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Abstract

A decomposition of a graph G into r copies of the cycle C),,, and s copies of
the cycle Cyp, is denoted by a {C, , C5, }-decomposition of G. In this pa-
per, a necessary condition for the existence of a {C}, C§}-decomposition
of the complete tripartite graph K, ., a < b < ¢, is obtained. Further,
a sufficient condition for the existence of a {C%, C§}-decomposition of
Kobe,a<b<cg, is given. As a corollary, the graph K, ,, m is shown to
have a {C%, C§}-decomposition.

1 Introduction

Let C,, denote the cycle on m vertices. If Hy, Hs, ..., Hy are edge-disjoint subgraphs
of G such that E(G) = E(H,)UE(Hy)U---UE(Hy), then we say that Hy, Ho, ..., Hy,
decompose G and we write this as G = Hy ® Hy & - - - @ Hj, where @ denotes edge
disjoint union of graphs. If each H; ~ H, 1 < i < k, then we say that H decomposes
G and we denote this by H |G. If each H; ~ C,,, the cycle of length m, then we
write C, | G and in this case we say that G has a C,,-decomposition or an m-cycle
decomposition. A decomposition of G into r copies of C,,, and s copies of C,,, is
denoted by a {C}, , C;, }-decomposition of G. For a graph G, G()) denotes the
graph obtained from G by replacing each edge of G by A edges. The complete graph
on n vertices is denoted by K, and the complete multipartite graph with partite
sets having sizes ap, as, ..., a; is denoted by K, 4, q,. In particular, the complete
tripartite graph with partite sets having sizes a, b, ¢ with a < b < ¢ is denoted
by K,p.. The complete m-partite graph with each of its partite sets having size n
is called a complete equipartite graph and it is denoted by Kj,(,). Throughout this
paper, the partite sets of the complete tripartite graph K., a < b < ¢, are assumed

to be {1, 0,23, ..., 2o}, {y1, Y2, Y3, - -, yp} and {21, 20, 23, .. ., 2.}
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A latin square of order k is a k X k array, each cell of which contains exactly
one of the symbols in {1,2, ..., k}, such that each row and each column of the array
contains each of the symbols in {1,2,... k} exactly once. A latin square of order
k is said to be idempotent if the cell (s, s) contains the symbol s, 1 < s < k. A
latin square of order k is said to be cyclic if the 1°° row entries are aq, as, as, . . ., ax,
and the s row entries are as, asy1,asi9, ..., a5 1, in order. As in [9], a cell (i, ) is
termed “empty” if it contains no entry and “filled” otherwise. For our convenience,
when we represent a partial latin square we avoid drawing empty cells. Definitions
which are not given here can be found in [5, 21].

Decompositions of complete graphs and complete multipartite graphs into cycles
of fixed length are well-studied. Decomposition of the complete graph K, (respec-
tively K, —I, where I is a perfect matching of K,,) when n is odd (respectively, even)
into cycles has been considered by various authors: see [2, 18, 28] and [11]. Billing-
ton et al. considered a Cj-decomposition of a A-fold complete equipartite graph:
see [6]. Further, Manikandan and Paulraja proved that C, | K,,my, p > 5 a prime,
whenever the obvious necessary conditions are satisfied: see [23, 24, 25]. More-
over, in [29, 30, 31], Smith studied the existence of a k-cycle decomposition for
k € {2p,3p,p*}, of Ky, where p > 3 is a prime. Further, existence of a 2k-cycle
decomposition of a A-fold complete equipartite graph was obtained by Muthusamy
and Shanmuga Vadivu: see [27]. Very recently, the authors of [12] actually solved the
existence problem for a Cj-decomposition of K,,)(A) whose cycle-set can be parti-
tioned into 2-regular graphs containing all the vertices except those belonging to one
part. In [20], Jordon and Morris studied the cyclic Hamiltonian cycle decomposition
of Ky, — I, where I is a perfect matching. In [26], Merola et al. obtained a necessary
and sufficient condition for the existence of a cyclic and symmetric Hamiltonian cycle
decomposition of K,,) for any even m.

Chou et al. [15] obtained a necessary and sufficient condition for the existence of
a decomposition of K, (respectively, K, ,,, —I, where m > 3 is odd and I denotes a
perfect matching) into cycles of lengths 4, 6 and 8. In [16], Chou and Fu considered
a {C}, Cs,}-decomposition of K,;, and K,,,, — I, where m is odd and I denotes a
perfect matching. Later, Fu et al. [17] proved that the necessary conditions for the
existence of a decomposition of K, ,, (respectively, K, , — I) into cycles of distinct
lengths are sufficient whenever m is even (respectively, odd) except when m = 4.
Recently, Asplund et al. [3] established necessary and sufficient conditions for the
existence of a decomposition of K,;(A) into cycles of arbitrary lengths. Existence
of a {C}, C¢}-decomposition of K,y was proved by Huang and Fu [19]. Moreover,
Bahmanian and Sajna [4] showed that if K, (A\n) has a decomposition into cycles of
lengths Ky, ko, ..., ks (plus a perfect matching if An(m — 1) is odd), then K,)(A)
has a decomposition into cycles of lengths kin, kon, ..., kyn (plus a perfect matching
if An(m — 1) is odd).

But not many results have been obtained in the study of decomposition of com-
plete multipartite graphs when the partite sets have different sizes. Mahmoodian
and Mirzakhani proved the existence of a Cs-decomposition of K, ;. whenever the
necessary conditions are satisfied and two of the partite sets have equal size, except
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when a = b =0 (mod 5) and ¢ # 0 (mod 5); see [22]. The authors of [1, 10, 13, 14]
also studied this problem; but the problem remains open when the partite sets have
different sizes and are odd. In [7], Billington obtained a necessary and sufficient
condition for the existence of a {Cf, C§ }-decomposition of the graph K, .. Further,
Billington et al. [8] obtained a necessary and sufficient condition for the existence of
a 2k-cycle decomposition of complete multipartite graphs for k € {2,3,4}.

In this paper we give the necessary conditions for the existence of a {C}, C¢}-
decomposition of the complete tripartite graph K,p., a < b < c. Also, we give a
sufficient condition for the existence of a {C}, C§ }-decomposition of K,p., a < b < c.
Using this, we prove that the graph K, . admits a {C%, C§ }-decomposition.

Often we recall the following remark.

Remark 1.1. Let the partite sets of the graph K, .4, a > 1, be {x1,29,..., 24},
{Y1,92, .., ya} and {21, 22, 23, ..., 24 }. A Cs-decomposition of K, ,, can be achieved
from a latin square L of order a as follows: an entry s in the cell (i,7) of L, 1 <

i,j,5 < a, corresponds to the 3-cycle (z;,y;, zs) of K444 All the cells of the latin
square give a Cs-decomposition of K, ,,; see [7].

In this paper we prove the following main theorem.

Theorem 1.2. Let K, be the complete tripartite graph with a < b < ¢ and let
Kaope # K11, when ¢ =1 (mod 6) and ¢ > 1. If a = b = ¢ (mod 6), then K,
admits a {C%, C&}-decomposition for any r = a (mod 2), with 0 < r < ab.

Corollary 1.3. The complete tripartite graph K, mm admits a {C§, C§}-decompos-
itton.

2 Necessary conditions

In this section we prove the necessary conditions for the existence of a {C}, C¢}-
decomposition of K.

Theorem 2.1. Let a, b, ¢ be positive integers with a < b < c. If the graph K, . #
K1, when ¢ =1 (mod 6) and ¢ > 1, admits a {C%, C§}-decomposition, then

(i) a=b=c (mod 2);

)

(ii) ab+ ac+bc =0 (mod 3);
) either a = b= c (mod 3) or two of them are multiples of three;
)

(iii
(iv
Proof. The conditions (i) and (ii) are obvious. For (iii), let a = 3A+ A, b =3B+ B’
and ¢ =3C + C’, where 0 < A', B', " <2 and A, B,C > 0. Then

ab+ac+bc = (BA+A)3BB+B)+(3A+A)3C+C")+(3B+ B)(3C+ (")
= 9(AB+ AC+ BC) +3(AB'+ BA'+ AC" + CA'+ BC'+ CB')
+A'B'+ A'C"+ B'C".

r=a (mod 2) with 0 < r < ab.
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From (ii), 3| (A'B'+A'C'+B'C"), and from this we conclude that either A’ = B" = (',
or two of them must be zero.

Next we prove (iv). If there exists a {C%, C¢ }-decomposition in K, p, then 3r +
6s = ab + ac + be. Suppose by way of contradiction that r is odd (respectively,
even) and a, b and ¢ are even (respectively, odd); then ab + ac + bc — 3r is odd but
6s = ab + ac + bc — 3r is even, by (i), a contradiction. Hence a, b, ¢ and r have the
same parity. In a tripartite graph each C35 meets all the three partite sets and hence
r < ab. This proves (iv). O

3 Some useful lemmas

We prove some useful lemmas before giving a proof of the main theorem.
Lemma 3.1. The graph Ks33 has a {C%, C¢}-decomposition.

Proof. Let the partite sets of K333 be {1, 22,23}, {y1,y2,y3} and {21, 29, 23}. Us-
ing the idempotent latin square L of order 3 given below, we exhibit a {C%, C§}-
decomposition of K333 3. Since a is odd, by Theorem 2.1, also r is odd, with 0 <7 < 9.
Moreover, 3r + 6s = 27, so we have to consider the following cases:

17372
L = 31217,
21173

(1) r=9 and s = 0.

Then the required decomposition follows by Remark 1.1.

(2) r=Tand s = 1.

The three C3 of K333 corresponding to the three cells (2,1), (2,2) and (3,1) of L
give one 6-cycle and one 3-cycle, namely, (x9, Yo, 22, T3, Y1, 23) and (z2,y1, 22). The
remaining cells of L correspond to six 3-cycles, by Remark 1.1.

(3) r=>5and s = 2.

The edges of the four C5 of K333 corresponding to the cells (1,2), (1,3), (2,1) and
(3,1) of L can be partitioned into two 6-cycles, namely, (x1, 23,2, y1, T3, 22) and
(1,Y2, 23, Y1, 22, Y3), and the remaining cells yield five 3-cycles, by Remark 1.1.

(4) r =3 and s = 3.

The diagonal cells of L correspond to three 3-cycles of K333 and the edges not on
these three 3-cycles can be partitioned into three 6-cycles, namely, (z1,ys, x3, y1, 2,

Ya), (Y1, 22, Y3, 21, Y2, 23) and (1, 22, T3, 21, Ta, 23).-
(5) =1 and s = 4.
The cells of L, except the cell (1, 1), correspond to four 6-cycles, (x1, 23, T2, Y1, T3, 22),

(xla Y2, 23, Y1, 22, y3)7 (.1'2, Y2, T3, 23, Y3, 21> and (33'2, Ys, T3, 21, Y2, zQ)' The CY?» corre-
sponding to the cell (1,1) is (1,91, 21)- O
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Lemma 3.2. The graph K; 55 has a {C%, C§}-decomposition.

Proof. Let the partite sets of K55 be {x1, 29,3, 24,25}, {y1,Y2,Y3, Vs, y5} and
{21, 29, 23, 24, 25 }. Consider the idempotent latin square L of order 5 given below:

1141253
41215131
L= 21513 |1]4].
513|142
31114125

From L above, we obtain five cell-disjoint partial latin squares L, Lo, L3, L4 and
Ls, respectively, as shown below, where ¢; and 7; denote the i column and j™ row
of L, respectively.

C1 Cy C3 c c c c c c C1 C4 Cp
4 5 2 3 4 5
:131;1;,7@31,r431,r442,:1553.
2 ra | 1 | 4| rs | 1] 4] r5| 25 4
T3 2 5 3 Ts5 3
Ly Lo Ls L, Ls

From the cells of the partial latin square L;, 2 < ¢ < 5, we obtain four 3-cycles,
by Remark 1.1, and the edges of these four C3 can be partitioned into two 6-cycles;
they are listed below:

(i) 6-cycles corresponding to Ly are (g, Yy, T3, 24, Ys, 21), (T2, 23, Y4, 21, T3, Ys5)-

(ii) 6-cycles corresponding to Ls are (x4, Y2, 5, 24, Y3, 21), (T4, 23, Y2, 21, T5, Y3)-
(iii) 6-cycles corresponding to Ly are (24, Y4, T5, 25, Ys, 22), (T4, 24, Ya, 22, T5,Y5)-
(iv) 6-cycles corresponding to Ls are (x1, 23, x5, Y1, T4, 25), (T1, Y4, 25, Y1, 23, Ys)-

Now we consider the partial latin square L;. The cells of L; correspond to one
3-cycle and four 6-cycles, or three 3-cycles and three 6-cycles, or seven 3-cycles and
one 6-cycle, or nine 3-cycles as shown below:

(1) ($1,y1721), ($1,Z2,$3,y1,$2724), (xl,yz,24,y1,22,y3), ($2>y2>$3,23,y3725)7
($27y37$3,25,y2722)-

(2) (xlaylazl)a (x27y2722>7 (353,3/3a23)7 (371,3/273737yla952793)7 (3/17227%,25,3/2724)7
(x17z27x37257x27z4)-

(3) ("L‘hyl)Zl)a (:L‘17y3722)a (:L‘Qay37z5)a (:L‘3ay1722)a (:L‘3ay2725)7 (x3ay3723)7
(22, Y2, 24), (T1,Y2, 22, T2, Y1, 24)-

(4) nine 3-cycles by Remark 1.1.

Depending on r and s, we choose the 3-cycles and 6-cycles from the above list to
obtain a {C%, C¢}-decomposition of K55 5. This completes the proof. O

We quote the following theorem for our future reference.

Theorem 3.3. [32] For positive integers a, b and k, Cy | K. if and only if a, b and
k are all even with a > g, b> g and k| ab.



S. GANESAMURTHY AND P. PAULRAJA / AUSTRALAS. J. COMBIN. 73 (1) (2019), 220-241 225

Lemma 3.4. Ifb =1 (mod 6) and 3r + 6s = 2b+b*, 1 < r < b, then Ky, has a
{C3, C¢}-decomposition.

Proof. Let b = 60 + 1, where ¥ > 0. Let the partite sets of Kj,;, be {xo},
{Y0,y1,Y2,---,yer } and {zo,21,22,..., 26 }. Delete the edges of the 3-cycle C' =
{Z0,Y0, 20} from Kj;p; the resulting subgraph can be decomposed into o' copies
of the graph isomorphic to Kj77; — E(C) and b'()' — 1) copies of Kgg. Since
Cs | Kgg, by Theorem 3.3, it is enough to obtain a {C3', Cg'}-decomposition of
K77 — E(C) for suitable r; and s;. We exhibit a {C3', Cg' }-decomposition of
K, 77— E(C) as follows, where we assume that the partite sets of K77 — E(C) are
{xO}a {907 Y1,Y2,Y3, Y4, Ys, yG} and {ZO, R1y %25 Z3y R4y 25 26}'

(1) If r; = 0 and s; = 10, then the edge disjoint cycles are

(.1'0, Y2, 21, Y1, 20, y4)7 (.1'0, Y3, 22, Y2, 20, y5)7 (.1'0, Y1, 23, Y3, 20, yG)a

(550723,90,21793726), (:L‘07217y45227y0724)a (:L‘07227y5526ay0725)a

(y5721ay6a227y1a25)a (y6724ay1a267y27z5)a (9272479?),25794723),

(Y4, 24, Y5, 23, Y6, %6)-

(2) If 1 = 2 and s; = 9, then the required set of edge disjoint 3-cycles and
6-cycles are C', C", O, C?, C3, C*, C°, C%, C7, D', D?, where

C'= (.1'0, Y1, Zl)a C" = (.1'0, Y2, 22)7 Cl = (y()a 21, Y2, 20, Y1, ZQ)a

02 = (:L‘Oa Ys, 25, Yo, %6, yG)a 03 = (an 255, Y65 205 Ys, 26)7 04 = (yh 235 Y55 215 Ys, Z4)a

C° = (Y2, 23, Vs, 22, Y5, 24), o = (Y1, 25, U3, 21, Yas 26), C" = (Y2, 25, Ya, 22, Y3, %6),

Dl - (an Y3, 23, Yo, 24, y4)7 D2 = (an <35 Y4, 20, Y3, 24)'

(3) If r; = 4 and s; = 8, from the above decomposition for the case r = 2
and s; = 9, the union of the edges of D! and D? can be partitioned into two
copies of C3 and a copy of Cg, namely, C" = (z9,ys,23), C"" = (%0, y4,24) and

C® = (yo, 23, Yu, 20, Y3, 24). Hence the required decomposition is given by C’, C”, C",
oo, 02, C3, ¢4, C8, C8, C7 and C8B.

(4) If ry = 6 and s; = 7, then the cycles are

', ¢, C" O™ (0, s, 25), (o, Y6, 26), (Y0, 215 Yas 20, Y1 23),

(Y1, 22, Ya, 21, Y2, 24), (Y2, 23, Y5, 22, Y3, 25), (Y3, 24, Vs, 23, Yas 26),

(y4a 25, Yo, 24, Ys, ZO)a (957 265 Y1, 255 Yo, Zl)a (yGa 205 Y2, %65 Yo, 22)7
where C’, C”, C"" and C"" are as in the case (r1, s1) = (4, 8). O

For our convenience we use the following definition given in [7].

If a latin square L contains a subsquare of the type

o a—+1
a+1 a |

then we call it a ‘subsquare of the form («)’.

The following lemma is in [7]; as we extensively use it in our proof, we give a
proof of it here.
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Lemma 3.5. [7] For any k > 3, there exists a latin square of order 2k+1 containing
k(k—1) 2 x 2 cell-disjoint subsquares of the form (a).

Proof. Consider an idempotent latin square L’ of order k, on the set {1,2,... k}.

From L', we obtain a new latin square, L” of order 2k by replacing each entry [ in

L' with

20—1] 2
2l 20—1

From L”, we obtain the required latin square L of order 2k + 1 on the set
{0,1,2,...,2k}, by adjoining a new top row and new left-hand column to L”, and
appropriately replacing the 2 x 2 squares on the diagonal of L” as follows:

Let (r;, ¢;) denote the cell in the i® row and j™ column of a latin square. Since L/
is an idempotent latin square, the 2 x 2 subsquares on the “diagonal” of L” are the
following:

1|2 314 2k—1 2k
2011|437 2k 2k—1 7

The required latin square L is obtained by replacing the diagonal 2 x 2 subsquares
of L" of the form (2[), that is,

2-1] 2 |, [A-1]0
o -1 0 2 I

place 0 in the cell (0,0) and place 2[ (respectively, 2l —1) in the cells (0,20 —1), (2] —
1,0) (respectively, (0,20),(2[,0)); see Example 3.6. The remaining 2 x 2 subsquares
of L" in L are unchanged. The resulting latin square is the required latin square,
since the 2 x 2 subsquares corresponding to the non-diagonal cells of L' become 2 x 2
subsquares of type (a); see Example 3.6. O

Example 3.6. For k = 3, let

1[2[5[6]3]4
216543
17372
I'=[3[2[1]. Then L'=p 243131t ti2) and
5113 654321
3417256
413121615
0t col
0hrow [ 0 [2]17473[6]5
2 |1]lo[5]6[3]4
I - 1 [0[2[6[5[4]3
4 |[5]6[3o]12]
3 |6|5]0[4]2]1
6 |3[4][1[2]5]0
5 |4[3[2|1]0]6

To prove the next theorem, we need a particular idempotent latin square, Iy,
which is defined here; see [21]. For an odd integer k£ > 3, consider the cyclic latin
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square, C, of order k, on the set {1,2,3,...,k} with the i*" row 4,4 +1,...,7 — 1,
in order. Let k = 2k’ + 1, for some k' > 1. Now we rename the entry i in C
by the rule i — 1+ (¢ — 1)n (mod k), where n = k' 4+ 1; see the example below.
The resulting latin square [ is idempotent and the entries of the cells in T =
{(1,2), (2,3),...,(k— 1,k), (k,1)} of I} is a transversal of I[,. Now applying the
technique of stripping the transversal T' (see [21]), an idempotent latin square of
even order k + 1 is obtained. Thus, for all £ > 3, we have an idempotent latin
square, which we denote by I;. For example, when k£ = 7, the latin squares C, I,
and Ig, respectively, are given below. This [ is extensively used throughout the

paper.

1123|4567 151216374
2131415671 5121637411
314516712 2|16 (374|115
C=4|5]6[7]1]2]3 I;=6[3]7]4]1]|5]2
516(7]112]|3|4 31714115 ]|2]|6
6| 71112345 714115 2]6]3
71112134 ]|5|6 4|11 |5|2|6]3]|7
Bold letters form a transversal 1" for I

181263745

512 |8[3|7|4|1]6

2163|841 |57
18:63748521

31714115 |8|6]2

71411152683

8|1 |5 2|63 |7]|4

4|5|6|7|1]2|3]|8

Ig is obtained from I7 by the technique of stripping the transversal T'.

Remark 3.7. Here we list some useful observations about I, for our future reference.

Observation 1. For odd k = 2k’ + 1, by our construction of I, the entries of the
first row of I are

C1 C2 C3 Cq e Cir—1 Cp
m [ T]KF+2]2[KF+3] ... [ k [K+1]

and the entries in the (i + 1)** row of I}, 1 < i < k — 1, are of the following form:

C1 C2o C3 Cy Ck—1 Ck
rigr [m | m4n|m+2n [ m+3n] ... m—2n]m-n]

wheren =%k +1,m=1+1-n.

Observation 2. As I, k = 2k’ + 1, is cyclic, any three consecutive rows of I are
of the form
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&1 (&) C3 Cyq Crk—1 Ck,

m m+n | m+2n | m+3n m-—2n|m—n
m4n | m+2n|m+3n | m+4n m-—n m
m+2n|{m+3n|m+4n | m+5n m m+4+n

228

where n=kK +landm=1+1i n.

Observation 3. Since I, 1, k+ 1 = 2k”, is obtained from I, any three consecutive
rows of I, 1, except its last three rows, are as shown below, where n = £, m = 1+i-n
and the entries are taken modulo k, except the entry k£ + 1 in each of the cells
(i+1,i+2), (i+2,i+3) and (i + 3,7+ 4), which is shown in bold face letters in the
partial latin square below; these (k + 1)’s arise out of the stripping of a transversal.

C1 C2 (3 Ci+1  Ci42 Ci43  Ciyq Ck  Ck41

N
) =
+ +
= | & N R R s | =
+ | + + \ +

+

rp1 | £ 8| 8 TR o =] =

= N
- = )
g | = =z T *
< N [ap] ~— ~ N
+ |+ |+ i R R B +
o | S| E| B g < g £ E
= o
sl s s N g
N | | ~ — - - i :

+ |+ |+ +

+

rs | £ 5 8 Tle ] I3 =] g

Observation 4. The last three rows of I,1, k + 1 = 2k”, are given below:

Ci €3 C3 C4 C5 Cg Ck—1 Ck  Ck41
—
< < s | AR \
S S R ! + =z
Th—1 2 LS BN B BT IS U B Y] ~e 3 e
]
IS N N N N ! ’
Tl e | e e | | N N
Tk RN || F| | © =2 =2 2
— N [xe) <7 10 N —
+ |+ |+ F|+ ! T
Tre1 | 2| | e k| |k RE kS <=

where the entries are taken modulo k, except the entries in the cells (k —1,k), (k, 1)
and (k + 1,k + 1) which arise out of the stripping of a transversal.

Theorem 3.8. Let a and b be positive integers with 1 < a < b. Ifa =b (mod 6),
then K,y admits a {C§, C§}-decomposition for any r = a (mod 2), with 0 < r < ab.

Proof. We split the proof into two cases.

Case 1. a 1s even.
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Let a = 2a’ and b =20/, 1 < a’ < V. Let C be a cyclic latin square of order ¥’
with the first row entries 1,2,...,¥, in order. From C, we obtain a new latin square
C’ of order b on the set {1,2,...,b} by replacing the (i,7)" entry i +j —1 = £ of C
into a 2 x 2 subsquare of the form (2¢ — 1), where 1 <, j, £ < ¥'; that is, we replace
the entry ¢ of C' by

20 -1 20
20 20 -1 (1)

The first a rows of C’ contain exactly a’b’ 2 x 2 cell-disjoint subsquares of the form
(). Each of these 2 x 2 subsquares corresponds to four 3-cycles, or two 3-cycles and
one 6-cycle, or two 6-cycles of K, ;5 which are listed below; the cycles described below
are based on the subsquare of the form (2/—1) in (1), where £ = i+ j —1. The entries
20—1 and 2[ correspond to the cells (rg;_1,c2j-1), (r2i, c2j) and (ra;_1, ¢25), (12, C2j-1),
respectively, of C’.

(’l) (1132@'71,3/2];1722@71)7 (352@;1,3/2]'722@), (x2i7y2j71722£)7 (x2i7y2jaz2271)-
(1) (@2i—1, Y2j—1, 220), (T2is Y2j5 Z20-1)s (T2i-1, Y2, 220, T2, Y2j-1, Z20-1)- (2)

(m) ($2¢—1, Y2j—1, 220—1, 24, 220, y2j), (IE% Y2j, 220—1, L2i—1, 2205 y2j—1).

The maximum number of 3-cycles in K, ;; cannot exceed ab. To obtain r copies
of C3, choose [7], 2 x 2 subsquares of the form («) in the first a rows of C’. These
subsquares give the required r copies of ('3, as the 12 edges of K, corresponding to
each of these subsquares of the form («) can be partitioned into either four C5 or two
('3 and one Cg by (2). Since the 12 edges corresponding to any 2 x 2 subsquare of the
form () can be decomposed into two Cg by (2), the remaining a't’ — [ 7] subsquares

of the form () within the first a = 2a’ rows of C’, give s, = 2(a’t’ — []]) cycles of
length six. If a = b, then the above decomposition is the required decomposition. So

we assume that a < b.

Observe that all the edges incident with the partite set of size a are on the triangles
corresponding to the entries of the cells in the first a rows of C’. Consequently, after
the deletion of the edges of » U5 and s; Cg from K, corresponding to the cells in
the first a rows of C’, the resulting edge induced subgraph is a bipartite subgraph,
say, H, of Ky, contained in K, ;5. We now decompose this bipartite graph H into
cycles of length six. Observe that if the (a + 4, )™ entry of C' is [, then this entry
now denotes only the edge y;z of H, because all the edges incident with the partite
set of size a have been used by rC5 and s;Cg obtained above.

The edges of K, corresponding to the cells of the remaining b — a rows of C’
can be decomposed into 6-cycles as follows: since b—a = 0 (mod 6), we partition the
b — a rows of C” into six consecutive rows each, namely, C!, 1 < i < ”_T“, beginning
from the (a + 1)™ row. A partial latin square, C! of C’, consisting of six rows is of
the following form:
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C1 C2 C3 Cq Ch—1 Ch
T4 t t+1 | t+2 | t+3 t—2 | t—1
rep1 | TH1 t t+3 | t+2 t—1|t—2
Teyo | tH2 | t+3 | t+4 | t+D t t+1 |,
Teps | T+3 | t+2 | t4+5 | t+4 t+1 t
Teya | t+4 [ t+5 [ t+6 [ t+T t+2 | t+3
Teys | t+D | t+4 | t+T | t+6 t+3 | t+2

where t =a+6i—5,1 <1< b?T“. Now partition C] into 6 x 4 subsquares, consisting
of four consecutive columns of C!, beginning from the first column if b = 0 (mod 4),
or into 6 x 4 subsquares except the last subsquare which is a 6 x 6 subsquare if
b =2 (mod 4).

Let the 6 x 4 subsquare of C] be CJ;, 1 < j < %, if b = 0 (mod 4); let C},
1 <5< bTTG, and C!_ be the 6 x 4 and 6 x 6 subsquares, respectively, of C! if

b =2 (mod 4). The entries of Cj; and C;_, are shown below.

C45-3 Cqj—2 Cq5—1 C4j
re [t+4j—4 [ t+4)—3 | t+47—2 | t+45—1
Fin |44 —3 | t+4j—4 | t+4j—1 | t+45—2

Cli=ran [ t+4j—2 [ t+4j—1| t+4j [t+4j+1| and

Fiys | t4+4j —1 | t+4j—2 | t+4j+1 | t+45
Tipa | t+4) | t+4j+1[t+4j+2 | t+45+3
Fiys | t+45+1 | t+4) |t+4j+3|t+45+2
Cb—5 Cb—4 Cv—3 Cv—2 Cv—1 Ch

re [1—6]t—5|t—4]|t—3]t—2]t—1

Tyl |t—5 | t—6 | t—3 | t—4|t—1|t—2

Fieg | —3 | t—4 | t—1|t—2]|t+1]| ¢

Figa | =2 | t—1| ¢ |t+1]|t+2[t+3

Tt+5 t—l t—2 t+1 t t+3 t+2

As each cell of Cj; or Cj, corresponds to exactly one edge of H, all the entries of
Ci; and C} correspond to 24 and 36 edges of H, respectively; see Figure 1. If the
(p,q)™ entry of Cj; (respectively, Cj ) is £, then that entry represents the edge y,2¢
of H. We now partition the edges corresponding to C}; and Cj_, into four 6-cycles
and six 6-cycles, respectively, as follows:

A set of four 6-cycles of H corresponding to the cells of Cj; is
(3/4]'73, Zi+4j—3, Y4j—2, Zt+45—2, Y44, Zt+4j71)a (y4j737 Zt45—4, Y45—-2, Zt+45—-1 Y451, Zt+4j72),

(y4j—3, Zt44j, Ya5—1, Zt+45435 Y45, Zt+4j+1)a (y4j—2> 2445415 Y45-1,5 2445425 Y45, 2t+4j);
see Figure 1(a).

A set of six 6-cycles of H corresponding to the cells of C!__ is
(yb757 Zt—4, Yb—3, Zt—1, Yb—2, Zt73)7 (yb747 Zt—3, Yb—3, 2t—2, Yb—2, Zt74)7
(Yo—35 25 Yo—1, 26435 Ybs Ze41) s (Yo-25 2641, Yo—1, 2642, Ybs 21),

(yb—5> Zt—65 Yb—4, Zt—1, Yo—1, Zt—2)> (yb—5a Zt—55 Yb—45 Zt—25 Yb, Zt—l);
see Figure 1(b).
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Zt4daj—4 244453 Zt445-2 Zt+45-1 Zt44j Zt4+45+1 24542 Zt+45+3

Zt—6 Zt=5 Zt—4 Zt—3 Zt—2 Zt—1 2t Zt4+1 Zt42 Zt+3

Figure 1: The subgraph of H corresponding to the cells of C}; (respectively C}.,) is shown in (a)
(respectively (b)).

Let so be the number of six cycles of H corresponding to the cells of the last
b — a rows of C'. Thus we have obtained r 3-cycles and s; 6-cycles corresponding
to the cells of the first a rows of C’ and s, 6-cycles corresponding to the cells of the
remaining b — a rows of C’; and (3r + 6s;) + 6s2 = 3ab + (b — a)b = 2ab + b*, which
is the number of edges of K, ;. This completes the proof of this case.

Case 2. ¢ 1s odd.

Because a and b have same parity, let a = 2a’ + 1 and let b = 20 + 1, for some
b > a'. The graph K1, can be decomposed into one C5 and no Cg. Since the case
a =1 with b =1 (mod 6), and the cases a = b =3 and a = b = 5 are dealt with in
Lemmas 3.4, 3.1 and 3.2, respectively, we do not consider them here.

Consider an idempotent latin square [, of order ¥, on the set {1,2,...,b'}, as
described in Remark 3.7. From [, we obtain a latin square L of order b, using
Lemma 3.5, on the set {0,1,2,...,20'}. Part of the entries of L, obtained from I,
are given in Figure 2; the 2 x 2 subsquares, in order, without entries, in Figure 2,
are subsquares of the form (a).

Let L,, L, and L. be three partial latin squares of L, see Figure 3; note that if
b # a, then the partial latin squares L, and L. of L exist.

A sketch of the rest of the proof of this case is described here. Our aim is to
partition the cells of L into subsets L,, L, and L. and decompose the subgraphs of
K, corresponding to these subsets of cells according to our requirement. Using the
cells of L, (respectively, L) we obtain 7’ (respectively, ") copies of 3-cycles and s;
(respectively, so) copies of 6-cycles; s; (respectively, so) may be zero. These r = r'+1r"
3-cycles and s’ = s; + sy 6-cycles contain all the edges of K, incident with the
partite set of size a. Edges not on these cycles induce a subgraph H C K, C K pp.
Each cell in L. now represents an edge of H. We partition the edges corresponding
to the cells of L. into cycles of length six.
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€0 CI  C2 ¢c3 (4 I C2a’—1 C2a’ e Cop’—1 Cap’
ro | 0 [ 2] 1] 47 3] [ 2 [2dJ-1] [ 200 |20/ —-1|
1 2 1 0
T2 1 0 2
r3 4 3 0
T4 3 0 4
e N N I R I I e e
Tog/—1 2a’ 2a’ — 1 0
Toq/ 2a" — 1 0 24’
—— 20 2 — 1 0
Top | 20 — 1 0 20

Figure 2: The latin square L. In the partial latin square obtained from L by deleting its 0*" row

and 0" column, all 2 x 2 subsquares are of the form (), except the “diagonal” 2 x 2 cells which

2t—110
0 2i |

are of the form

We now proceed to the proof of the theorem.

Initially we partition the edges of K, corresponding to the cells of L, of L into
r’ 3-cycles and s; (possibly zero) 6-cycles.

We fix the 3-cycle C' = (zo, Yo, 20) of K, corresponding to the entry 0 in the cell

(0,0) of L,. Clearly, L, without its 0 row and 0*" column contains 2 x 2 subsquares
C2i—1  C24

of the form o [20—1] 0 |, 1 <i<d/, along the “diagonal”; see Figure 2. This

T2 0 21

subsquare together with four other cells of L,, namely, two of the cells (0,2:—1) and

(0,24), for each i, in the 0™ row and two cells (2 —1,0) and (27,0) in the 0*" column

Co C2i—1 C24
. . . To 21 2i —1
give the partial latin square L,; of L,, where L,; = : :
r2;—1 21 2t —1 0
9 2t —1 0 21

Each Ly, 1 < i < d/, with 8 entries, as shown above, is equivalent to 24 edges of
K.pp and a {C5', Cg' }-decomposition of these 24 edges is listed below:

(1) If r; =8 and s; = 0, it is clear as each cell corresponds to a Cs.
(2) If r; = 6 and s; = 1, then a required set of cycles is

(20, Y2i-1, 22i), (o, Yais Z2i-1), (T2i-1, Y2i, 20), (T2i, Y2i-1, 20),

(Tais Y2i, 22i)5 (T2i-1, Yo, 22i-1)5 (P20, Yo, 2205 T2im1, Y2i—1, 22i-1)-

(3) If r; = 4 and sy = 2, then a required set of cycles is

(T2i-1, Y2i-1, 22i-1), (T2i-1, Y2, 20)5 (T2is Y2i-1, 20)s (T2is Yoir 22:),

C" = (w0, Y2i, 22i-1, Tais Yo, 22:), C" = (%o, Yai—1, 22i, T2i-1, Yo, 22i-1)-
(4) If r; = 2 and s; = 3, then a required set of cycles is

i 1
($21‘—1,y2z‘—1720)7 ($2i,y2i,z2i)> ¢, ", ($2z‘,y2¢—1>2’22‘—1>$2¢—1,y2i72’0)7
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First a columns of L. Last b — a columns of L.
K—A —~ &_\
-
First a rows of L.
< L, Ly

Last b — a rows of L. L
c

Figure 3: Three partial latin squares of L.

where C" and C” are as in (3) above.

(5) If 11 = 0 and s; = 4, then a set of cycles is (z2;_1, 22i—1, Y2i—1, T2i, Y2i, 20),
(%21, 221, Y2is Toi—1, Y2i-1, 20), C', C", where C" and C” are as in (3) above.

The subgraphs of K, corresponding to these L,;’s contain, besides other edges,
all the edges corresponding to the cells of the 0" row and 0" column of L, except
the cell (0,0), for which the triangle C' = (¢, yo, 20) has already been fixed. The
remaining cells of L, are the cells of the a’(a’ — 1) 2 x 2 subsquares of the form («)
(which are not on the “diagonal”). Each of these 2 x 2 subsquares of the form ()
can be decomposed into two (g, or one Cg and two Cj3, or four Cs; see (2) in Case
(i) above. Thus the edges of K,;; corresponding to the cells of L, are partitioned
into 1, 1 < 7’ < a?, 3-cycles and s; (which may be zero) 6-cycles; the value of 7’ = 0
is excluded here as the 3-cycle C' = (g, yo, 20) is available in the decomposition
obtained above.

Next we partition the edges of K,;, corresponding to the cells of L, into r”
3-cycles and sy (possibly zero) 6-cycles.

From the construction of L, L (see Figure 3) contains a/()' —a') 2 x 2 subsquares
of the form («). We partition L, into L} and L?, where L} contains the first three
rows of L, and L? contains the rest of the rows of L,. Here L} is partitioned into
b —a' 3 x 2 subsquares of the form shown below:

C2a/ +25—1 C2a/ 425
rg | 2a'+25 | 2" +25—1
1 « a+1 ’
T a+1 a

where 1 < 7 <V —d.

Each of these 3 x 2 subsquares of the above form corresponds to 18 edges of K, 5,
and possible partitions of these edges into C's and Cjg are listed below:
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(1) Three 6-cycles: (o, 22a/+2j—1, Y2a/+2j» L1, Y2a/+2j—1, 22a/+2j )+
($1, Ray Y2a/+25—15 L2, Y2a/ +25 Za+1), (IE2, Zay Y2a/ 4255 L0y Y2a'+25—1, 2a+1)~
(2) Two 6-cycles and two 3-cycles: C' = (20, Y2a/+2j-1, 22a'+25),
C" = ($0>y2a'+2j, Z2a'+2j—1), ($1>y2a'+2j, T2, Za+15 Y2a/+25-1, Za)7
($1, Y2a/+2j—15 L2, Zas Y2a'+25 5 2a+1)-
(3) One 6-cycle and four 3-cycles: (21, Yo 125, Za+1, T2, Y2a'+2j—1, 2a), C', C”,
(1, Y2ar+2j-1, Za+1) and (Ta, Yoar12j, Za)-
(4) Six 3-cycles: the six 3-cycles correspond to the six entries in the six cells.

This proves that L} can be decomposed into a suitable number of C3 and C.
Next we consider L3.

The cells in L? can be partitioned into (¢’ — 1)()) — @’) 2 x 2 subsquares of
the form (a) and the 12 edges corresponding to each of these subsquares can be
decomposed into four C3, or two C3 and one Cg, or two Cg; see (2) in Case (i) above.
Corresponding to L? we have obtained ', 0 < 7" < a(b —a), C3 and sy (which may
be zero) Cg. So far we have obtained r = r'+7r", 1 < r < ab, 3-cycles and s’ = 51+ 52
(possibly zero) 6-cycles of K, ;) corresponding to the cells of L, and L.

Next we shall partition the edges of K, ;; corresponding to the cells in L..

Recall that each of the cells in L, represents exactly one edge of Ky, C Kgpp,
as the above rC3 and s'Cg obtained through L,, L} and L} contain all the edges
incident with the partite set of size a. For example, the entry k of the cell (i, ) in L.
represents the edge ;2 in Kqpp. Let H be the bipartite subgraph of Ky, C Kqypp
corresponding to the cells of L.. Clearly, L. contains ¥’ —a’ 2 x 2 subsquares of the
form:

C2a/4-2i—1 C2a/4-2i
Toarg2i—1 | 20/ + 21 — 1 0 ,1<i<V —d.
T2a’ +2i 0 2a’ + 24

These V' — a’ 2 x 2 subsquares together with the cells in the 0** column of L. can
be partitioned into 2 x 3 subsquares of the form L., 1 <i <V — d/, where

Co C2a/ 42i—1 C2a/ 424
L. — Ta+42i-1 2a’ + 24 20" +2i—1 0 )
Ci T2a/+2i 20" +2i—1 0 2a" +2i |’

see the structure in Figure 2. Six edges of H corresponding to the six cells of L.,
induce the 6-cycle (Yo, 2oa/+2i—1, Y2a’+2i—1, 20, Y2a'+2i» 224’ +2i)- Let Hy be the subgraph
of H corresponding to the entries of the cells of L., where L. is obtained from L. by
deleting the cells L., 1 <i <V —d'; see Figure 4. Now partition the cells of L, into
(b — a)/6 partial latin squares L}, 1 < i < %% where L/, consists of six consecutive
rows, beginning from the first row, of L/. We shall now show that the subgraph of
Hy corresponding to the cells of each L, can be decomposed into cycles of length
SiX.
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Last b — a columns.

C() —" —
T2a’+1 _— Diagonal 2 X 2 cells, of L in L., are of the form
T2a’+2 -
20’43 || x 0
T2a’+4
Foarts [ 0 |z+1
T2a’+6 :

T2b' —1
T2b

Figure 4: L’ consists of all the cells of L. which are not shown explicitly. Part of the 2 x 2
“diagonal” cells of L and the cells of the 0*" column of L, are shown explicitly.

Subcase 2.1. ¥V is odd.

A 6-cycle decomposition of the subgraph of Hy corresponding to L., 1 <i < bjT“,
is determined here. The six rows of L/, arise out of three rows of Iy, except the three
cells of Ij; see Figure 5 and Observation 2 of Remark 3.7.

™ - o < ‘T
A T *L*Lpiiii > 2
N N N ) N N S S S S o) o QO
S [ T €
) =l | »
L R
=& 5 sl 2l SRS
+ 0+ + + | + + 4+ |+ |+ B
TS| E|E|E|E £ | & E| & & & £| &
S | & | £
~ | = SR
| = + 4+ |+
=& |83 slelZl, 22 e
N IS I + |+ |+ + |+ | + |
S| E|E|E|E E| & & E| & | & £ &
< S | £
= = |~ < | e
I =N T + | +
§|&5|5F|5 2=zl |l=2l= o
al |+ + |+ + 4+ |+ |+ + | + +
S| E|E|E|E E| & g & £ | & £ | &

Figure 5: The three rows of the partial latin square of I, corresponding to the six rows of
L, 1<i< b*Ta, is given above, wherein the three entries of the cells with % are already used by

L.,. Here t stands for o’ +3i — 2, n = (%/] and m=1+n(t—1).

The cells of Iy in these three rows of it are partitioned into three cells each, according
tot =1 or 0 (mod 2), where t = a' + 3i — 2; see Figure 6(a) or Figure 6(b),
respectively. Note that in Figure 6(b) the first two cells in the last column and the
first cell of the row ¢ of Iy give rise to twelve entries in L ; similarly, the three
cells (rig1,¢1), (T2, 1) and (1440, cp) of Iy yield twelve cells in L, . Each of the
three cells of Iy (shown by bold lines in Figure 6) give rise to twelve cells in L, .
Each of the subgraphs, having twelve edges, corresponding to these twelve cells, is

isomorphic to the graph G (since in the three cells of I, shown by the bold lines
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covering three cells, two of the cells have the same symbol); see Figure 7(c), which
can be decomposed into two cycles each of length six.

T s 3 22 1 1
s & 8 3 s s S 3 & & & z 8
AN e LT [T
e | | [ 1B I | ° [ | [ |
Tt+2 _J —_I ——I I [ ] _J _J
(a)
- e s s T
s 8 ¢ s s 9 F & s 3 z 3 ¢
O r' r_ * vl r_ Ir
e | L (e R
v A o | [T 0

(b)

Figure 6: In (a) and (b), the edges of K, corresponding to the cells with bullets have been used
by L.,.

a <
< & <

€1

g & ro-1 2m —1 2m 2(m+n) =1 2(m+n)
" 1 ‘ T2t 2m 2m —1 2(m+n) [2(m+n)-1
s L Tat+1 |2(m+n) =1 2(m+n)
(a) T2t+2 2(m+n) [2(m+n) -1

Y1 Y2 Ys Ya

- L]
1 S [N
1 [N
1 4

7
[ N\
é
Zom—1 Z2m 22(m+n)—1 22(m-+n)
G C Hy

()

Figure 7: Twelve cells of L/, corresponding to the three cells of Ii, covered by bold lines of (a),
are shown in (b). The subgraph of Hy corresponding to the twelve cells in () is shown in (¢) with
a (Cg-decomposition.

Subcase 2.2. V' is even.

First we complete the proof of the case (a,b) # (3,9).

Let b’ = 20" for some 0" > 3. Here we obtain a Cg-decomposition of the subgraph
of Hy corresponding to the cells of Lj,, 1 <i < (b—a)/6, and L, (note that,
by our construction, L’c(b_a)/6 is different from L;, and so we deal with it separately).
The six rows of Ly, (respectively, L, = ) correspond to the three rows ¢, ¢ + 1 and

t + 2 (respectively, the last three rows) of [, except its three cells; see Figure 8
(respectively, Figure 10),
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o o~ - o CTI-—‘t
- & o % Lo L & 3 > »
N N S R o) L N S N S ) N N )
S [ = ESBS
) | N | =
o + |+ | + 2
&8 ==, == Sle|=
+ |+ ]+ + | + + |+ | + |+
T|E|E|E|E £ | & > | &| 8| & E| | &
S | £ =
~ | = ™| = ~
| = + | + +
= | & & |5 =l =, == = =
g I R A + |+ |+ + | + | +
TS| & E|E|E E| & | & > | & | & E| & | &
< <
- = D =
- S Rt + +
§|&5|5|5 2=l ]=], = S
A IR I + |+ |+ |+ + + | +
| E|E|E|E gl &8 g & > | € E| & &

Figure 8: The entries of the three rows t, t + 1 and t + 2 of Iy, except the three cells with
symbol, where n = b and m = 1 + n(t — 1) and the entries are taken modulo b’ — 1 except the

entries in the cells (r¢, ci41), (Fe41,ctre) and (req2, ceis).

see Observation 3 (respectively, Observation 4) of Remark 3.7, where t = o’ + 3i — 2.
Now we partition the cells of Figure 8 (respectively, Figure 10) into three cells each,
according to Figure 9 (respectively, Figure 11), where three of the cells with entry
aj, 1 < j <5, form a member of the partition. Each of these three cells of Figure 8
(respectively, Figure 10) give rise to twelve cells in L], (respectively, L;(bia) /6) and
the subgraph of H, corresponding to these twelve cells is isomorphic to the graph G
shown in Figure 7(c), which can be decomposed into two cycles of length six.

o e = A S R T .

oy R & 3 VRV S 5 & S & s 8 ©

o |8 e |3 (8|5 g

Tt41 8 |8 e |3 g &

e | LT Mele o] T e
Figure 9

Now we complete the proof for the case when a =3 and b = 9.
By the construction of L, the partial latin square L of L. is given in Figure 12.
A Cg-decomposition of H corresponding to the entries of the cells of L/, is given
below:
(Y1, 25, Y3, 22, Yas 26), (Y2, 25, Ya, 21, Y3s 26), (Y1, 27, Us, 22, Y6, 28),
(Y2, 27, Y6 21, Ys: 28), (Y1, 23, Y7, 21, Ys, 24) and (Yo, 23, Ys, 22, Y7, 24).

This completes the proof. O



S. GANESAMURTHY AND P. PAULRAJA / AUSTRALAS. J. COMBIN. 73 (1) (2019), 220-241 238

— — [a\}
[2e) ™ —

J < & ¢ | I \
— ™ ™ < > > > = = > > >
Q ) ) ) ) ) ) ) ) ) ) )

< < < =

o o o >

= | = =

™ — — =
— Lol + * I

[} [a\]

‘ | < < N N N N \I !
> N N = = = = = = = S N
~ = = [N} (ap] ~ ~— ~— ~— ~— = =

< < <
o o o
=N =~ | =
— — [\l -
o\ *

~ L fa | + | +

‘ 3 3 3 N N N | !
> = = = = ~
S| H|F =2 |12 2|2 R >

— QY Be) ~ = Be) A — | %
+ |+ |+ | | | | |

> | 3 N N N -~ ~ N 2 2

< R <Y I SR ) o o — [a\ o o | o

Figure 10: The entries of the last three rows of Iy, except the three cells with * symbol, are given
above, where the entries are taken modulo ¥ — 1 except the entries in the cells (ry_2,cp—1) and

(Tbulacl)-
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Figure 11
C1 C2 C3 Cq Cs Cg [6d Cs
rs | b 6 7 8 1 2
rqy | 6 ) 8 7 2 1
rs | 7 8 1 2 3 4
re | 8 7 2 1 4 3
re | 3 4 5 6 1
rg | 4 3 6 5 2 1

Figure 12: The entries of L., of L of order 9 are shown above.

Now we are ready to prove our main theorem.
Proof of Theorem 1.2

Clearly, Kop. = Kopp ® Karpe—p. By hypothesis, a,b,¢ = t(mod 6), where
t €{0,1,2,3,4,5}; hence a + b is even and ¢ — b = 0 (mod 6). The graph K, p.—b
admits a Cs-decomposition, by Theorem 3.3. Since the maximum number of triangles
in Kgpand K,y are the same and K, .y, has a Cg-decomposition, it is enough to
consider a {C3', Cg' }-decomposition of K, ;. By Theorem 3.8 such a decomposition
exists. O
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