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Abstract

For a positive integer k, a k-rainbow dominating function (¢kRDF) of a
digraph D is a function f from the vertex set V(D) to the set of all
subsets of the set {1,2,...,k} such that for any vertex v with f(v) = 0,
UueN_(v) f(u)={1,2,...,k}, where N~ (v) is the set of in-neighbors of v.
The weight of a kRDF f of D is the value 3_ .y [f(v)]. The k-rainbow
domination number of a digraph D, denoted by v,+(D), is the minimum
weight of a kRDF of D. Let P,,[JP, denote the Cartesian product of P,,
and P,, where P,, and P, denote the directed paths of order m and n,
respectively. In this paper, we determine the exact values of ., (P,,0FP,)
for any positive integers k > 2, m and n.

* Corresponding author.
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1 Introduction and notation

The concept of domination in graphs, with its many variations, has been extensively
studied (see, for example, [3, 4, 6, 7, 8, 9]). One of the variations on the domination
theme is rainbow domination. There are many results on rainbow domination in
undirected graphs; for example, see [2, 5, 10, 11]. However, there exists a smaller
number of results on rainbow domination in digraphs. Our aim in this paper is to
study the rainbow domination in digraphs.

Throughout this paper, D = (V(D), A(D)) denotes a digraph with vertex set
V(D) and arc set A(D). For two vertices u,v € V(D), we use (u,v) to denote the
arc with direction from wu to v, and we say that u is an in-neighbor of v. For v € V(D)
we denote the set of in-neighbors of v by N~ (v), and we define the in-degree of v by
d”(v) = [N~ (v)|.

For a positive integer k, we use P({1,2,...,k}) to denote the set of all subsets
of the set {1,2,...,k}. A k-rainbow dominating function (kRDF) of a digraph D is
a function f : V(D) — P({1,2,...,k}) such that for any vertex v with f(v) = 0,
Unen-@ f(w) = {1,2,....k}. The weight of a kRDF f of D is the value w(f) =
> wev(py [ f(0)]. The k-rainbow domination number of a digraph D, denoted by
Yk (D), is the minimum weight of a kRDF of D. A kRDF f of D with w(f) = v,x(D)
is called a ~,.x(D)-function.

Let Dy = (V4,Ay) and Dy = (V,, Ag) be two digraphs with disjoint vertex sets
Vi and V, and disjoint arc sets A; and A, respectively. The Cartesian product
DD, is the digraph with vertex set V4 x V5 and for (z1,y1), (22,y2) € V(D10Dy),
((x1,11), (T2, y2)) € A(D10Dy) if and only if either (z1,22) € Ay and y; = o, Or
r1 = 29 and (y1,92) € Ay. For any y € V3, we denote by DY the subdigraph of
D10D, induced by the vertex set {(z,y) : € Vi}. Then it is easy to see that DY is
isomorphic to D;.

Let P, denote the directed path of order n. We emphasize that V(P,) =
{0,1...,n—1} and A(P,) ={(¢,i+1):i=0,1,...,n — 2}, throughout this paper.
As defined earlier, for each j € {0,1,...,n — 1}, we denote by P? the subdigraph of
P,,0P, induced by the vertex set {(i,j) : ¢ =0,1,...,m — 1}.

In 2013, rainbow domination in digraphs was introduced by Amjadi et al. [1].
However, to date no research has been done for the Cartesian product of two directed
paths. In this paper, we give the exact values of v, (F,,[0P,) for any positive integers
k> 2, m and n.

2 The 2-rainbow domination number

In this section, we will determine the exact values of the 2-rainbow domination
number in Cartesian products of directed paths.

Theorem 2.1. For any positive integer n,

7r2(P1DPn) = ﬁYrQ(Pn) =n.
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Proof. Let f be a v,o(P,)-function. Since d~(0) = 0, it follows from the definition of
Yro( Py)-function that f(0) # (. Moreover, if there exists some 7 € {1,2,...,n — 1}
such that f(i) = (), then clearly f(i—1) = {1,2}. This implies that v,2(P,) = w(f) =
S £(i)] > n. On the other hand, it is easy to see that v,9(P,) < n. Therefore,
Yr2(PIOP,) = v2(P,) = n. O

Lemma 2.2. Let n > 2 be any integer and let [ be a ~,2(P.OP,)-function such that
{(¢,7) € V(ROPR,) : f((i,7)) = 0}| is minimum. Then for each j € {0,1,...,n—1},

£, )]+ [F((1,5))] = 1.

Proof. 1f f((1,0)) # 0, then clearly |£((0,0))|+|f((1,0))| > 1. Otherwise, f((1,0)) =
(). Then by the definition of ~,2(P.0P,)-function, we have f((0,0)) = {1,2} and
hence |f((0,0))| +|f((1,0))] =2> 1.

We now claim that for each j € {1,2,....,n — 1}, [f((0,75)] + |f((1,4))] > 1.
Suppose, to the contrary, that there exists some j € {1,2,...,n — 1} such that
[£((0, 7)) + [ f((1,7))] = 0. This implies that f((0,7)) = f((1,7)) = 0. Then by the
definition of 7,o( 0P, )-function, we have f((1,5 — 1)) = {1,2}. Define a function
g:V(ROP,) — P({1,2}) by

g(v):{ {1}’ ifU:(l,j—l),(l,j),

f(v), otherwise.

Then it is easy to see that g is a 2RDF of PP, with weight w(g) = w(f) =
Yro(P.OPR,), implying that ¢ is also a 7,o( PP, )-function. Moreover, it is easy to see
that [{(i,7) € V(ROER,) : f((i,/)) = 0} — {(i,5) € V(ROPR,) : g((i,5)) = 0} = 1,
contradicting the choice of f. This completes the proof. O

Theorem 2.3. For any integer n > 2,

Y2 (POPR,) = ’74?”—‘ )
Proof. Let f be a 7.o(P,0P,)-function such that [{(,j) € V(P,OF,) : f((i,7))
= (}] is minimum. For each j € {0,1,...,n — 1}, let a; = [f((0,7))] + | f((1,7))]
and for each j € {2,3,...,n — 1}, let b; = a;_2 + aj_1 + a;. Then by Lemma 2.2,
we have that for each j € {1,2,...,n — 1}, a; > 1. Moreover, by the definition of
Yro(POPR,)-function, it is easy to verify that ag > 2.

Claim 1. For each j € {2,3,...,n — 1}, b; > 4.

Proof of Claim 1. Suppose, to the contrary, that there exists some j, € {2,3,...,
n — 1} such that b;, < 3. Note that for each j € {0,1,...,n—1}, a; > 1. Therefore,
we have b;, = 3 and hence aj,_o» = aj,—1 = aj, = 1. Assume that |[f((1,70))| = 1,
implying that f((0, jo)) = 0. Since f is a v,.2(P.0P,)-function, f((0,jo—1)) = {1, 2}.
Then we have a;o—1 > |f((0,70 — 1))| = 2, which is a contradiction. Assume next
that | f((0, jo))| = 1, implying that f((1,jo)) = (). Since f is a y,2(P.0P,)-function,
{1,2}\f((0,70)) € f((1,50 — 1)) and hence |f((1,jo — 1))| = 1. This implies that
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f((0,jo—1)) = 0 and hence f((0, jo—2)) = {1,2}. Thus, aj,—» > [f((0,jo—2))|

which is also a contradiction. So, this claim is true.

2,

Therefore, if n = 0(mod3), then we have

4n

4n
Yro(P0P,) Zb%ﬂ > — [ 5

k

4n + 2
-3

and if n = 1(mod3), then we have

n—1

3
Yro(POP,) = ag + Zb:sk > 2+
=1

4n

:[_

3

4(n—1)
3

k

In both cases, we provide a 2RDF f": V(P,OP,) — P({1,2}) defined by

{1,2}, ifv=1(0,3k) for 0 < k < 2],
(o) = {1},  ifvo=(1,3k+1)for 0 <k < 23],
) {2}, if’Uz(O,3k+2)f0rO§k§L” 2],
0, otherwise,
and hence
n—1 n—2 4n
(POR) < wlf) =205+ 1552 42 = | .
If n = 2(mod3), then we have
(P,OP,) =ag +a +§b P )]
Yro\L2U ) = Qo 1 — Bk+1 Z 3
_dn4+1 - tdn
3 3]

In this case, we also provide a 2RDF f”: V(P,OP,) — P({1,2}) defined by

{1,2},

if v=(0,3k) for 0 <k <Z

=
F(v) = {1}, ifvo=(1,3k+1)for0<k < an?,
) {2}, ifu=(0,3k+2) for 0 < k< 2
0, otherwise,
and hence

Yr2(POP,) < w(f”)

= A H D+ (T +2)
dn +1 4dn

which completes our proof.

f5]

3
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We shall determine the exact value of 7,9(P,,0P,) for any integers m,n > 3. For
this purpose, we need some observations.

Observation 2.4. Let m,n > 3 be any integers and let f be a v,o( P, P,)-function.
Then

FO0.00 % Y1) + D 10,0 > mo+n—2

and. the equality holds if f((0,0)) = {1,2}, f((1,0)) = f((0,1)) =0 and |f((z,0))| =
[f((0, )] =1 fori,j = 2.

Proof. Tf f((i,0)) # 0 for each i, then 7" |f((i,0))| > m. If there exists some
vertex, say (i,0), such that f((i,0)) = 0, then by the definition of ~,s(P,,0P,)-
function, we have f((i — 1,0)) = {1,2}, which implies that 3.7 "|£((3,0))| > m.
Similarly, we get Z;:& |£((0,4))| > n. Therefore, it is easy to verify that

F(0.0) + S 1A 0D+ Y 1F(0, )] 2 m 0 -2

establishing the desired lower bound.
If f((0,0)) = {1,2}, f((1,0)) = £((0,1)) = 0 and |f((0,4))| = 1 = |f((i,0))] for

1,7 > 2, then clearly

F0.0) + 317G 0D+ D SO0, =m0 -2,

which completes our proof. O

Observation 2.5. Let m,n > 3 be any integers and let f be a V.o P,0P,)-function

such that f((0,0)) = {1,2}, f((1,0)) = f((0,1)) = 0 and | f((i,0))] = [f((0, )] =1
fori,7 > 2. Then

(i) F((G, 1)U F((i+1,1)) £ 0 fori >0
(it) S0 ()] = |2

(i) The equality in (ii) holds if [f((2k — 1,1))] = 1 for 1 < k < [%] and
[F((2k, 1) =0 for 1 <k < [=7].

Proof. (1) If f((¢,1)) U f((: +1,1)) = 0 for some ¢ > 0, then f((i +1,0)) = {1,2}, a
contradiction to our assumption. Consequently, f((,1))U f((i+1,1)) # 0 for i > 0.
(i) According to (i), (ii) is trivial.
(ili) By our assumption, we have f((7,0)) = {1} for i > 2. Let f((2k —1,1)) =

{2} for 1 < k < [2] and let f((2k,1)) = 0 for 1 < k < [251]. Then clearly

S AG ) =15 0
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The following observation can be deduced by a similar discussion to that for
Observation 2.5.

Observation 2.6. Let m,n > 3 be any integers and let f be a V.o P,,0P,)-function
such that [ satisfies the conditions of Observation 2.5 and (iii) of Observation 2.5.
Then

(1) [F((0,2)) U f((i +1,2))| # 0 fori = 0.

(i) S 1 (62)] >[5,

(iii) The equality of (i) holds if |f((2k,2))| =1 for 1 < k < |Z51| and |f((2k —

1,2))| =0 for 1 <k < [%].
Now by using induction we have the following result.

Observation 2.7. Let m,n > 3 be any integers and let f be a V.o P,,0P,)-function
such that [ satisfies the conditions of Observations 2.5. Then

(1) 1f((6,9)) U f((i +1,5)) # 0 for i > 0 and j > 1.

)
(ii) Z’m_il 1£((3,5))] > 2] for odd j > 1, and 07" |1£((0,4))] > [52] for even
j> 1.

(iii) The first equality of (ii) holds if [f((2k — 1,7))] = 1 for 1 < k < [%] and
|f((2k,5))| =0 for 1 < k < [™=L] when j is odd, and the second equality of
(ii) holds if |f((2k, )| =1 for 1 < k < |25 and |f((2k — 1,7))] = 0 for

1 <k< (%] when j>1 is even.

Now we may derive the following theorem.

Theorem 2.8. For any integers m,n > 3,

nny- [ ][] 21 ] -2

Proof. Let f be a v.o(P,0P,)-function such that f satisfies the conditions of
Observation 2.5. Therefore, by Observations 2.4 and 2.7, we obtain

n—1m—1
Ya(PnOPB,) = £((0,0)) +Z|f ((4,0)) \+Z|f 0,9+ YD 1f((G )
7j=1 i=1
n/2Jm1 [(n—1)/2] m—1
> m4n—24 Y > [f((i,20— 1)+ Z |f i,21))
=1 =1 i=
n/2 (b2
> _ RRR—
> m+n 2+Z{J+ LQJ
=1
1

= (n+m=2)

-1
- [ -
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To show the upper bound, we now provide a 2RDF ¢ : V(P,,0P,) — P({1,2})
defined by

({12}, ifi=j=0,

{1}, ifi=2k—-1for 1 <k <|[%] and
j=2l—1for 1 <I<[%],
ifi=0and2<j<n-—1, or
if2<i<m-—1andj=0, or
if i =2k for 1 <k < [™2] and
j=2lfor1 <1<[22],

0, otherwise.

gt =4 13

Therefore, we have
’Yr2(Pm|:|PTL) S W(g)

- 2+ [g] [5 vz [P
= [ [+ 51 5] -

which completes our proof. O

3 The 3-rainbow domination number

In this section, we will derive the exact value of the 3-rainbow domination number
in Cartesian products of directed paths.

Lemma 3.1. For any integers m,n > 2,

mn — 1=t L"—’lj . if m s odd,

> 2 2
Vs (PmbIPn) 2 { W, if both m and n are even with m > n.

Proof. Let f be a v,3(P,,0P,)-function such that |{(7,7) € V(P,0P,) : f((i,7))
= 0}/ is minimum and let a; = 327" £((4,5))] for each j € {0,1,...,n — 1}.
Claim 2. For each i € {0,1,...,m —1} and j € {0,1,...,n — 1},

£((4,0)) # 0 and f((0,5)) # 0.

Proof of Claim 2. If there exists some i € {1,2,...,m — 1} such that f((i,0)) =
then by the definition of ~,3(P,,00F,)-function, we have f((i — 1,0)) = {1,2,3
Define a function g : V(P,,0P,) — P({1,2,3}) by

{1}, ifv=(:-1,0),(s0),
glv) =< fv)u{l}, ifv=_(—-11),
f(v), otherwise.

(Z)a
}.
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Then it is easy to see that ¢g is a 3RDF of P,[0P, with weight w(g) < w(f) =
Yr3(PrOP,), implying that ¢ is also a ~,3(F,,0P,)-function. Moreover, clearly
{(:7) € V(POPL) - £((,1)) = 0} — [{(i-7) € V(P.OP.) - g((i,5)) = 0| = 1 or
2, a contradiction to the choice of f. Note that f((0,0)) # 0 since d~((0,0)) = 0.
Therefore, we have f((i,0)) # 0 for each i € {0,1,...,m — 1}. Similarly, we have
f((0,7)) # 0 for each j € {0,1,...,n— 1}. So, this claim is true.

Therefore, by Claim 2, we have ag = Z;’:Ol |f((4,0))] > m.

Claim 3. There do not exist two vertices (7,j) and (i + 1,7), where ,j > 1, of
PP, such that

f((0,9)) = f((1+1,5)) = 0.

Proof of Claim 3. Suppose, to the contrary, that there exist two vertices (7, ) and
(i+1,7), where 7,5 > 1, of P,,00P, such that f((i,7)) = f((:+1,7)) = 0. Note that
fis a.3(P,0P,)-function. Therefore, f((i+1,j—1)) = {1,2,3}. Define a function
g:V(P,OF,) — P({1,2,3}) by

{1}, ifo=_(+17-1),0@+17),
glv) =9 fv)U{l}, ifv=_(i+2,j-1),
f(v), otherwise.

Then it is easy to see that g is a 3RDF of P,,,0P, and w(g) < w(f) = v,3(P,0P,), im-
plying that g is also a v,3(F,,0P, )-function. Moreover, clearly [{(¢,j) € V(P,0F,) :
f((i,9) = 0} — {(i,4) € V(P,OP,) : g((i,5)) = 0} = 1 or 2, a contradiction to

the choice of f. So, this claim is true.

For each j € {0,1,...,n—1},let b; = [{(¢,5) € V(P3) : f((i,7)) = 0}|. Then by
Claims 2 and 3, we have that by = 0 and b; < [%2] for each j € {1,2,...,n — 1}.

Claim 4. ap+a; > 2m and a;_1 + a; > (37’”} for each j € {2,3,...,n—1}.

Proof of Claim 4. Let j € {1,2,...,n—1}. If f((i,5)) # 0 for each 7, then clearly
a; =" f((i,5))] > m and hence if j = 1, then ag +ay = ag+a; > m-+m = 2m;
if j €{2,3,...,n— 1}, then
m 3am
aj—1+a; = (m—bj1)+a; = (m— L;J)ﬂLm: (71
Hence we may assume that there exists some 4 such that f((z,7)) = 0, implying
that b; > 1. For each k € {1,2,...,b;}, let f((ix,7)) = 0. Then it is easy to see
that szzl |f((ix,7))] = 0 and by Claim 3, we have that for each k € {1,2,...,b;},
f((ix — 1,7)) # 0. Note that f is a ~,3(P,0P,)-function. Therefore, for each

ke{1,2,...,b;}, f((ig,j—1))U f((ix — 1, 7)) = {1, 2,3} and hence | f((ig,j —1))| +
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|f((ix — 1,7))| > 3. Thus,

bt = ST~ D)+ YA
= > Gk d = D)+ £ (G = LD+ D (G
k=1 i€X;
+Z|f 7’] Z Zka
1€Y k=
B (m by )+ (-2,
= 2m—bj,

where X; = {0,1,...,m — 1}\{i1,d2,...,0,}, ¥; = X;\{i1 — Liia — 1,... .4, — 1}
and 3oy [f((4,5 — 1)) = m = bj—1 — b;. Note that by = 0 and b; < | ] for each
j € {1,2,...,n — 1}. Therefore, we have ag + a; > 2m — by = 2m and for each
je{2,3,...,n =1}, aj_1 +a; > 2m —bj_y > 2m — [2] = [22]. So, this claim is
true.

Therefore, it follows from Claim 4 that if n is odd, then

2

Yr3(PnOP,) = w(f) = ap + Z(a%fl + o)

implying that if both m and n are odd, then

ra(PoOP) > m 4 S D= 1)

m—1|n-—1
=mn— —— :
2 2

if n is even, then

Vr3(PnlOP,) = w(f) = (a0 + a1) + D _(azk + azk+1)
k=1
-2 Pm_‘
> om 4+ —— | —|,
2
implying that if m is odd and n is even, then
3m+1)(n—2)

Yr3(PnOP,) > 2m + (

m—1|n—1
=mn— —— .
2 2
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As a consequence, we have that if m is odd, then

—1 —1
y3(PuOP,) > mn — mT V 5 J :

and if both m and n are even, then

n—2 F)m-‘ _ 3mn+2m
=

T PmDPn 22 e )
Vra( ) > 2m+ 7 1

which completes our proof. O

Note that v,3(P,0PF,) = v3(P,0P,,). Therefore, we have the following corollary.

Corollary 3.2. For any integers m,n > 2,

mn — |25 2L if s odd,

>
Vo3 (PmlIPn) 2 { W, if both m and n are even with n > m.

As an immediate consequence of Lemma 3.1 and Corollary 3.2, we have the
following result.

Corollary 3.3. For integers m,n > 2,
mn — |21 |21 | if mods odd, or if n s odd,
’Yr3(Pm|:|Pn> Z { 3mn+-2 ntlaxg{m,Jn\} 2 J

4 ?

if both m and n are even.

Lemma 3.4. For integers m,n > 2,

mn — |2 222 if moor nis odd,
’YrB(PmDPn) S{ 3mn+2nL1aX2{m,Jn\} 2 J

1 , if both m and n are even.

Proof. It m or n is odd, then we provide a 3RDF f : V(P,,0P,) — P({1,2,3})
defined by

(({1,2}, ifi=2k—1for1 <Fk<|[Z]and
jg=2l—1for1 <1< 3],
0, if i =2k —1for 1 <k <|%]and
f((i,9)) = j=2lfor 1 <1< [23], or
if i =2k for 1 <k <[™] and
j=2l—1for1 <1< 3],
| {3},  otherwise,

—

and hence

Yr3(PnOP,) < w(f)

e (= )
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If both m and n are even, then we also provide a 3RDF ¢ : V(P,0P,) —
P({1,2,3}) defined by

({1,2}, ifie{1,3,...,min{n —3,m —1}}
andszk—lforlgk‘S"*;*l, or
ifi€{2,4,...,min{n —2,m — 1}}
andjz?k:for”T_iSk:S”Tﬁ, or
ifm>n+1, i=2for 2 <[< 22
andjz?kforogkg%”;

{3}, ifi=0and0<j<n-1, or

g((i, 7)) = if j=0and 1 <i<min{n—1,m—1}, or
ifi€{2,4,...,min{n —4,m — 4}}
and j =2k for 1 <k < =2 or
ifie{1,3,...,min{n —1,m— 1}}
and j =2k — 1 for =2 <k < 2, or
ifm>n+14i=20+1for 2 <] <mn2
andj:Qk:—FlforOSkS”T_Q;

L0, otherwise.

and hence

wto) = { ot 05 ) b itn>m

2n + (252)(30) + (mpn)(3nf2) = Smntim if g >

Therefore, if both m and n are even, then v,3(P,0P,) < w(g) = %‘W,

which completes our proof. O

Using Corollary 3.3 and Lemma 3.4, we can derive the following result.

Theorem 3.5. For any integers m,n > 2,
(1) If m is odd, or n is odd, then

vrs(PnOP,) = mn — Lm; 1J V;J |

(2) If both m and n are even, then

3mn + 2max{m,n}

VTB(PmDPTJ = 4

4 The k-rainbow domination number (k > 4)

We now determine the exact value of ~,(P,,0P,) for k > 4.

Theorem 4.1. For any integers m,n > 1 and k > 4,

V(P OP,) = mn.
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Proof. Let f be a v.(P,,0P,)-function such that |{(i,j) € V(P,0P,) : f((i,7)) =
(Y| is minimum and let a; = 27| £((3,4))| for each j € {0,1,...,n — 1},

Claim 5. If f((4,7)) = 0, where 4,7 > 1, then |f((i — 1, j))| > 2.

Proof of Claim 5. Suppose, to the contrary, that |f((i — 1,7))| < 1. Without loss of
generality, we may assume that f((i—1,7)) = 0 or {1}. Note that f is a y,.(P,,0P,)-
function. Therefore, f((i,j — 1)) = {1,2,...,k} or {2,3,...,k}. Define a function
g:V(P,0P,) - P({L,2,...,k}) by

{1}, ifv=_(>i,7—-1),(1,J),
gv) =< flv)u{l}, fv=_(i+1,j-1),
fv), otherwise.

We observe that ¢ is a kRDF of P,00P, with weight w(g) < w(f) — (k —4) <
w(f) = vk(PyOP,), implying that g is also a 7,(P,0F,)-function. Moreover,
clearly [{(,5) € V(POP,) : f((i,7)) = 0} — {(i,5) € V(P.OP,) : g((i,7) =

0} =1 or 2, a contradiction to the choice of f. So, this claim is true.

Using the similar method to Claim 2 of Lemma 3.1, we have that for each ¢ and
7, f((i,0)) # 0 and f((0,7)) # 0. This implies that ag > m. Moreover, it follows
from Claim 5 that for each j € {1,2,...,n — 1}, a; > m. Therefore,

n—1
/YTkJ(PmDPn) = W(f) = Z Q5 Z mn.
=0

On the other hand, it is easy to see that 7,(P,0P,,) < mn. As a result, we have
Yk (PrnOP,) = mn, which completes our proof. O
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