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Abstract

Given two positive integers n and k, we obtain a formula for the base
size of the symmetric group of degree n in its action on k-subsets. Then
we use this formula to compute explicitly the base size for each n and for
each k < 14.

1 Introduction

Let G be a permutation group on Q. For A = {wy,...,wp} C Q, we write Gy for
the pointwise stabilizer of A in G. If G,y = {1}, then we say that A is a base. The
size of a smallest possible base is known as the base size of G and it is customary
to denote it by b(G) or (more precisely) by bo(G). Bases of small cardinality are
relevant in computational group theory, because they are used in many algorithms
for dealing with permutation groups.

Much of the research on base sizes is focused on primitive groups. There are
various reasons for this. First, the classic result of Jordan [12] bounds from above
the cardinality of a primitive group in terms of its base size. Second, in the 90s
Cameron and Kantor [7] conjectured that there exists an absolute constant b with
b(G) < b, for every almost simple primitive group in a non-standard action; we
refer to [7] for undefined terminology. This conjecture was settled in the positive
in [3, 4, 5, 6] with b = 7. In turn, this result has stimulated two lines of research:
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determining the base size of almost simple primitive groups in their standard actions;
and determining, for each b < 7, the almost simple primitive groups in non-standard
actions having base size exactly b.

The symmetric group Sym(n) has two types of standard actions: the action on
uniform partitions and the action on subsets of {1,...,n}. The base size of Sym(n)
for the action on uniform partitions has been determined in [I3]. In this paper, we
are interested in the base size of the symmetric group Sym(n) in its natural action
on the collection of k-subsets of {1,...,n}. Hence this paper is a contribution to the
determination of the base size of almost simple primitive groups in their standard
actions.

For simplicity, we denote this number by b(n, k). Since the action of Sym(n) on
k-subsets is permutation equivalent to the action on (n — k)-subsets, we have

b(n,k) =0b(n,n —k)

and hence we assume 2k < n.

There is a natural graph theoretic interpretation of b(n, k), which makes b(n, k)
of interest to group and to graph theorists. i A determining set of a graph I' is a
subset S of its vertices for which the only automorphism of I that fixes every vertex
in S is the identity. The minimum cardinality of a determining set for I' is said to be
the determining number of I'. Now, the Kneser graph K(n, k) is the graph having
vertex set the collection of all k-subsets of {1, ...,n} where two distinct k-subsets are
declared to be adjacent if they are disjoint. Since the automorphism group of K (n, k)
is the symmetric group Sym(n) in its action on k-subsets (see [10, Theorem 7.8.2]),
we deduce that the determining number of K(n,k) equals b(n, k). Therefore, our
results can be interpreted in terms of the determining number of Kneser graphs.

There are many partial results on b(n, k); see [1, 2, 8, [11]. For instance, Halasi [11]
Theorem 3.2] has proved that

(1)

when n > |k(k+1)/2] +1. Strictly speaking, this formula for b(n, k) is proved in [11]
when n > k? and has been improved in [2] to n > [k(k + 1)/2] + 1. This result
has been improved further in [I], 2 [IT], but currently there is no explicit formula for
b(n, k), valid for every value of n and k. Our current methods do not seem able to
determine b(n, k) when k is asymptotically larger than y/n.

S

Using the principle of inclusion-exclusion, we prove an implicit formula for b(n, k)
in terms of integer partitions of n. It is not clear at the moment if this formula can
be used to extract substantial new information on b(n, k). However, besides theoretic
interest, we have implemented this formula in a computer and we are reporting in
Table [1 the values of b(n, k), for every k < 14. We hope that these values can be of
some help to shed some light on b(n, k), when k is large.

Observe that in Table [ for a given k < 14, we are reporting only the values of
b(n, k) when n < |k(k +1)/2], because when n > |k(k + 1)/2] + 1 we may simply
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use (1) to compute b(n, k). In particular, when k = 1, we have |k(k+1)/2] =1 < 2k
and hence b(n, k) = [2(n — 1)/2] = n — 1, for every n > 2. When k = 2, we have
|k(k 4+ 1)/2] = 3 < 2k and hence b(n, k) = [2(n — 1)/3], for every n > 4. For this
reason, in Table[Il we are only including the values of k > 3.

Theorem 1.1. Let n and k be positive integers with 2k < n. Then b(n, k) is the
smallest positive integer £ such that

> (—1)nz?_1c2~ﬁ > ﬁ(gf) #0. (2)

— - y i1 \Yj
= partition of n ! n partition of k=1
m=(1°1,2¢2,...,,ncn) n=(1b1,2%2 ... k%)

A result similar to Theorem [LI] was very recently determined independently by
Coen del Valle and Colva Roney-Dougal [9], their proof is remarkably different from
ours.

In Section [B] we give a surprising consequence of (2)) in the character theory of
Sym(n). This application of Theorem [[.T]in this context was brought to our attention
by one of the referees during the evaluation process. We express our sincere gratitude
for their valuable contribution and for generously sharing their insights.
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Table 1: Some values for b(n, k)

2 Proof of Theorem 1.1

Let n, k and ¢ be positive integers with 1 < k < n/2. We let

o ({1,.}{;,71})
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be the collection of all k-subsets of {1,...,n} and we let F* be the collection of all
(-tuples of k-subsets of {1,...,n}. In particular,

1= ()

Fo={aeF|a’=a}

For each g € Sym(n), we let

be the collection of all k-subsets of {1,...,n} fixed setwise by g. Therefore, the
cartesian product F ; is the collection of all ¢-tuples of k-subsets of {1,...,n} fixed
setwise by g. For instance, for each 1 < i < j < n, F{;; is the collection of all
k-subsets of {1,...,n} fixed by the transposition swapping ¢ and j. Moreover we let

Hy={(on,...,cp) € F* | if af = ; Vi, then g = 1}

denote the collection of all -tuples of k-subsets of {1,...,n} which are only fixed by
the identity, and h, = |Hy|.

Since each element of F* is either fixed by some non-identity element of Sym(n) or
is only fixed by the identity, exclusively, we have

F'\H,= |J F. (3)
geSym(n)\{1}

Observe that
hy = 0 if and only if ¢ < b(n, k). (4)

In fact, by definition of b(n, k), there exists an ¢-tuple of k-subsets which is only fixed
by the identity if and only if ¢ > b(n, k).

Lemma 2.1. Given a non-identity permutation g € Sym(n), there ezists a transpo-
sition T such that, for every S C {1,...,n} fized by g, S is also fixed by .

Proof. Let (ai,as,...,a;) be one of the cycles of g in its decomposition in disjoint
cycles. As g is not the identity, we may suppose that ¢ > 2. Let 7 be the transposition
(al, ag).

Let S be a subset of {1,...,n} with S9 = S. Then either SN{as,...,a;} =0 or
Sn{ay,...,a;} ={ay,...,a;}. In either case, a; and ay are either both in .S or both
not in S. Therefore 7 fixes S. O

From (B]) and Lemma 21l we obtain

F\H = | Fiy (5)

1<i<j<n
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Now, we let ({1’5’”}) denote the set of all 2-subsets of {1,...,n}. From (B) and
the definition of hy, using inclusion-exclusion, we obtain

(Z) —he=|F\Hl= > (DT[] ). (6)

@#Fg({l’“ﬁ’"}) {i,7}el

Now, given a subset () # ' C ({1"'2""}), we write

F= () K

{i,j}er’

and, with a slight abuse of terminology, we let qu := F*. With this notation, from (@),
we get

he= Y (=DME. (7)

In what follows, we identify I' C ({1"'2"”}) with a graph on {1,...,n} having edge
set I'. In particular, we borrow some notation from graph theory.

Given I" C ({1"'2""}), we let m(I") be the partition of n where the parts are the
cardinalities of the connected components of I'. In other words, let X;, Xo,..., X;
be the connected components of I" ordered with | X;| > |Xs| > -+ > | X;|. Then

7(T) = (1K), | Xal, .. X))

We now make two important remarks.

Lemma 2.2. Let I' be a graph having vertex set {1,...,n} and having connected
components Xy, ..., Xy. Then

((1j) 44,7} € T) = Sym(X;) x Sym(X3) x -+ x Sym(X;).

In other words, the group generated by the transpositions corresponding to ele-
ments in I' generate a group which is a direct product of symmetric groups.

Proof. For each i € {1,...,t}, let I'; be the restriction of I to X;. Suppose first
t = 1, that is, I' is connected. In this case, we prove the lemma by indution on n.
When n = 1, the lemma holds true because the group generated by the empty set
is the identity symmetric group Sym(1). Suppose n > 2. Let {a,b} be a leaf of a
spanning tree for I'. Without loss of generality we may suppose n € {a,b} and that
n is a leaf of the spanning tree. The restriction I of I" to {1,...,n — 1} is connected
and hence, by our inductive hypothesis, we have

((i5) | {i,j} € T) = Sym(n —1).
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Now,
Sym(n) = ((ij) | {i,j} € T) = (Sym(n — 1), (a, b)) = Sym(n).

Assume now ¢t > 2. As X; N X; = for i # j and as every edge in I' is in I'; for
some 7, we deduce

((@g) [{d, 7} € Iy = ((ij) | {i,5} € Tr) x -+ x((ij) | {i, 7} € ).
Now, the lemma follows by applying the case of connected graphs. O

From Lemma 2.2] it immediately follows that, for every I';, 'y C ({1"'2"”}) with
m(T1) = m(Ts), we have |Ff | = |F|. Since the cardinality of these sets depends
only on an integer partition, for each partition 7 of n, we let f¢ be the cardinality
of |Ff|, where I is an arbitrary graph with © = 7(T').

Fix a partition m of n. We write m in “exponential” notation, that is, 7 =
(1er,2% ... n°) where ¢; denotes the number of parts in 7 equal to i.

Lemma 2.3. Given an integer partition m = (1°,--- ,n) of n, we have

Dt ®)

Proof. First, we show (8) in the special case 7 = (1°,2°, ..., n'), that is, the trivial
partition consisting of one part of size n. In particular we show

Z (=) = (=)™ Y (n —1)..

This equality has a combinatorial interpretation: among all connected graphs on n
labelled vertices, the difference between the number of those with an even number
of edges and those with an odd number of edges is (—1)""!(n — 1)!.

We show this by induction on n. Assume n = 1: the only graph on 1 vertex has
an even number of edges, and (—1)°0! = 1. Assume now n > 2 and assume the result
to be true for integer partitions of n — 1.

Let p, and d,, be the number of connected graphs on n labelled vertices with an
even number of edges and with an odd number of edges, respectively.

Let P, and D, be the number of graphs on n labelled vertices with an even
number of edges and with an odd number of edges, respectively. In fact

P (D) (9)+-
b= (D)« (@) 4.
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We can count the number of disconnected graphs with an even (odd) number of
edges on n labelled vertices in two ways: on the one hand it is P, — p, (respectively
D,, — d,), and on the other hand we can count the number of rooted disconnected
graphs with an even (odd) number of edges on n labelled vertices (rooted means with
a highlighted vertex, the root) and then divide this number by n, as a graph can be
rooted in n different ways.

To count the number of rooted disconnected graphs, we first choose the connected
component containing the root: for every possible cardinality i = 1,...,n—1 we can
choose the connected component in (?) ways, inside which we have ¢ ways to choose
the root.

If we want the graph to have an even number of edges then either both the
connected component of the root and the rest have an even number of edges, or
they both have an odd number of edges. Similarly, if we want the graph to have an
odd number of edges then either the connected component of the root has an even
number of edges and the rest has an odd number of edges, or vice versa. Therefore,
we have

n—1

1 fn

Taking (I0)—(@) we get

n < 7
=1

n—1
1
From the binomial theorem, we have

3 (—1)’<(7Z) =0 Ym>0.
k=0

This implies D,, — P, = 0 whenever (;‘) > 0, that is, for every n > 2. For n = 1,
D; — P, = —1, because the only graph on one vertex has an even number of edges.

So (I becomes

o=t = (1= (1) (pas — dr) = (<1 (0 = 1),

where the last equality follows by our inductive hypothesis.

Now that we have concluded the special case, we need to deduce the general
case. Given m = (1°,...,n), the number of ways that the set {1,...,n} can be

partitioned into 7 is
n!

[Tz el
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Now, given a specific partition P of {1,...,n} realizing 7, the sum among all graphs
I' with connected components P is

3 M =T] Z D =TT (—)P=(s) - 1)

with conn. comp.s m()=(SI)
P
= [ (DD — 1 = (== ] T - 1.
i=1 i=1

In conclusion

FQ({l ..... n}) i=1
m(T)=n
n n!
= (—1 "*21:1%7. ]
( ) H?:l iciCi!
By a combined use of Lemma and (1), we get
n—>S"" ¢ n!
= Y C)TER (12)
™ partition of n =
7—(1°1,2°2 ... nen)
Lemma 2.4. Given an integer partition m = (1°,... ,n), we have

14

A S || ()] (13

n partition of k=1
n=(1%1,2%2 . k)

Proof. Given I C ({1’5’”}) with 7(I') = 7 and connected components X7, ..., X;, we
want to calculate how many elements of F* are fixed by ((ij) | {i,j} € I'). This is
the number of k-subsets of {1,...,n} that are fixed by ((ij) | {¢,j} € I'), raised to
the ¢, since in order for an element of F* to be fixed, each of its coordinates has to
be fixed.

To calculate this number, we first notice that in order for a k-subset S to be fixed,
either X; C S or X; NS = () must hold for each 7. Thus the number we are looking
for is the number of ways we can create a set of order k combining different X;s. [

From (I2)) and (I3]), we find the beautiful equality

=Y et s ()

= partition of » = n partition of xJ=1
m=(11,2°2,... nn) n=(11,2%2 . kbk)

Now Theorem [LT] follows from (H]).
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3 A character theoretic consequence

The formula in Theorem [[T] (2) has an immediate consequence regarding the char-
acter theory of the symmetric group Sym(n).

For g € Sym(n), let m, be the cycle structure of g, that is, the partition of n
defined by the disjoint cycles of g. Furthermore, for a partition 7 of n, let C). be the
conjugacy class of Sym(n) consisting of the permutations having cycle type , that
is, Cr = {g € Sym(n) | 7, = 7}.

Arguing inductively on n, we see that for g € Sym(n) with 7, = (1¢,2%, ... n)
(1) Eime
equals sgn(g), where sgn : Sym(n) — C is the sign character of Sym(n). Furthermore,
for m = (14,22, ... ,n), we have

n!
noosciell”
[Ty icici!

Therefore, using this notation, (I2]) becomes

he= > se(lCilfi= YT saul9)fy,

= partition of » g€Sym(n)
m=(1¢1,2¢2,. . ncn)

‘Cﬂ‘ =

Let x be the permutation character of Sym(n) in its action on the k-element

subsets of {1,...,n}, so
4 Sym(n)
X = 1S§m(k;)><Sym(n—k)'

Then x(g) = fr,, for every g € Sym(n). Therefore, we obtain

he= Y sen(g)x(g)" = n!- (sen, x).

g€Sym(n)

Thus, one has the following surprising consequence.

Theorem 3.1. Let x be the permutation character of Sym(n) in its action on the
k-element subsets. Then the following are equivalent:

1. 0=0b(nk);

2. ( is the smallest positive integer such that (o, X*) > (1) for every ¢ €
Trr(Sym(n));

3. 1 is the smallest positive integer such that (sgn, x*) # 0.



G. MECENERO AND P. SPIGA / AUSTRALAS. J. COMBIN. 88 (2) (2024), 244255 255

References

1]

2]

[10]

[11]

[12]

[13]

D. Boutin, Identifying graph automorphisms using determining sets, FElectron
J. Combin. 13 (2006), #RT78.

J. Caceres, D. Garijo, A. Gonzélez, A. Marquez and M. L. Puertas, The de-
termining number of Kneser graphs, Discrete Math. Theor. Comput. Sci. 15
(2013), 1-14.

T. C. Burness, On base sizes for actions of finite classical groups, J. Lond. Math.
Soc. (2) 75 (2007), 545-562.

T.C. Burness, M. W. Liebeck and A. Shalev, Base sizes for simple groups and
a conjecture of Cameron, Proc. Lond. Math. Soc. (3) 98 (2009), 116-162.

T. C. Burness, R. M. Guralnick and J. Saxl, On base sizes for symmetric groups,
Bull. Lond. Math. Soc. 43 (2011), 386-391.

T.C. Burness, E. A. O'Brien and R. A. Wilson, Base sizes for sporadic simple
groups, Israel J. Math. 177 (2010), 307-333.

P.J. Cameron and W. M. Kantor, Random permutations: some group-theoretic
aspects, Combin. Probab. Comput. 2 (1993), 257-262.

A. Das and H.K. Dey, Determining number of Kneser graphs: exact values
and improved bounds, Discrete Math. Theor. Comput. Sci. 24 (1) (2022), Paper
No. 10, 9 pp.

C. del Valle and C.M. Roney-Dougal, The base size of the symmetric group
acting on subsets, https://arxiv.org/abs/2308.04360.

C. Godsil and G. Royle, Algebraic graph theory, Graduate Texts in Mathematics
207, Springer, New York, 2001.

Z. Halasi, On the base size for the symmetric group acting on subsets, Studia
Sci. Math. Hungar. 49 (2012), 492-500.

C. Jordan, Traité des Substitutions et des Equations Algébriques, Gauthier-
Villars, Paris, 1870.

J. Morris and P. Spiga, On the base size of the symmetric and the alternating
group acting on partitions, J. Algebra 587 (2021), 569-593.

(Received 5 Aug 2023; revised 5 Jan 2024)


https://arxiv.org/abs/2308.04360

	Introduction
	Proof of Theorem 1.1
	A character theoretic consequence

