v,r(G’) < 8n//9. Let f’ be a v,;r(T")-function. Then
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we extend f’ to an OIRDF for G by assigning 2 to z4_», 0 to its neighbors which are
leaves or support vertices of degree two, and 1 to any other vertex. Since a > 1 and
a+ b > 2, we obtain that

Yoir(G)

IN

’)/OZ‘R(G/) + 2 +a

IN

8
§(n—2a—b—1)—|—2—|—a

8n—Ta—8+10 8
9 < =n.

Ne}

Case 2. deg(xy_o) = 2. If x4_3 has a neighbor w; outside C' such that there
is a path zg_zwiwsws from x4 3 to a leaf ws, then ws plays the role of x4, and
thus, by Lemma 4.2 and Case 1 of the proof of Lemma 4.4, we may assume that
deg(w;) = deg(wy) = 2. Thus, any neighbor of z;_3 outside C' is a leaf, a support
vertex of degree two, or a vertex of degree two which is adjacent to a support vertex
of degree two.

Assume that d > 4. Let G’ be the component of G — x4_3x4_4 that contains
Tq_4. It is evident that G’ # Kj3. By the inductive hypothesis, v,z(G’) < 8n'/9.
Let f" be a v,r(G")-function. If deg(xy_3) = 2, then n’ = n — 4, and we extend f’
to an OIRDF for G by assigning 2 to x4_1, 0 to x4 and x4_5 and 1 to x4_3 to obtain
Yoir(G) < Yoir(G') +3 < %(n —4) + 3 < 8n/9. Thus, assume that deg(z4_3) > 3.
Assume that x4 3 is adjacent to ¢ leaves, b support vertices of degree two and a
vertices of degree two each of which is adjacent to a support vertices of degree two
(all outside C'). Then a > 1 and a + b+ ¢ > 2. Then we extend f’ to an OIRDF for
G by assigning 2 to x4_3 and each support vertex at distance 2 from z4_3, 1 to any
leaf at distance two from z,4_3 and 0 to any other vertex in V(G) — V(G’). Then

Yoir(G) < ’YoiR(G/)—i-?—l—Qa—l—b
< S(n—3a—26—c—1)+2+2a+b

&n — 6a — 7b — 8¢+ 10
9

I
A
©| oo
3

since a + b+ ¢ > 2.

Next assume that d = 3. Let G’ be the component of G — {zoy1, zoyr_1} that
contains y;. If G’ # Ko, then by Theorem 1.1, v,z(G’) < 8n’/9, and as before, we
can extend a 7,;r(G’)-function to an OIRDF for G to obtain that v,r(G) < 8n/9.
Thus, assume that G’ = K. Assume that xg is adjacent to ¢ leaves, b support
vertices of degree two and a vertices of degree two each of which is adjacent to a
support vertex of degree two. Then n =3a+2b+c+3,a>1landa+b+c > 1.
Then we define a function f on V(G) by assigning 2 to x4_3 and each support vertex
at distance 2 from x4 3, 1 to y; and to any leaf at distance two from x4 3 and 0 to
any other vertex in V(G). Then v,r(G) < 3+2a+b < 3(3a+2b+c+3) = 3n, as
desired. O

By Lemmas 4.3 and 4.4, we may assume for the next that d = 2. Furthermore
any neighbor of xy outside C'is a leaf or a support vertex of degree two. Let a be the
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number of support neighbors of zy (outside ') and b be the number of leaf neighbors
of zy (outside C).

Assume that deg(zo) > 4. Then a+b > 2. Let G’ be the component of G —x that
contains y;. Then G’ is a tree of order at least four. By Theorem 1.1, v,r(G") <
5n’ /6. Let f' be a 7yr(T’)-function. Then we extend f’ to an OIRDF for T" by
assigning 2 to xg, 0 to its neighbors outside C, and 1 to any other vertex, and thus
we can obtain that Yr(G) < 2(n—2a—b—1) +a+2 < 3n. We thus assume that
deg(xy) = 3. By the choice of zg, any vertex on C is of degree three which either is
a support vertex or is adjacent to a support vertex of degree two.

Assume that y; is a support vertex for some ¢ € {1,2,...,k — 1} and z; is the
leaf adjacent to y;. Let T = G — {y;,2}. Then |V(T)| > 5. By Theorem 1.1,
Yoir(T) < 5(n —2)/6. Then we extend any ~,;z(7T")-function to an OIRDF for T by
assigning 1 to both y; and z;, and s0 Y,r(G) < 2(n —2) + 2 < 3n. We thus assume
that y; is a vertex of degree three adjacent to a support vertex of degree two, for
i=1,2.. k-1

Assume that £ > 5. Let T be the tree containing y, that is obtained by removing
the edges 1192 and yx_179. Note that |[V(T) > 6. Let G’ be the unicyclic graph
obtained from T' by joining y» to y4—1. By the inductive hypothesis, 7,ir(G") < §n'.
Let f" be a 7,r(G’)-function. Clearly f'(y2) # 0 or f'(yx—1) # 0, since they are
adjacent in G'. Without loss of generality, assume that f’(y2) # 0. Let y] be the
support vertex adjacent to yo, and let y{ be the leaf adjacent to y;. Clearly we may
assume that f(y)) + f(yy) = 2. Let f be a function defined on V(G) by f(zg) = 2,

flz) = fl(x) if z € V(G') — {v}, ]}, f(x) =0if v € {z1,y1,97}, f(y)) = 2 and
f(x) =1 otherwise. Then f is an OIRDF for G, and s0 7oir(G) < 5(n—6)+5 < 3n.

If k = 4, then n = 12. Let f be a function defined on V(G) by f(z¢) = 2,
f(z) = 0if z is adjacent to xp, and f(z) = 1 otherwise. Then f is an OIRDF for
G with weight 2 + (n —4) = n — 2, and clearly, 7,;r(G) < n —2 < 3n. Thus, we
assume that £ = 3. Then n =9 and G = H;. Let f be a function defined on V(G)
by f(x1) =2, f(xg) = f(z2) =0, and f(x) = 1 otherwise. Then f is an OIRDF for
G with weight 8 = %n.

We thus have proved the upper bound. If the equality holds, then following the
above proof, we deduce that G = H;.

5 Proof of Theorem 2.4

We prove this theorem by induction on the order n. Clearly, n > 5. For the base step
of the induction, if n < 9 then we choose a vertex x with two non-adjacent neighbors
y and z, and assign 2 to x, 0 to both y and z, and 1 to other vertices of GG, and so
Yoir(G) < n —1 < 9n/10. Thus let n > 10 and assume that the result holds for all
bicyclic graphs of order n’ < n. Now consider the bicyclic graph G of order n. Let C}
and Cy be the cycles of G, and let V(Cy) = {vy,..., v} and V(Cq) = {u, ..., u}.
Without loss of generality, assume that d(Cy, Cy) = d(vy,u1). Let d(Cy,Cs) = s and
P the shortest path between v; and u;. The following lemma can be proved similarly
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to the proof of Lemma 4.2, and thus we omit its proof.

Lemma 5.1 Ifv € PUCIUC, is a strong support vertex such that all of its neighbors
outside PUC1UCy are leaves, orv € V(G) — PUC,UCy is a strong support vertex
such that all of its neighbors but one are leaves, then v,r(G) < 9In/10.

We proceed with Lemma 5.2.

Lemma 5.2 If x is a vertex on P U Cy U Cy and there is a path of length d > 3
from x to a furthest leaf x4 from x that intersects P U Cy U Cy only in x, then
Yir(G) < 9n/10.

Proof. Assume that there is a path zxixs... 24 to a leaf x4 and {x,x1,..., 24} N
(V(P)uV(Cy) UV(Cy)) = {z}. By Lemma 5.1, deg(z4_1) = 2. Assume that
deg(z4_2) > 3. Then we may assume that each neighbor of x,_» with the exception
of x4 3 is a leaf or a support vertex of degree two by Lemma 5.1. Assume that x4 o
has a neighbors as support vertices of degree two and b neighbors as leaves. Clearly
a+b> 2. Let G' be the component of G — z4_5 that contains no leaf-neighbor or
support neighbor of z4_5. By the inductive hypothesis, 7,;r(G") < 9n//10. Let f’ be
a Yoir(G")-function. Then we extend f’ to an OIRDF for G by assigning 2 to x4_s,
0 to its neighbors which are leaves or support vertices of degree two, and 1 to any
other vertex. Since a + b > 2, we obtain that

9
Yoir(G) < Yoir(G') +2+a < E(n—?a—b—l)—i—Q—f—a

In —8a —9b + 11 9
< —n.
10 10

We thus assume that deg(z4-2) = 2.

Assume that d > 4. Assume deg(z4—3) > 3. Then we may assume that each
neighbor of z,;_3 with the exception of 44 is a leaf, a support vertex of degree two,
or a vertex of degree two that is adjacent to a support vertex of degree two. Assume
that x4 3 has a neighbors as vertices of degree two that are adjacent to support
vertices of degree two, b neighbors as support vertices of degree two, and ¢ neighbors
as leaves. Clearly a + b+ ¢ > 2. Let A be the set of all such neighbors of 24 3. Let
G’ be the component of G — z4_3 that contains no vertex of A. By the inductive
hypothesis, Y,r(G") < 9n'/10. Let f’ be a v,r(G’)-function. We extend f’ to an
OIRDF for G by assigning 2 to x,_3 and each support vertex at distance 2 from z4_3,
1 to any leaf at distance two from z4_5 and 0 to any other vertex in V(G) — V(G').
Then

9

Yoir(G) < Voir(G) +2+2a+b < E(n—Sa—Qb—c—1)+2+2a+b

On —7a — 8 — 9c+ 11 9
< —n,
10 10
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since @ + b+ ¢ > 2. Thus assume that deg(z4_3) = 2. Let G' = G — {xq, 241, Ta_2,
x4_3}. By the inductive hypothesis, v,;zr(G’) < 9n'/10. Let f’ be a v,,r(G’)-function.
Then we extend f’ to an OIRDF for G by assigning 2 to z4_1, 1 from z4_3, and 0 to
zq and x4 2. Then v,r(G) < Yir(G') +3 < 1—90(n —4)+3< 1%”'

Thus assume that d = 3. Let G' = G — {z, 21,29, 23}. If G’ is connected, then
G’ # Ks, since G is a bicyclic graph. By Theorem 2.3, v,,z(G’) < 8n'/9. Let f' be a
Yoir(G')-function. Then we extend f’ to an OIRDF for G by assigning 2 to x2, 1 to z,
and 0 to 21 and x3. Then Y,r(G) < Yoir(G') +3 < 3(n—4) +3 < jkn. Next assume
that G’ is disconnected. If G’ has no K3-components, then as before we find that
Yoir(G) < 1%71. Thus assume that G’ has some K3-components. If G’ has two K3-
components, then |C1| = |Cy] = 3, s =2 and P = vyzuy. Then n = 10 and v,;zr(G) =
8 < 1%71. Thus assume that G’ has precisely one Ks-component. Without loss of
generality, assume that C} is such component. Let G' = G — {x, x1, o, x3, V1, V2, U3 }.
By Theorem 2.3, 7,;r(G") < 8n'/9. Let f’ be a 7,;r(G")-function. Then we extend f’
to an OIRDF for G by assigning 2 to x, 1 to x5, x3,vs, v, and 0 to x; and v;. Then

Yoir(G) < Yoir(G') +6 < 3(n—7) +6 < sEn. -

Lemma 5.3 If z is a vertex in PUCy U Cy with x & {vy,u1} and deg(x) > 4, then
’)/OZ‘R(G) < %n

Proof. Assume that z is a vertex in PUC; U Cy and x ¢ {v1,u1} and deg(z) > 4.
By Lemmas 5.1 and 5.2, each neighbor of x outside PUC; UC, is a leaf or a support
vertex of degree two.

Assume that x has a neighbors as support vertices of degree two and b neighbors
as leaves. Clearly a +b > 2. Let G’ be the component of G — x that contains
no leaf-neighbor or support neighbor of x. If G’ has no K3-components, then by
Theorem 2.3, v,ir(G") < 8n'/9. Let f’ be a v,r(G")-function. Then we extend f’ to
an OIRDF for G by assigning 2 to x, 0 to its neighbors which are leaves or support
vertices of degree two, and 1 to any other vertex. Since a + b > 2, we obtain that
Yoir(G) < Yoir(G') +2+a < §(n —2a—b—1) + 2+ a < s5n. Thus assume that
G’ has some Kj-components. If G’ has two Kj-components, then |C;| = |Cy| = 3,
s=2and P =vzu;. Then n =2a+b+7 and v,r(G) =6+a < %n. Thus assume
that G’ has precisely one K3-component. Without loss of generality, assume that C;
is such component. Let G” = G" — {v1,vq,v3}. By Theorem 2.3, v,;zr(G") < 8n’/9.
Let f" be a 7,r(G")-function. Then we extend f’ to an OIRDF for G by assigning
2 to xz, 1 to vy, v3 and the leaves at distance two from x, and 0 to each other vertex.
Then Y,ir(G) < Yoir(G") +4+a < §(n—2a—b—4)+4+a < 3n. O

By Lemma 5.3 if z is a vertex in P U C; U Cy and = € {vy,u;1}, then we may
assume that deg(z) < 3. Similarly, we may assume that the following hold.

Lemma 5.4 3 <deg(v1) <4 and 3 < deg(uy) < 4.

From Lemmas 5.1 and 5.2, we may assume that for any vertex x € PUC; UC5 —
{v1,u1} with deg(z) = 3, x is a support vertex or adjacent to a support vertex of
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degree two, and if deg(x) = 4 for x € {uy,v1}, then z is a support vertex or adjacent
to a support vertex of degree two.

Lemma 5.5 Ifn > 10, then v,r(G) < 3n.

Proof. Assume that n > 10. Assume that there is a vertex x € Cy; U Cy such that
deg(z) = 2. Clearly, x & {vy,u1}. Let G' = G—x. By Theorem 2.3, 7,;r(G") < 8n’/9.
Let f' be a v,r(G’)-function. Then we extend f’ to an OIRDF for G by assigning
1 to . Then v,ir(G) < 10ir(G') +1 < 3(n—1) + 1 < Zn. Thus assume that each
vertex of Cy U Cy with the exception of v; and u; are of degree 3.

Assume that |C}| = 3. Let G’ be the component of G — v; containing uy. Then
G’ is a tree or a unicyclic graph. If G’ is a tree then by Theorem 1.1, v,,z(G’) < %n’
and if G’ is a unicyclic graph, then by Theorem 2.3, 7,;r(G’) < %n’. We extend any
Yoir(G")-function to an OIRDF for G by assigning 1 to v; and the remaining vertices
are assigned values as follows. Assume that each vertex in {v,vs,v3} is a support
vertex. Then assign 2 to vz, 0 to v, and the leaf-neighbor of v, and 1 to each other
vertex. If G’ is a tree, then v,r(G) < Yoir(G') +5 < %(n —6)+5 < &n, and if
G’ is a unicyclic graph, then Y,r(G) < Y,ir(G') +5 < 3(n —6) +5 < ;5n. Thus,
assume without loss of generality, that v3 is not a support vertex, (note that the other
possibilities are similar). Assume that both v; and vy are support vertices. Then we
assign 2 to vz, 0 to vy and the support-neighbor of v3, and 1 to each other vertex. If
G’ is a tree, then Y,ir(G) < Y0ir(G')+6 < 2(n—7)+6 < s5n, and if G’ is a unicyclic
graph, then Yo;r(G) < 76ir(G') + 6 < 3(n —7) + 6 < stn. Thus, assume that v, is
not a support vertex. If deg(vy) = 3, then we we extend any ~,;z(G’)-function to
an OIRDF for G by assigning 2 to vs, 0 to v, and the support-neighbor of v, and
1 to each other vertex, and as before the result is valid no matter G’ is a tree or
a unicyclic graph. Thus, assume that deg(v;) = 4. If vy is a support vertex, then
assign 2 to vs, 0 to vy and the support-neighbor of v3, and 1 to each other vertex.
If G’ is a tree, then Y,ir(G) < Yoir(G) +7 < 2(n —8) +7 < $n, and if G’ is a
unicyclic graph, then 7,r(G) < Yoir(G') + 7 < §(n —8) + 7 < +5n. Thus assume
that v; is not a support vertex. Then similarly, we find that if G’ is a tree then
Yoir(G) < Yoir(G') +8 < 3(n — 9) + 8 < =4n, and if G’ is a unicyclic graph, then
’)/OZ‘R(G) S %Z-R(G’) +8 S %(n — 9) +8 < 1%71

Next assume that |Cy| > 3. Let G’ be the component of G —{wvs, v3,v4} containing
v1. Then G’ is a unicyclic graph, and by Theorem 2.3, 7,;r(G’) < 5n’. Observe that
deg(vy) = deg(vs) = deg(vy) = 3. We asign 2 to vy, 0 to v and the neighbor of
vy outside C'1, and 1 to any other vertex. If none of vy, v3,v4 is a support vertex,
then Yoir(G) < Yoir(G') +8 < 8(n—9) +8 < In. If precisely, one vertex in
{vs, vs,v4} is a support vertex, then Yoir(G) < Yoir(G) +7 < S(n—8)+7 < Zn. If
precisely, two vertices in {vq, v3,v4} are support vertices, then v,r(G) < Yoir(G') +
6 < %(n —7)+6< 1%”' Finally, if each vertex in {vg, v3,v4} is a support vertex,
then Yo,r(G) < Yoir(G') +5 < §(n —6) +5 < {4n. O

Thus assume by Lemma 5.5 that n = 10. If |Cy| > 4, then assigning 2 to vy, 0
to vg, v, and a neighbor of v; outside C7, and 1 to each other vertex of G yields an
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OIRDF for G, and thus v,r(G) < n—2 < s5n. Thus assume that [C}| = 3 and
likewise, |Cy| = 3.

Lemma 5.6 If there is a vertex x with three neighbors xy, xa, x3 such that G[{z, z1,
T, w3} = K3, then 7ir(G) < 5n.
Proof. Assume that z is a vertex with three neighbors x1, x9, 23 such that G[{z, =1,

Ta, 23} = K1 3. Then assigning 2 to x, 0 to @y, s, 23, and 1 to each other vertex of
G yields an OIRDF for G, and thus v,z(G) <n—2 < 1%”' O

By Lemma 5.6, we assume that G is claw-free. We next continue according to
values of s = d(vy, uy).

Assume that s = 0. By Lemma 5.6, deg(v1) = 4. If deg(ve) = deg(vs) =
deg(ug) = deg(uz) = 3, then we may assume, without loss of generality, that us
is not a support vertex, while vq, v3, us are support vertices. Then v,r(G) = 8 <
2+n. Thus, assume, without loss of generality, that deg(vs) = 2. Then deg(vs) =
deg(ug) = deg(us) = 3, since n = 10. If v3 is a support vertex, then neither of uy
and ug is a support vertex, and v,r(G) = 8 < %n. Thus assume that v3 is not a
support vertex. Then one of us and ug is a support vertex and the other one is not

a support vertex, and we can see that v,r(G) = 8 < 1%”-

Thus 1 < s <5. Let P:ovjwy...ws_qu;. If s =5, then by assigning 2 to wy, us,
1 to ws, va,v3, us, and 0 to each other vertex we obtain that v,r(G) = 8 < 1%71. If
s = 4, then we may assume by Lemma 5.6 that precisely one vertex in {vq, v3, us, uz}
is a support vertex. Assume that vy is such a vertex. Then by assigning 2 to ws, vs,
0 to v3, wy, w3 and the leaf-neighbor of vy, and 1 to each other vertex we obtain that
Yoir(G) = 8 < gn. If s = 3, then by Lemma 5.6, either there is precisely one vertex
of {vy,v3,us, us} that is a adjacent to a support vertex of degree two or there are
two vertices in {vq, v3, ug, uz} that are support vertices. In each of this possibilities,
we can see that Y,r(G) = 8 < sn. If s = 2, then by Lemma 5.6, either there
are precisely three vertices of {vy, vs, ug, uz} that are support vertices or there are
two vertices x,y in {vy, v, us, uz} such that x is a support vertex and y is adjacent
to a support vertex of degree two. In each of these possibilities, we can see that
’)/OZ‘R(G) =8< %n

Finally, assume that s = 1. If deg(vy) = deg(vs) = deg(uz) = deg(uz) = 3,
then 7o;z(G) = 8 < s5n. Thus assume, without loss of generality, that deg(uz) = 2.
Assume that deg(uz) = 3. If ug is a support vertex, then we may assume that v,
is a support vertex and vz is a vertex adjacent to a support vertex of degree two.
Then v,r(G) =8 < %n. Thus, assume that us is not a support vertex. Then ug is
adjacent to a support vertex of degree two. Then either both v, and v3 are support
vertices or precisely one of them is adjacent to a support vertex of degree two. Then
we observe that v,r(G) = 8 < $5n. We thus assume that deg(uz) = 2. Then each
of vy and v3 is adjacent to a support vertex of degree two. Consequently, G = Hs.
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6 Concluding remarks

By Theorem 2.3, v,r(G) < 8n/9 for a unicyclic graph G # K3, and by Theorem
2.4, v5ir(G) < 9n/10 if G has two cycles. It is a good problem to investigate such
a bound for cactus graphs. It seems that if a cactus graph G has three cycles
then v,r(G) < 10n/11, and if it has four cycles then v,z(G) < 11n/12. Figure 2
illustrates two graphs achieving equality of the above proposed bounds. Furthermore,
if the above bounds are correct then perhaps Y,r(G) < (55)n if G is a cactus graph
with k cycles, but this earlier bound does not seem to be sharp. We propose these

problems for researchers.

Conjecture 6.1 If G # K3 is a cactus graph of order n, then v,r(G) < 11n/12,
with equality iof and only if G = Hy, where Hy is the graph depicted in Figure 2.

o <{ P

H3 H4

Figure 2. Cactus graphs with outer-independent Roman domination number
10n/11 and 11n/12. The graph Hj has outer-independent Roman domina-
tion number 10 and the graph H, has outer-independent Roman domination
number 11.
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