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Abstract

We verify the skew weighing matrix conjecture for orders 2t.13,t > 5,
and give new results for 2°.15 proving the conjecture for t > 3.

1 Introduction

An orthogonal design A, of order n, and type (51,52, .,54), denoted
OD(n;s1,83,...,5.) on the commuting variables (£1, £, . .., £z, 0) is a square
matrix of order n with entries £z, where each zj occurs s; times in each row and
column such that the distinct rows are pairwise orthogonal.
In other words
AAT = (s122 4 ...+ suzi)n

where I, is the identity matrix. It is known that the maximum number of variables
in an orthogonal design is p(n), the Radon number, where for n = 2%b, b odd, set
a=4dc+d,0<d< 4, then p(n) = 8¢+ 2%

A weighing matrix W = W(n, k) is a square matrix with entries 0, +1 having k
non-zero entries per row and column and inner product of distinct rows zero. Hence
W satisfies WWT = kI,., and W is equivalent to an othogonal design OD(n; k). The
number k is called the weight of W.
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Weighing matrices have long been studied because of their use in weighing ex-
periments as first studied by Hotelling [8] and later by Raghavarao [9] and others.
There are a number of conjectures concerning weighing matrices:

Conjecture 1 (Wallis [13]) There egists a weighing matric W(4t, k) for k €
{1,...,4t}.

This conjecture was proved true for orders n = 2¢, t a positive integer by Geramita,
Pullman and (Seberry) Wallis [3]. Later the conjecture was made stronger by Seberry
until it appeared in the follovvmg forms.

Conjecture 2 (Seberry) When n = 4(mod 8), there exist a skew-weighing matriz
lalso written as an OD(n;1,k)) when k <n—1, k = a® +b?+ &, a, b, c integers
except that n — 2 must be the sum of two squares.

Conjecture 3 {Seberry) When n = 0(mod 8), there ezist a skew-weighing matriz
(also written as an OD(n;1,k)) for all k <n — 1.

This conjecture was established for n = 2°.3, 2.5, 2°.9 by Geramita and (Seberry)
Wallis [4, 5], by Eades and (Seberry) Wallis [1] for ¢ > 3 and for n = 2¢.15 and 2¢.21,
t > 4 by Seberry [10, 11]. The result for 2¢.15 is improved to ¢ > 3 in this paper and
the results are given for 2°.13, for t > 5.

Given the sequence A = {a1, as, ..., an} of length n the non-periodic autocorrela-
tron function N4(s) is defined as

s) =) @iy, s=0,1,..,n—1 (1)
=1

If A(z) = a1 + agz + - + an2™* is the associated polynomial of the sequence A,
then

A(2)A(z"Y) = iiaia] I = N, 0)+nZ:NA (s)(z°+27°), 2 #£ 0. (2)
=1 j=1 s=1

Given A as above of length n the periodic autocorrelation function P4(s) is defined,
reducing ¢ + s modulo n, as

Pa(s) =) aigits, s=0,1,..,n—1. (3)

2 Preliminary Results
We make extensive use of the book of Geramita and Seberry [6]. We quote the

following theorems, giving their reference from the aforementioned book, that we
use:
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Lemma 1 [6, Lemma 4.11] If there ezists an orthogonal design OD(n; 51, sz,

..., 8y) then there ezists an orthogonal design OD(2n; 51, 51,€82, .. ., es,) where e =1
or 2.

Lemma 2 [6, Lemma 4.4] If A 15 an orthogonal design OD(n; s1,52,...,84) on
the commuting variables (tzq, Ez, .. ., %,,0) then there is an orthogonal design
OD(n;s1,52,.--,8i+ S5, ,8u) and OD(n; 51,82, -+, Sj=1, 41, - - ,8y) on the u—1
commuting variables (£z1, £Ta, ..., £T;51, £Zj41, - - o, Eu, 0).

Lemma 3 [6, Corollary 5.2] If all orthogonal designs OD(n;1,k), k=1, 2,--,
n — 1, ezist then all orthogonal design OD(2n; L,7),57=1,2, -+, 2n—1, ezist.

Theorem 1 [6, Theorems 2.19 and 2.20] Supposen = 0(rnod 4). Then the ezis-
tence of a W(n,n—1) implies the ezistence of a skew-symmetric W (n,n—1). The ez-
istence of a skew-symmetric W(n, k) is equivalent to the ezistence of an OD(n; 1, k).

Theorem 2 [6, Proposition 3.54 and Theorem 2.20] An orthogonal design
OD(n;1,k) can only ezist in order n = 4(mod 8) if k is the sum of three squares.
An orthogonal design OD(n;1,n —2) can only ezist in ordern. = 4(mod 8) if n—2
is the sum of two squares.

Theorem 3 Orthogonal designs OD(n;1,k) exist for k =1, 2, -+, n—1 in orders
n =2t 2tF3.3 o35 2t37 2M39, 2t+4 15 and 2t74.21, t > 0 an integer.

Theorem 4 [6, Theorem 4.49] If there ezist four circulant matrices Ay, As, As,
A4 of order n satisfying

4
STAAT = fI
=1

where f is the quadratic form 37 sjz%, then there is an orthogonal design
OD(n;s1, 52, -+ 5u)-

Corollary 1 If there are four {0, +1}-sequences of length n and weight w with zero
periodic or non-periodic autocorrolation function then these sequences can be used as
the first rows of circulant matrices which can be used in the Goethals-Seidel array to
form OD(4n;w) or a W(4n,w). If one of the sequences is skew-type then they can
be used similarly to make an OD(4n;1,w). We note that if there are sequences of
length n with zero non-periodic autocorrelation function then there are sequences of
length n + m for allm > 0.

Theorem 5 [6, Theorems 4.124 and 4.41] Let q be a prime power then there is
a circulant W = W(* +q+1, ¢*). Letp = 1(mod 4) then there are two circulant
symmetric matrices R, S of order (p + 1)/2 satisfying

RRT + SST = pl.

Lemma 4 [6, Proof of Lemma 4.34] Let q be o prime. Then there is o circulant

matriz Q which satisfies QQT = ¢I—J, QJ = JQ = 0, QT = (-1)e12q.
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Corollary 2 There exists a circulant W = W(13,9). There exist two circulant
symmetric matrices R and S or order 18 satisfying RRT + SST = 25I. There
exists a circulant symmetric matriz () of order 13 satisfying QQT = 131 — J.

Lemma 5 [6, Lemmas 4.21 and 4.22] Let A and B be circulant matrices of
order n and R = (r;;) wherer;; = 1ifi+j —1 = n and 0 otherwise, then

A(BR)T = (BR)AT.

3 Notation

I is the identity matrix with the order taken from the context:
J is the matrix of ones with the order taken from the context;

X 1s the backcirculant matrix with first row {a b 05 b } where 045 is a sequence
of 10 zeros and a and b are commuting variables;

¥ is the circulant matrix with first row {0 b 0;0 b} where 00 is a sequence of
10 zeros and b 1s a commuting variable;

W is the backcirculant matrix with first row {0101 100 -~ — 11 — 1}
where — is used for —1, and W is a W(13,9);

R and S are circulant symmetric matrices satisfying RRT + SST = 251:
@ is the circulant symmetric matrix of order 13 satisfying QQT = 137 — J;

A, B, C, D are circulant symmetric matrices satisfying AAT + BBT + ¢CT
+ DDT = 52I (these are Williamson matrices see [12, pp511, 541].

I'+K,L, M, N are circulant matrices where K is skew-symmetric, (cI +dK)’
is the backcirculant matrix with the same first row as ¢/ + dK, and L, M and
N are symmetric satisfying KKT + LLT + MMT + NNT = 51T (these
are good matrices see [12, pp492].

4 Sequences with Zero Autocorrelation

Tables 1 to 4 give sequences of lengths 13 and 15 with zero non-periodic and periodic
auto-correlation function.
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Length=13 | Sequences with zero non-periodic autocorrelation function
1,34 {00+ —-a++-00-},{000++++0+—-+—4},
{0-0+ 0+4+0+00—-+},{-00~++—-0+++—=}
1,37 {0+-4+40a0~-~+-0} {++-+—-+0+++++-},
{=+0-++0—-—++00},{~—~0+ 0+ 000+ +-}
1,140 | {+0+++-a+-———0-}{+0+—-—+b—++-0-},
{#04+++-0—+++0+}, {+ 0+ - =+ 0 +— -+ 0+}
1,45 +++-—ta-++---H{++-+-+ 0+—-++++}
{~+-++-++++-00}, {++-++0—~~-—+ 00}
48 H++-++++-+-+0}{+++-++—-—+—-+-0}
{tt-——t++—++-0{+++-——-——~ +--+0}

Table 1: Sequences of length 13 with zero non-periodic autocorrelation function

Length=13 | Sequences with zero periodic autocorrelation function

1,42 {—++--0a0++-—+hL{-+-0-F0++++++}
{H+++-+-0+00+-}{++-—-—+ 00+ ++——}

1,46 {———++-a+——+++hL{-+++-+ 0+ ++-++},
{H++++4+0-—0—4-}, {++ -0+ 0+ + — +-}

1,48 +++-++a-——F+---h{-+++++ 0—++-+-}
{~+ 0+ -+ -——+++++h{++++-+-—++ 0+-}

1,49 Ht-——F-at—++--h{+t+++++0+-+-+-}
Ht+-——F++t+t-—-p{tt++-—-0—F+—-+-}

Table 2: Sequences of length 13 with zero periodic autocorrelation function

Length=15 | Sequences with zero non-periodic autocorrelation function
49 T+ 0++00+++ 0+ -0}, {+———+-++++—-+++-}
{04++0++-00-+0+-}{+--——++0+—++-—+}
1,53 {0+++-++a-—+---0L {++++0-+++-+-++-}
{t-++-++-+-0-+++}{+——-+++++--+-00}
1,56 {+-+--———a++++-+-h{-+-++++0++++-+-]
{+4+-—+++++-—++-0}{+-—-++—-+-++-—-++0}

Table 3: Sequences of length 15 with zero non-periodic autocorrelation function

Length=15 | Sequences with zero periodic autocorrelation function
1,42 0+0—+—=a++-40-0}, {0+ —+~+—-0++++++},
{++-00++0~-++00+-},{++000-0—~+++00-}
1,54 {(#++-—-+-at—F++-—-h{++-0+-—+++-+++0}
{O+++-+-+++-0+—+}{-++++++0-+-+---}
1,57 {-—+-4-——a++-+-++hL{++ -+ -+ -—++-++++}
{~+++++--+++0-+-} {+++0-+—-——+++++-}

Table 4: Sequences of length 15 with zero periodic autocorrelation function
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Length=17 | Sequences with zero non-periodic autocorrelation function
63 H-t-F-++ 0++++++--},
{t+-F+-++-F++-F++--++4},
{0—++-0-———+++—+++},
{+-+++-——-—-+++0—-+— -0},

Table 5: Sequences of length 17 with zero non-periodic autocorrelation function

Length=17 | Sequences with zero periodic autocorrelation function
1,61 {——=0++—-+a-+—-—=0+++},
{—+-+++++++++-+—- 0},
{++-+-+++-++-++—-- 0},
{H+-=—0+—-+++-0-++—+},
1,65 {at-—F+-———++++-++-},
{+4+-——+++—-++++—-+—-++},
{0+++-F+-t—F++-++~--},
{0-4++----- +-+++4+-+}

Table 6: Sequences of length 17 with zero periodic autocorrelation function

Length=18 | Sequences with zero non-periodic autocorrelation function
1,66 {0+++—+-++a--+-+-—--},
O+++-+-++0++—+—+++},
{+++- 0+ ——+++-——+-—+},
+++-04+----—- ++-++-}

Table 7: Sequences of length 18 with zero non-periodic autocorrelation function

5 Results in Orders Divisible by 13

We recall that orthogonal designs 0D(52;1, k) can only exist if & is the sum of three
squares. We see 52—2 = 52 + 5% = 7% 4 12 50 the other condition is satisfied.
Hence we have that OD(52;1, k) cannot exist for k = 4°(8b +7), ie k € {7, 15, 23,
28, 31, 39, 47}.

Theorem 6 Orthogonal designs OD(52;1,k) exist fork €{z :z = a® + & + °}.
In other words the necessary conditions are sufficient for the ezistence of an
OD(52;1,k). All are constructed using four circulant matrices in the Goethals-Seidel
array.

Proof. From [6, Theorem 4.149] we get the result for k # 34, 37, 42, 45, 46, 48
or 49. Tables 1 and 2 give 4 sequences which can be used in Corollary 1 to give all
these values.

Corollary 3 W(52,k) ezist forallk = 1, 2, ... , 52.
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Proof. From the theorem we only have to consider k € {7, 15, 23, 28, 31, 39, 47}
as all other values of k have an OD(52;1,k): setting the first variable zero gives the
required weighing matrix. For these other values we consider OD(52;1,k — 1) and
equate the variables to give the result. O

Corollary 4 Orthogonal designs OD(104;1,k) ezist for k = 1, 2, ..., 103 with
the possible exception of 94 and 95 which are undecided.

Proof. We use Lemma 1 to construct OD(104;1,1, k, k) for k given in the previous
Theorem. This assures us of the existence of all O0D(1,7) with the possible exception
of j = 56, 57, 62, 63, T8, 79, 94 and 95. We replace the variables of the
0D(8;1,1,1,1,1,1,1,1) as given in Table 8 to get the orthogonal designs indicated
there:

Variables Replaced By Design Constructed
o dl X Y A eB eC eD [ OD(104;1,1,1,4,52)
al bl cI dW eA eB eC eD | OD(1041,1,1,9,52)
al bl ¢§ cR dA dB dC dD | OD(104;1,1,25,52)
X Y ¢§ cR dS dR eS eR | OD(104;1,4,25,25,25)

Table 8: Construction of Orthogonal Designs in Order 104.

So by equating variables and setting variables to zero we have constructed
OD(104;1,3), for « = 56, 57, 62, 63, T8 and 79 giving the result. O

Corollary 5 Orthogonal designs OD(208;1,k) ezist fork = 1, 2,..., 207 with
the possible exzception of 189 and 191 which are undecided. All W(208,k) exist,
k=1, 2,..., 208

Proof. We use Lemma 1 to construct OD(208;1,1,k,k) for k given in the pre-
vious Corollary. This assures us of the existence of all OD(1,5) with the possi-
ble exception of j = 188, 189, 190 and 191. We replace the variables of the
0D(16;1,1,1,1,1,1,5,5) by al, bW, eQ, dI +¢Q, dI —cQ, cJ, el +¢cQ, el —cQ
to obtain an OD(208;1,2,9,10,169) and hence equating and killing variables the
0D(208;1,7), ¢+ = 188 and 190 giving the result. o

Corollary 6 Orthogonal designs OD(416; 1,k) ezist for k = 1, 2,..., 415. All
W(416,k) ezist, k = 1,°2,..., 416.

Proof. We use Lemma 1 to construct OD(416;1,1,k, k) for k given in the previous
Corollary. This assures us of the existence of all 0OD(1,3) with the possible exception
of 378, 379, 382 and 383. We replace the variables of the following designs in order
32 (i) OD(32;1,1,3,3,3,3,9,9) by al, bl, (cI + dK)', dL, dM, dN, eR and &S to
obtain the OD(416;1,1,3,153,225) giving the result for 378, 379 and 382, and (ii)
0D(32;1,1,1,1,2,2,3,3,9,9) by al, bI, dI +¢Q, dI —¢Q, c(J —I), cQ, eR, €S, fI+cQ
and fI—cQ to obtain the OD(416;1,1,2,18,75, 288) design which gives by equating
variables the OD(416;1,1,2,381) giving the result for 383. a

Hence using Lemma 3 we have
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Theorem 7 Orthogonal designs OD(2'.13;1, k) ezist fork = 1, 2,..., 2813 — 1
forallt>5. All W(28.13,k) ezist, k = 1, 2,..., 2813 for all t > 5.

6 Results in Orders Divisible by 15

We recall that orthogonal designs OD(60;1,k) can only exist if k is the sum of three
squares. We see 60—2 = 72 + 32 so the other condition is satisfied. Hence we have
that OD(60;1,k) cannot exist for & = 4%(8b+7), ie k € {7, 15, 23, 28, 31, 39, 47,
551.

Theorem 8 Orthogonal designs OD(60; 1, k) ezist fork €{z :z = a® + b* + ¢?}
except possibly for k = 48 or 49 which are undecided. In other words the necessary
conditions are sufficient for the existence of an OD(60;1,k) ezxcept possibly for k =
48 or 49 which are undecided. All, ezcept the OD(60;1,46), are constructed using
four circulant matrices in the Goethals-Seidel array.

Proof. From [6, Theorem 4.149] we have the result for & # 34, 37, 42, 45, 46,
48, 49, 53, 54, 56 or 57. Tables 1,3 and 4 give 4 sequences which can be used in
Corollary 1 to give all these values except 46, 48 and 49. We replace the variables of
the OD(12;1,1,5,5) by al, bI, c(J — 2I), dQ to give the OD(60;1,1,45) and hence
the OD(60;1,46).

Corollary 7 W(60,k) ezist forallk = 1, 2, ..., 60.

Proof. From the theorem we only have to consider & € {7, 15, 23, 28, 31, 39, 47,
48, 49, 55} as all other values of k have an OD(60;1,k): setting the first variable
zero gives the required weighing matrix. The sequences that can be used to give
weights 48 and 49 are given in Tables 1 and 3 (note that for sequences with zero
non-periodic autocorrelation function the appropriate number of zeros can be added
to the end of each sequence to give the required length). For the other values we

consider OD(60;1,k ~ 1) and equate the variables to give the result. O
Corollary 8 Orthogonal designs OD(120;1,k) exist fork = 1, 2, ..., 119. All
W(120,k), k =1, 2, ... ;120 exist.

Proof. We use Lemma 1 to construct OD(120;1,1,k, k) for k given in the previous
Theorem. This assures us of the existence of all OD(1,7) with the possible exception
of j = 47, 62, 63, 78, 79, 94, 95, 96, 97, 98, 99, 110, and 111.

I, is the identity matrix with the order n taken from the context;
Jn, is the matrix of ones with the order n taken from the context;
Write K =J -2l and L = J — I;

X is the backcirculant matrix with first row {a b 0 0 b } where a and b are
commuting variables;




Y is the circulant matrix with first row {0 b 0 0 b} where b is a commuting
variable;

A is the backcirculant matrix with first row {a b b } where a and b are com-
muting variables;

B is the backcirculant matrix with first row {a b b bb } where a and b are
commuting variables;

Q is the circulant symmetric matrix of order 5 with first row {0 1 - - 1} satisfying

QQT = 51— J;

I+ E, F, G, H are circulant matrices where E is skew-symmetric, (cI +dE)'
is the backcirculant matrix with the same first row as ¢l + dE, and F, G and
H are symmetric satisfying EET + FFT + GGT + HHT = 191 (these are
good matrices see [12, pp492].

We replace the variables of the indicated OD in orders 24 and 40 as given in Table
9 to get the orthogonal designs indicated there:

Variables In

Variables Replaced By

Design Constructed

OB(EaA1,155) [eT2el Q@  al b <ol dI [ OD(120;1,1,5536)
OD(24i4 4 1551) | eJ2e]  eQ < X Y dI | OD(120;1,1,520,86)
OD(24:6.1,1,1.9,6) | eJ-2eI  al bl I dI eQ | OD(120;1,1,19,54)
OD(244 44 412) | (fl+eBY eF G eH al bl | OD(120;1,2,476)
OD(24:4.4.4,413) | (fI+eEY eF G eH al bI | OD(120;13476)
0D(24;9,1,12,1,1) | cJ-2¢c] cJ-cI @ al bl 0D(120;1,1,97)
0D(24;5,1,1,2,15) | cJ-2cI X Y o cQ 0D(120;1,4,95)
OD(24:9.91.11,3) | dI+cQ  dl-cQ L al bl < | OD(120;1,1,18,91)
OD(24:1.212,8,1) | bI4bQ  bIbQ cK bQ B OD(120;1,111)
OD(40:18,19,1) | bJ2bI  bJbI A OD(120;1,94)
OD(40:10,19.1,1) | bJ2bI _ bJ-bI al cI 0D(120;1,1,95)

Table 9: Construction of Orthogonal Designs in Order 120.

Setting variables equal to each other or to zero gives all the remaining cases. U

Hence using Lemma 3 we have

Theorem 9 Orthogonal designs OD(2¢.15;1,k) ezist fork = 1, 2,..., 2015 — 1
for allt > 3. AlIW(2:.15,K) esist, b = 1, 2,..., 2015, 1 = 3.
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