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Abstract

In this paper, we prove that for any 2-connected finite graph of order n
(n > 6), the number of contractible non-edges is at most L@J All the
extremal graphs with at least eight vertices are characterized. We also
prove that for any 2-connected finite graph of order n that is not a cycle,
the number of non-contractible non-edges is at most W. This
bound is attained precisely by a cycle with exactly one chord between

two vertices at distance two apart.

1 Introduction

Contractible non-edges (a pair of non-adjacent vertices whose identification preserves
k-connectivity) were first studied by Kriesell [6] for 3-connected finite graphs and
later for triangle-free k-connected finite graphs [7]. Das et al. [2] proved that every
2-connected graph which is not a cycle and is non-complete contains a contractible
non-edge. Here, we extend the above result, and study the distribution of contractible
and non-contractible non-edges in 2-connected finite graphs.

All graphs considered in this paper can be finite or infinite, and are simple.
Standard graph-theoretical terminology can be found in Diestel [3]. Consider any
graph G = (V(G), E(G)). A non-edge is a pair of non-adjacent vertices. For any
two disjoint subsets A and B of V(G), denote Eg(A, B) to be the set of all edges
between A and B in G. Let S be a subset of V(G). A fragment F of S is a union
of at least one but not all components of G — S. Let H and K be any two graphs.
Define H + K to be the union of H and K together with all the edges joining V (H)
and V' (K). For an edge e in G, define G#e to be the graph constructed from G by
adding a vertex x together with two edges joining = to V' (e). Denote a path of order
n by P,, a cycle of order n by C, and a complete graph of order n by K,. Define
K, to be K,, minus one edge. For a complete bipartite graph K ,,, define K;n to be
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the graph obtained by adding an edge between the vertices in the partition class of
cardinality two. A graph G is outerplanar if there exists an embedding of G in the
plane such that all vertices lie in the boundary of one face. A graph G is mazimally
outerplanar if adding any edge to G makes it non-outerplanar. A graph is cubic
if every vertex has degree three. We say a graph is almost cubic if one vertex has
degree four and all other vertices have degree three.

Consider any k-connected graph G and let H be a subgraph of G. Then H is k-
contractible if the identification of its vertices and removal of loops and parallel edges
results in a k-connected graph. Since we only deal with 2-contractible subgraphs in
this paper, we will simply write contractible for 2-contractible. Note that for G non-
isomorphic to K3, {x,y} C V(G) is contractible if and only if G — 2 —y is connected.
Denote the set of all non-edges by E(G), the set of all contractible non-edges by
Ec(G), and the set of all non-contractible non-edges by Enc(G). A graph G is
minimally 2-connected if for all e € E(G), G — e is not 2-connected.

The paper is organized as follows. In Section 2, we derive a tight upper bound for
the number of contractible non-edges and determine all the extremal graphs except
for order seven. Section 3 deals with non-contractible non-edges. We obtain an
upper bound for the number of non-contractible non-edges for non-cycles together
with all extremal graphs. Lastly, we list some open problems for further research in
Section 4.

2 Contractible non-edges

First, we give a short proof of Das et al.’s characterization of 2-connected graphs that
do not contain any contractible non-edges. They are precisely cycles or complete
graphs. Interestingly, some other characterizations for a graph to be a cycle or a
complete graph are also known [5]. The following lemma is elementary but very
useful for finding contractible non-edges.

Lemma 2.1. Let G be any 2-connected graph and H be a connected subgraph of G.
Suppose u and v are two vertices that lie in different components of G — H. Then
{u,v} is a contractible non-edge.

Proof. Note that {u,v} is a non-edge and every u-v path intersects H. Suppose
{u,v} is non-contractible. Let C' be a component of G — u — v not containing H.
Then G[C' U u U v] contains a u-v path not intersecting H which is impossible. [

Theorem 2.1 (Das et al. [2]). Let G be any 2-connected graph. Then G contains a
contractible non-edge if and only if G is not a cycle and not a complete graph.

Proof. (=) Easy. (<) Since G is non-complete, there exists a non-edge, say {z,y}.
If {z,y} is contractible, then we are done. Otherwise, let C; and Cy be any two
components of G—x —y. Then G[C} Uz Uy] contains a z-y path P; and G[Cy Uz Uy]
contains a x-y path P,. Since G is not a cycle, either (I) G is a cycle with chords or
(IT) there exists a vertex z outside Py U Ps.



TSZ LUNG CHAN / AUSTRALAS. J. COMBIN. 73(2) (2019), 346-356 348

(I) Without loss of generality, let ab be a chord that lies in G[P;] and z, a, b,y be
the order of the vertices in P;. Take H := xPjabPyy, u to be a vertex in P, \ H, and
v to be a vertex in P, —z —y. By Lemma 2.1, {u, v} is a contractible non-edge.

(IT) Without loss of generality, assume z ¢ Cs. Let a be any vertex in Cy. Take
H := P,. By Lemma 2.1, {z,a} is a contractible non-edge. O

For any 2-connected finite graph of fixed order, it is obvious that adding an edge
will never decrease the number of contractible edges. However, the same conclusion
need not hold for contractible non-edges because adding an edge may turn a con-
tractible non-edge into a contractible edge. Also, we see that both a cycle and a
complete graph contain no contractible non-edges. Therefore, it is natural to find
the maximum number of contractible non-edges and characterize all the extremal
graphs.

Lemma 2.2. Let H and K be any two 2-connected graphs. Suppose |V (H )NV (K)| >
2. Then H U K 1is 2-connected.

Proof. We will show that H U K does not have a cutvertex. Let x be any vertex
in HU K. Suppose x € HN K. Then H — z and K — x are both connected and
(H—z)N (K —x) # (. Therefore, (HU K) — x is connected. Suppose x ¢ HN K
and without loss of generality, assume x € H \ K. Then H — x is connected and
(H —x) N K # (. Therefore, (H U K) — x is connected. O

Lemma 2.3. Let G be any 2-connected graph and H be an edge or a 2-connected
subgraph of G. Suppose G — V(H) is not connected. Then for any fragment F of
G —V(H), G[F U H] is 2-connected.

Proof. First, consider any component C' of G — V(H). Assume G[C' U H] is not 2-
connected. Let x be a cutvertex of G[C'UH]|. Suppose z € C. Consider a component
D of GICUH|—xz not containing H. Then D is a component of G—z, a contradiction.
Hence, x € H, and H — x is a vertex or a connected subgraph of GG. Since G is 2-
connected, there exists an edge between C' and H —z. But G[C'UH|—z is connected,
a contradiction. Therefore, G[C'U H] is 2-connected. Since |V(H)| > 2, by Lemma
2.2, for any fragment F' of G — V(H), G[F U H] is 2-connected. O

Lemma 2.4. Let G be any 2-connected graph non-isomorphic to Ky and {z,y}
be non-contractible in G. Consider any fragment C of G — x — y and define C' :=
G[CUzUy|Uxy. Then C’ is 2-connected. Suppose {a,b} C V(C") and {a,b} # {z,y}.
Then {a,b} is contractible in G if and only if {a,b} is contractible in C'.

Proof. Since G U xy is 2-connected, C” is 2-connected by Lemma 2.3. Consider
{a,b} C V(C") such that {a,b} # {x,y}. Suppose C' —a — b is not connected. Let
D be any component of C' — a — b not intersecting {x,y}. Then D is a component
of G — a — b not containing {z,y} \ {a,b} and G — a — b is not connected. Suppose
G — a — b is not connected. Let D be any component of G — a — b not intersecting
{z,y}. Then D is a component of C" — a — b not containing {z,y} \ {a,b} and
(" — a — b is not connected. O
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Theorem 2.2. Let G be any 2-connected finite graph of order n where n > 6. Then
the number of contractible non-edges is at most L@j

Proof. We proceed by induction on |V (G)|. For |V(G)| = 6, the result is true by
considering all 2-connected graphs with six vertices. Suppose the statement is true
for all 2-connected graphs with less than n vertices. Consider any 2-connected graph
G with n vertices. Suppose G has at least L”(”T_ZDJ + 1 contractible non-edges. Then

G has at least L”(” 4)j + 1 non-edges. Therefore, G has less than 2 edges and thus
a vertex of degree two, say x. Let y and z be the two neighbors of x. Then {y, z}
is non-contractible. Define G’ := (G — z) U yz. Since G U yz is 2-connected, G’
is 2-connected by Lemma 2.3 and thus has at most L%J contractible non-
edges. By considering G’ and the triangle xyz, and using Lemma 2.4, G has at most
ij +0+ (1)(n—3) = L%J contractible non-edges contradicting our

initial assumption. Hence, G' has at most L@J contractible non-edges. 0

Define f(n) to be the maximum number of contractible non-edges among all 2-
connected finite graphs of order n. Theorem 2.2 says that f(n) < LMJ forn > 6.
For n < 6, by considering all 2-connected finite graphs of order n, we can determine
f(n) and list all the extremal graphs. For n = 7, we determine f(7) but do not give
the complete list of extremal graphs since it is too large.

Proposition 2.1. Let f(n) denote the mazimum number of contractible non-edges
among all 2-connected finite graphs of order n. Then,

(1) f(3) =0 and the extremal graph is K.

(2) f(4) =1 and the extremal graph is K .

(3) f(5) =3 and the extremal graphs are Ky3, K55 and Ky + Pj.

(4) f(6) =6 and the extremal graphs are Ko 4, K;;l, K, s#e, K;f3#e where e is any

edge of Ky 3, mazximally outerplanar graphs of order six, and 3-connected cubic
graphs of order six.

(5) f(7) = 10 and two classes of extremal graphs are: (i) mazimally outerplanar
graphs of order seven and (ii) 3-connected almost cubic graphs of order seven.

Proposition 2.2. Let G be any 2-connected graph of order 8. Then G has 16 con-
tractible non-edges if and only if G is 3-connected cubic.

Proof. (<) Suppose G is 3-connected cubic. Then G has 12 edges. Since any two
vertices are contractible, G has 16 contractible non-edges.

(=) Suppose G is not 3-connected. Let {z,y} be non-contractible in G and C
be a fragment of G —x —y. Define D :=G—-x—y—C, C":= G[CUxUy|]Uzxy and
D" :=G[DUzUy]Uzy. By applying Lemma 2.4, Theorem 2.2 and Proposition 2.1
to C" and D', we obtain upper bounds for contractible non-edges depending on the
cardinality of C' and D.
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(1) |C]=1and |D|=5. |[Ec(G)| <0+ 10+ (1)(5) = 15.
15.

(2) |C|=2and |D| =4. |[Ec(G)| <1+6+(2)(4)

(3) |C] =3 and |D| =3. |Ec(G)| <3+3+(3)(3) = 15.
Since all the above lead to a contradiction, GG is 3-connected and has at least 12
edges. Therefore, G has exactly 16 non-edges and must be cubic. U

n(n—4
(2 )J

Now, we are ready to prove that f(n) = | for n > 8 and characterize all

the extremal graphs.

Theorem 2.3. Let G be any 2-connected finite graph of order n where n > 8. Then

n(n—4)

G has evactly | ==5—| contractible non-edges if and only if

(1) for even n, G is 3-connected cubic.

(2) for odd n, G is 3-connected almost cubic, or G := G'#zy or G := (G'#xy) — xy
where G' is a 3-connected cubic graph of order n — 1 and xy € E(G').

Proof. We proceed by induction on |V(G)|. Proposition 2.2 shows that the theorem
holds for |[V(G)| = 8. Suppose the result is true for all 2-connected graphs with less

than n vertices. Let G be any 2-connected graph of order n.

. . . n 3n _ n(n—4)
(<) If nis even and G is 3-connected cubic, then G has exactly () — 2 = =5

non-edges, all of which are contractible. Suppose n is odd. If G is 3-connected

almost cubic, then G has exactly () — 2%t = nnd)-l L@j non-edges, all

of which are contractible. Suppose G := Gz’#xy or Cf’ = (G'#zy) — xy where G’ is
a 3-connected cubic graph of order n — 1 and zy € E(G’). Let z = V(G) \ V(G').
By Lemma 2.4, contractible non-edges in G’ are precisely the contractible non-edges
in G that lie in G’. Let w be any vertex in G’ — x — y. Since G’ is 3-connected,

G’ — w — zy is connected and hence {z,w} is contractible in G. Therefore, G has

exactly W +(1)(n—3) = ”2_3”_1 = Ln(n;l)J contractible non-edges.

(=) Suppose G is 3-connected. Then all non-edges are contractible. If n is even,
then G has exactly (3) — n(n—4)

= 37” edges implying G is cubic. If n is odd, then G

has exactly () — "("724)71 = 32t1 odges. This implies that G is almost cubic.

Now, assume G is not 3-connected. Let {z,y} be non-contractible in G and C
be a fragment of G —z — y. Define D :=G—x—y—C, C" := G[CUxUy|]Uzxy and
D' :=G[DUzUy]Uzy. By applying Lemma 2.4, Theorem 2.2 and Proposition 2.1
to C" and D', we obtain upper bounds for contractible non-edges depending on the
cardinality of C' and D. Note that n > 9.

(1) |C]=1and [D|=n—3. |Ec(G)| <0+ LWJ +()(n—3) = Ln2_4n_1J <

(n—1) 2 2
==

(2) |C|=2and |D|=n—4. |Ec(G)| <1+ LWJ F(2)(n—4) = |22=tn=2) o
Eay

2
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(3) |C| =3 and |D| =n-—2>9. |EC(G)| <3+ LWJ + (3)(71— 5) — Ln273n73j <
20,

2

(4) |C|=k>4and |D|=n—k—2>4. |Ec(G)| < [E2E=2) | 4 | o=hilnzkod) |

2 2
K(n—k—2) < | ot ] < ot

Therefore, only (1) is possible with equality holds. Hence, n is odd. By induction
hypothesis, D’ is 3-connected cubic. We have G := D'#zy or G := (D'#xy) — xy
where zy € E(D"). O

Corollary 2.1. Let n be an integer at least siz. For 0 < k < L@j, there exists

a 2-connected finite graph of order n containing exactly k contractible non-edges.

Proof. By Proposition 2.1 and Theorem 2.3, there exists a 3-connected graph G of
order n containing exactly L@j non-edges all of which are contractible. By adding
n(n—4)

| =] — k edges to G, the resulting graph is still 3-connected and has exactly &

non-edges all of which are contractible. ([l

3 Non-contractible non-edges

This section focuses on non-contractible non-edges. Obviously, for 2-connected
graphs of order n, the minimum number of non-contractible non-edges is zero as
demonstrated by 3-connected graphs. On the other hand, the maximum number
of non-contractible non-edges is (Z) —n = @ which can only be attained by a
cycle. Note that in this case, every vertex is contained in n — 3 non-contractible
non-edges. We will characterize all graphs having a vertex contained in exactly n —3
or n — 4 non-contractible non-edges. Finally, we determine the maximum number of
non-contractible non-edges among all 2-connected graphs of order n which are not a

cycle, and find all the extremal graphs.

We start with two fundamental lemmas about contractible and non-contractible
edges in 2-connected graphs whose proofs can be found in [1].

Lemma 3.1. Let G be any 2-connected graph non-isomorphic to K3 and e be an
edge of G. Then G — e or G /e is 2-connected.

Lemma 3.2. Let G be any 2-connected graph non-isomorphic to K3, and e and f
be two non-contractible edges of G. Then f is a non-contractible edge of G — e.

By Lemma 3.1 and 3.2, for any 2-connected finite graph non-isomorphic to Kj,
every vertex is incident to at least two contractible edges. Also, the lemma below
follows immediately (see [1]).

Lemma 3.3. Consider any 2-connected finite graph G non-isomorphic to Ks. Let
x,y be any two vertices of G and C' be a component of G —x —y. Then Eg(x,C)
contains a contractible edge.
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We now derive the following technical lemma which will facilitate the proofs of
our main results in this section.

Lemma 3.4. Let G be any 2-connected finite graph non-isomorphic to K3 and x,a
be two vertices of G. Let C be a component of G — x — a and F be the set of all
contractible edges in Eq(x,C). Denote S :=V(C)NV(F). Let H be any connected

subgraph in G[C'U a] containing S U a.

(a) If b is a vertex in V(C)\ V(H), then {z,b} is a contractible non-edge.

(b) Suppose S = {y} and for every vertex z in V(C) \ y, {x, 2} is non-contractible.
Let P be any a-y path in G[C'Ua]. Then G|C Ua] = P.

(c) Suppose S = {y} and for every vertex z in V(C) \ y except one vertex w, {z, z}
is non-contractible. Then G[C'U a] has an a-y path not containing w. Let P be
any such path. Then V(C)Ua = V(P)Uw, P is an induced path, and w has
exactly two neighbors corresponding to consecutive vertices in P.

Proof. (a) Suppose {x,b} is non-contractible. Since G is 2-connected, G — C' — x is
either a or a connected subgraph containing a. Hence, H U (G — C' — z) lies in a
component of G—x —b. Let D be a component of G—x —b that lies in V(C)\V(H).
By Lemma 3.3, Eg(x, D) contains a contractible edge contradicting the definition of
S. Therefore, {z, b} is contractible and must be a non-edge.

(b) By (a), V(C)\ V(P) = 0. Suppose P has a chord uv where u is closer to a in
P than v. Let t be a vertex in uPv other than v and v. By applying (a) to aPuvPy
and t, {x,t} is contractible, a contradiction.

(c) Since {x,w} is contractible, G — x — w is connected and there exists an a-y
path P not containing w in G[C'Ua]. Suppose b is a vertex in V(C)\ (V(P)Uw). By
applying (a) to P and b, {z, b} is contractible, a contradiction. Hence, V(C)Ua =
V(P) Uw. Since the above conclusion is true for any a-y path not containing w in
G[C U a, this implies that P is an induced path. Finally, since S = {y}, {z,w} is
a non-edge. Thus, the neighbors of w lie in P. Let u and v be the two neighbors of
w that are farthest apart in P with u closer to a than v. Suppose uPv contains a
vertex t other than u,v. By applying (a) to aPuwvPy and t, {x,t} is contractible, a
contradiction. Therefore, w has exactly two neighbors corresponding to consecutive
vertices in P. U

Let us characterize all 2-connected graphs of order n having a vertex contained
in exactly n — 3 or n — 4 non-contractible non-edges.

Theorem 3.1. Let G be any 2-connected graph of order n and x be a vertex of G.
Then there are exactly n — 3 non-contractible non-edges containing x if and only if
G is a cycle.

Proof. As the theorem is true for n = 3, we can assume n > 4. (<) Easy. (=)
Obviously, = has degree two. Let y and 2z be the two neighbors of x. Then zy and
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xz are contractible edges. Denote the remaining n — 3 vertices by x1, 9, ..., Ty 3.
Note that for any 1 <1i < n — 3, {z,z;} is non-contractible. Since x has degree two,
G — x — x; has exactly two components. Let Y; be the component of G — x — x;
containing y and Z; be the component of G — x — z; containing z. By Lemma 3.4(b),
G[Y; U z;] is a path and G[Z; U z;] is a path. Hence, G is a cycle. O

Theorem 3.2. Let G be any 2-connected graph of order n where n > 4 and x be a
vertex of G. Then there are exactly n — 4 non-contractible non-edges containing v if
and only if G is one of the following graphs:

(1) acycle C,, := x125 . .. xyx1 with exactly one chord x1x,—1 and x can be any vertex
in {ry, x3,. .., Tp o}

(2) a cycle C,, := x125 ... 2w with exactly one chord x1x; where 3 <i<n—1 and
r =X.

(3) a graph of order n consisting of three internally disjoint paths, each of length at
least two, joining two vertices, one of which is x.

(4) a graph of order n consisting of three internally disjoint paths joining x to each
of the three vertices of a K3 not containing x.

Proof. (<) Easy. (=) Suppose x has degree two. Let y and z be the two neighbors
of z. Then xy and zz are contractible edges. Denote V(G) \ {z,y, z} by {w} if
n =4 and {w,x1, 29, ..., 2,4} if n > 5, where {z,w} is contractible and {x, x;} is
non-contractible for all 1 <7 < n — 4. For n = 4, w is adjacent to y and z. Since
{z,w} is a contractible non-edge, y is adjacent to z. We have case (1). For n > 5, let
Y be the component of G —x —x; containing y and Z be the component of G —x —x;
containing z. Without loss of generality, assume w lies in Y. By Lemma 3.4 (b) and
(c), we have case (1).

Suppose x has degree three. Let w,y, z be the neighbors of x, and zy and zz are
contractible. For n = 4, since G —x —y is connected, wz € E(G) and since G —z — 2
is connected, wy € E(G). Therefore, we have case (2) if yz ¢ E(G) and case (4) if
yz € E(G).

For n > 5, denote V(G) \ {z,y, z,w} by {z1,22,...,2,-4}. Note that {x,x;} is
non-contractible for all 1 < i < n — 4. Suppose xw is non-contractible. By Lemma
3.4(b), we have case (2).

Now, assume zw is contractible. Suppose there exists a € {z1,xs, ..., Z,_4} such
that G — x — a has three components. By Lemma 3.4(b), we have case (3).

Suppose for all a € {x1,29,..., 2,4}, G — x — a has exactly two components.
Choose one such a and let C' and D be the two components of G —x—a. Without loss
of generality, assume C' contains y, z and D contains w. By Lemma 3.4(b), G[D Uda]
is a path. Since G — x — y is connected, there exists an a-z path P in G[C U a| not
containing y. Since G — z — z is connected, there exists an y-(P — z) path @ in
G[C Ual]. Define H := PUQ, b:= PNQ, P, :=bPa, P, :=bPz and P, := bQy.
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Note that b # y, b # z and b may be equal to a. Since H is a connected subgraph in
G[C U a] containing {y, z,a}, by Lemma 3.4(a), V(C)\ V(H) = 0.

Now, FP,, P., P, are all induced paths in G for otherwise we can construct a
connected subgraph H' in G[C'U a] containing {y, z, a} such that V(C)\ V(H') # ()
contradicting Lemma 3.4(a). By similar arguments using Lemma 3.4(a), E(G[P, U
P,UP,])\ E(P,U P, U P,) contains at most one edge uv such that b is adjacent to
both v and v. If E(G[P, UP,UP)])\ E(P,U P, U P,) =0, we have case (3). If
E(G[P,UP,UP)])\ E(P,UP,UP,) # 0, we have case (4). O

For the graphs described in Theorem 3.2, we are interested in the number of
non-contractible non-edges they contain.

Proposition 3.1. Let G be a graph of order n consisting of three internally disjoint
paths joining two vertices. Then |Enc(G)| < w. The equality holds if and
only if G is a cycle with exactly one chord between two vertices at distance two apart.

Proof. Let Py, P», P3 be the three paths joining z and y in G. For i = 1,2, 3, let
n; = |V(P;)|. Note that ny +ny +ng = n+ 4. Suppose n; > 3 and n; > 3. Consider
any x; € P,—x—y and z; € Pj —x —y. By applying Lemma 2.1 to Py, (k # 1, j) and
z;, x5, {x;,2;} is contractible. Therefore, |[Enc(G)| = Zf’zl[(g) —(ny—1)]—-2=
+(n}+n3+n3 —3n—10). Using the fact that for a < b, a®> +V* < (a—1)*+ (b+1)?,
and G is simple, we have [Eyc(G)| < 5[2°+324+ (n—1)?—3n—10] = 1 (n—1)(n—4).
The equality holds if and only if {ny,ne,n3} = {2,3,n — 1}. O

Proposition 3.2. Let G be a graph of order n consisting of three internally disjoint
paths, each of length at least one, joining a vertex to each of the three vertices of K.
Then |Enc(Q)] < =8t

Proof. Let Py, P5, P; be the three paths joining x to xy,x9, x3 respectively where
x1, X9, x3 are the vertices of K3. For i = 1,2,3, let n; = |V(P;)|. Note that n; +
ne +ng = n + 2. Suppose n; > 3 and n; > 3. Consider any y; € P, —z — x;
and y; € P; —x — r;. By applying Lemma 2.1 to G[P, U {z1, %2, 23}] (k # 1, j)
and y;,y;, {vi,y;} is contractible. Therefore, |Enc(G)| = Zf’zl[(g) — (i —1)] =
$(n} +n3 4+ n3 — 3n). Using the fact that for a < b, a® +b* < (a — 1)® + (b+1)%, we

have |[Enc(G)| < 3224 2% + (n — 2)? = 3n] = £(n — 3)(n — 4). O

Finally, we derive a tight upper bound for the number of non-contractible non-
edges among all 2-connected graphs of order n which are not a cycle, and find all the
extremal graphs.

Theorem 3.3. Let G be any 2-connected finite graph of order n that is not a cycle.

Then G has at most % non-contractible non-edges. For n = 4, the equality

holds if and only if G = K, or Ky. Forn > 5, the equality holds if and only if G is
a cycle with exactly one chord between two vertices at distance two apart.

Proof. The theorem is obviously true for n = 4. For the rest of the proof, assume
n > 5. Suppose for all z € V(G), there are at most n — 5 non-contractible non-edges
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containing z. Then G has at most w non-contractible non-edges. Suppose there

exists a vertex z in G that is contained in at least n — 4 non-contractible non-edges.
Since x has degree at least two, x is contained in at most n — 3 non-contractible
non-edges. If z is contained in exactly n — 3 non-contractible non-edges, then G is
a cycle by Theorem 3.1, a contradiction. Therefore, x is contained in exactly n — 4
non-contractible non-edges. Then G is one of the graphs described in Theorem 3.2.
By Proposition 3.1 and 3.2, the result follows. U

Here, we provide another proof of Theorem 3.3 without using the technical
Lemma 3.4 because Theorem 3.1 can be proved directly.

Alternative proof of Theorem 3.3. We proceed by induction on |V(G)|. Obviously,
the result holds for |V(G)| = 4,5. Suppose the result is true for |V(G)| = n — 1.
Consider any 2-connected graph of order n. Since deleting edges while preserving
2-connectedness does not decrease the number of non-contractible non-edges. We
can assume either (I) G is a cycle with one chord, or (II) G is minimally 2-connected
and is not a cycle.

(I) By Proposition 3.1 (restricted to cycles with one chord),

D(n—4)
2

Erve(@)] < "0

The equality holds if and only if the chord is between two vertices at distance two
apart.

(IT) By a well-known result for minimally 2-connected graphs [4, 8], G has a vertex
of degree two, say z. Let x,y be the two neighbors of z in G. Note that by Lemma
3.1, {z,y} is a non-contractible non-edge in G. Define G’ := (G — z) U xy which is
2-connected by Lemma 2.4. Since G is not a cycle, G’ is not a cycle. By induction
hypothesis, |Eync(G')| < W By Lemma 2.4 and Theorem 3.1, G has at most
W +(n—4)+1= % non-contractible non-edges. If the equality holds,
then G’ is a cycle C,,_1 with one chord between two vertices of distance two apart,
and z is contained in n — 4 non-contractible non-edges in G. If zy is the chord, then
by Lemma 2.1, z does not lie in any non-contractible non-edges in GG, a contradiction.
If zy lies in C,_1, then G is a cycle with one chord, a contradiction. Therefore, G

has less than w non-contractible non-edges. O

4 Open problems

We end this paper with three open problems concerning non-contractible non-edges
in 2-connected finite graphs.

Problem 4.1. Characterize all 2-connected graphs of order n that do not contain
any non-contractible non-edges.

Problem 4.2. Among all 2-connected graphs of order n which are neither cycles
nor cycles with exactly one chord between two vertices at distance two apart, derive
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a tight upper bound for the number of non-contractible non-edges, and find all the
extremal graphs.

Problem 4.3. Determine the largest number g(n) such that for all 0 < k < g(n),
there exists a 2-connected graph of order n containing exactly k& non-contractible
non-edges.
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