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Abstract

In this paper, we construct two new families of Supplementary Difference
Sets (SDS), that is,
4-{q* (¢* = 1)/8;(¢* — 9)/16} SDS and 4-{¢*; q(q — 1)/2;q(q — 2)} SDS.

1 Introduction

Hadamard matrices play important roles in communication systems, image process-
ing and computer security (see [4, 7]). Hadamard matrices can be constructed by
using different methods. Baumert and Hall Jr. [1], Turyn [8], and Xia et al. [9, 12]
constructed Hadamard matrices from Williamson matrices. Cooper and Seberry
(Wallis) defined T-matrices in 1972 [3]. Xia proposed the C-partitions on an abelian
group [10] and found an infinite family of C-partitions on GF(¢?) with ¢ = 3 (mod 8),
q a prime power [14, 16]. Chen [2] constructed a partition on GF(¢?), then M. Xia
et al. [15] generalized the results from GF(¢?) to GF(q). See [6] for more details.
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Supplementary difference sets (SDS) are very useful in the construction of Hada-
mard matrices [10, 11, 13]. Compared to the results in [16], we give different methods
on the constructions of C-partitions and SDS in this paper. The construction is new

and the 4—{q2; @; (‘12%9)6} SDS is new.

Let G be an abelian group of order v. We denote the group operation by mul-
tiplication. Subsets Dy, ..., D, of G are called r-{v;|D1|,...,|D.|; \} SDS, if for
every nonidentity element g in G, there are exactly A elements (d,d') in Dy x Dy,
or Dy x Dy, ..., or D, x D, such that gd = d. It is convenient to use the group
ring Z[G] of the group G over the ring Z of rational integers with addition and
multiplication. Here the elements of Z|G] are of the form

a1g1 + agg2 + -+ aygy,a; € Z, g; € G.

In Z[G], the addition + is given by the rule

<Z a(9)9> + <Z b(g)g> => (alg) +b(9)) g-

g g

The multiplication in Z[G] is given by the rule

(Z a(g)g> (Zh: b(h)h> =) (Z a(g)b(h)> k.

g k gh=k
For any subset A of G, we denote an element

Y g€ z(a),

geA

and by abusing the notation, we denote it by A.
Let A and B be subsets of G and let ¢ be an integer. We define

BY = Y "¥' e z[a),

beB

ABCY = M ab e Z[G),

a€AbeB

and denote

AA=AATY . A(A,B) = ABTY + BACY,

If A=, we define
AD =0, A(),B) = 0.

With this convention, Dy, ..., D, being r-{v;|D|,...,|D,|; A} SDS, are equivalent

to
> AD; = <Z |D;| — /\> + AG.
=1 =1
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If » = 1, the single SDS becomes a difference set (DS) in the usual sense. When
|Dy| = -+ = |D,| = k, we denote r-{v; |D1|,...,|d.|; A\} by r-{v;k;A\}. Tt is well-
known that 4-{q?; @; q(q — 2)} SDS have been constructed for prime powers ¢ =
1 and 3 (mod 4), except for ¢ = 7 (mod 8). (See [2, 8, 9, 10, 11, 12, 13].)

In this paper we give two new families of SDS:
=1 (#-9) (g — 1)
4_ 2. (q . 4_ 2, . _ 2
{q, PR }and {q, 5 ala )},

where ¢ is a prime power congruent to 3 (mod 8). By using the second SDS we can
construct Hadamard matrices of order 4¢>.

2 Preliminaries

Let ¢ be a prime power congruent to 3 (mod 4) and let g be a generator of the cyclic
group of G = GF(¢*). Set

. _3
¢ = {gQ(QH)J“:j:O,...,(q >}, i=0,1,...,2q+1, (2.1)
S; = CiUCfL'Jqurl, Z:O,l,,q (22)

Then the ¢; and the s; are partitions of GF(¢?) into cosets of the quadratic residues
of GF(q) and the multiplicative group of GF(q), respectively.

Denote
\IIQ :ACQ, \Ijz :A(CQ,CZ‘), 1= 1,,2q+1,
and define
U, =¥, as i=j(mod 2¢+2).
We have

Ae; = ¢, i=0,1,...,2¢+1,
A(Ciacj) = giqjj_i = gj\I/i_j 7 for s 75 j

In particular, ‘ ‘
U, =g'V_; = gl%q+2_i, 1=0,1,...,2¢+ 1.

From [10], we have the following lemma.

Lemma 2.1 If ¢ = 3 (mod 4) is a prime power, and v = ¢*, then the following
equations hold:

where G* = G\ {0}.
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Proof. From the definition of ¢; in (2.1), ¢y is a Paley difference set and ¥,
contains all non-quadratic residues in GF'(q). From [5] (page 178), it is easy to see
that Uy = @ + @30 and W,4q = (qgl)so. So (a) and (b) are proven.

Since ¢ = 3 (mod 4) is a prime power, f(z) = z? + 1 is irreducible in GF(g), and
ax + b(mod f(z)) is a finite field of GF(v), where a,b € GF(q). Let ¢ = 4m + 3,
and let h be a primitive element of GF'(q). We have

:{h%:i:O,...,Qm}, c4m+4:{h2i+1:i:O,...,Qm}, and

Som+2 = Com4-2 UCGerG = {hll' = O, Ce ,4m+ 1} .
When i = 2m + 2,
Vomsz + VYemis = Z ((h% — W)+ (W — h%))
0<k<2m, 0<j<4dm+1
_ ST (W B 4 (W + hP))

0<k<2m, 0<j<4m+1

= Z (hjx—}-hk) =G — 50 — Somi2-

0<j,k<4m+1
When i # 2m +2, 1 <14 < 4m + 3, denote ¢' = h®x + h®. Then we have
Ci+ Citamaa = S; = {ho‘ﬂx—i—hﬁﬂ 273 =0,...,4m + 1},
and

U, + Yiiamia

= A(COa Si)

= Z ((h?* = (W™ + hPHY)) 4 ((h*H x4 hbetetd) — p2*))
0<k<2m, 0<j<4m+1

— Z (W™ 4 (WP 1 W) + (R 4 (Bt 4 p2E)))

0<k<2m, 0<j<4m+1

= > (hHPa (WY 4 0Y)

0<j k<dm-+1
— E (h*Hz+¢) - E (Rt + hﬁ“)
0<j<dm+1, c€GF(q) 0<j<dm-+1

*
= G — So — ;-

So (c) is proven, and the proof is complete. O

It is easy to see that

q
Zgi\po _ q;glzogi+ Zg (¢° _1)+(q;3)G*’ and

oy - q—l)
ZgZ\I/Z- = ZOA(CO,CZ-): 5 G, i=1,...,q.
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3 Two new families of SDS

From now on let ¢ = 3 (mod 8) be a prime power. Set

(QZB)
A= Z Cgi, (3-1)
i=0
(‘123)
G=1(g+1) )
Aj=g 7 A= ZO Cgipu=nwn, J = 1,2,3,4. (3.2)

Theorem 3.1 There are 4-{¢% @; ((121—89)} SDS for every prime power q with
g = 3(mod 8).

Proof. If ¢ = 3, we take A; = Ay = A3 = A; = {0}. Clearly, Ay,..., Ay are
4-{9;1;0} SDS. Now suppose ¢ > 3. We take A;,..., Ay as defined in (3.1) and
(3.2).

We prove that these are 4-{¢?; (QQT_U; %gg)} SDS. First, from a simple calculation,
we have
azo oz
AA = Z g4i(\110 + Z \Ilgj).
i=0 j=1
Then
4 a @
D A= ) g (Wt ) by)
k=1 i=0 j=1
T+ 1 29
_ e+l (-9,
16 16
So the proof is complete. O

Let X and Y be two subsets of {0, 1,...,2¢+ 1}, such that

XN{i+qg+1(mod2¢+2):ie X} = 0, (3.3)
{ilmod ¢+ 1):ie X}NY = 0, (3.4)
and
| X[ +2]Y]=gq. (3.5)
Write

D=) ci+)Y s (3.6)

1€X jeyYy
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It is well-known that

AD — (q—l)(Qfl—le) N (q_|X|)(Z+|X|_2)

G — w > si+AE, (3.7)

i€X

where E' = Y. ¢;. (See [11] for more details.) We see that the equation (3.7) is
dependent on the set X only, but the set Y has nothing to do with it.

Theorem 3.2 Let ¢ = 3 (mod 8) be a prime power. Then there are 4-{¢?; @;
q(q—2)} SDS.

Proof. In (3.6), taking X = {8 : i = 0,...,@} and Dy = g%D, k=
1,2,3,4, we have
4
> ADy = ¢ +q(q - 2)G.
k=1
The proof is now complete. a

The proof of SDS here is different from that in [10]. Using these SDS obtained
from Theorem 3.2, we can construct a Hadamard matrix of order 4¢2.

Remark 3.1 In GF(9), let g = w+1 (mod w?+1, mod 3) be a generator of GF(9),
and set ‘ ‘
Di={0,g"% "7}, i=1,2,3,4.

Then they are 4-{9;3;3} SDS and their (1, —1) incidence matrices are of type 1; say
A, B, C, D, are symmetric and satisfy

A? 4+ B2+ C*+ D* = 361,
AB—CD =AC — BD =AD — BC = 0.

(See [14] for more details.)

Although we have not got a 4-{¢?; q(q—;l); q(q — 2)} SDS for prime powers ¢ with

g = 7 (mod 8), nevertheless here is an example below.

Example 3.1 In GF(49), let g = w + 2 and

ci = {g"%"(mod w? +1,mod 7) : j =0,1,2}, i =0,1,...,15,

S/L':Ci_'_ci+8’ Z:O,l,,7

Take X ={0,3,6} and Y = {1,2}; put

D = ZCZ‘—FZS]',

D, = ¢#* YD k=1234. (3.8)
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It is easy to verify that Dy, Do, D3, Dy in (3.8) are 4-{49;21;35} SDS. Take X =
{0,3,6,9,12} and Y = {2}; put

D = ZCZ' -+ Sa,
i€X
D, = #* YD k=1234. (3.9)
It is easy to verify that Dy, Dy, D3, Dy in (3.9) are 4-{49; 21;35} SDS too. Take
X =1{0,5,10} and Y = {1,3} (3.10)
or

X ={0,4,5,10,15} and Y = {1}, (3.11)

and putting Dy, k = 1,2,3,4, as in (3.8), (3.9) respectively, we can get 4-{49;21; 35}
SDS again.

Example 3.2 In GF(121), let g = 2 + 4 and

¢ = {g*"" (mod 2° + 1, mod 11) : j =0,1,2,3,4}, i =0,...,23,
Si:CiUCi+12> TZ:Zh,z:(],,ll

h€s;
Set
D1 = C()UCSUClGUSlUSQUSgUSg);
D; = ¢"'Dy, i=2,34.
We have
ADy = 55+ 22(To+ Ty + Ts) +25(Th + 15 + Ty) + 27(T + Ts + Tho)
+25(T5 + 17 + Tho),
so that

4
> AD; = 121+ 99G,
=1

and we can get a 4-{121;55;99} SDS.
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