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On star-packings having a large matching
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Abstract

Let G be a graph, and let f: V(G) — {2,3,...} be a function. A family
P of vertex-disjoint subgraphs of GG is an f-star-packing if each element
of P is a star of order at least 2 and for x € |Jp.p V(P), the degree of x
in the graph |Jp.p P is at most f(z). In this paper we prove that G has a
maximum f-star-packing P such that |P| is equal to the matching number
of G. As an application of our result, we show a corollary concerning a
bound on the number of components of order 2 in a path-factor.

1 Introduction

In this paper, we consider only finite undirected simple graphs. Let G be a graph.
We let V(G) and E(G) denote the vertex set and the edge set of G, respectively. For
terms and symbols not defined here, we refer the reader to [4].

A family P of vertex-disjoint connected subgraphs of G is called a packing. We let
V(P) = Upep V(P) and E(P) = Upep E(P). For each x € V(P), let dp(z) denote
the degree of  in the graph | Jp.p P. A packing P of G is perfectif V(P) = V(G). A
packing P of GG is called a matching if each element of P is a complete graph of order
2. For a function f : V(G) — {2,3,...}, a packing P is called an f-star-packing if
cach element of P is a star and 1 < dp(z) < f(x) for all z € V(P). A matching
M (resp. an f-star-packing P) of G is mazimum if there is no matching M’ (resp.
no f-star-packing P’) of G with [V/(M')| > |V(M)]| (resp. |V(P’)| > |V(P)|). The
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cardinality of a maximum matching of GG, denoted by o/(G), is called the matching
number of G.

Note that a matching of a graph G is an f-star-packing for any function f :
V(G) — {2,3,...}. Note also that for an f-star-packing P, since edges from distinct
elements of P form a matching, we have |P| < o/(G). Thus it is natural to seek for a
maximum f-star packing P with |P| = o/(G). In other words, we are interested in the
existence problem of a maximum f-star packing containing a maximum matching.
Our main result is the following.

Theorem 1.1 Let G be a graph, and let f : V(G) — {2,3,...} be a function. Then
G has a mazimum f-star-packing P with |P| = o/(QG).

Now we consider a special kind of f-star-packing. A perfect f-star-packing of a
graph G is called a path-factor if f(z) = 2 for all x € V(G). Note that each element
of a path-factor is a path of order 2 or 3. A min-max theorem concerning an f-star-
packing is known (see Theorem 7.9 in [2]). In particular, a necessary and sufficient
condition for the existence of a path-factor is given as follows (here i(G) denotes the
number of isolated vertices of a graph G):

Theorem A (Akiyama, Avis and Era [1]) A graph G has a path-factor if and
only if i(G — S) < 2|S| for all S CV(G).

Berge [3] gave the following theorem concerning a maximum matching (here
0odd(G) denotes the number of components having odd order of a graph G).

Theorem B (Berge [3]) Let G be a graph, and let « be a real number with 0 <
a < &f)l Then o'(G) > «a if and only if odd(G — S) < |S|+ |V(G)| — 2« for all

S CV(Q).

By Theorems 1.1, A and B, we obtain the following corollary concerning the
existence of a path-factor which contains at least as many components of order 2 as
required.

Corollary 1.2 Let G be a graph, and let t be a real number with 0 < t < |V(2—)‘
Then G has a path-factor P such that the number of elements of order 2 is at least
t if and only if i(G — S) < 2|S| and odd(G — S) < |S|+ W for all S CV(Q).

2 Proof of Theorem 1.1

Let M be a maximum matching of G, and let P be a maximum f-star-packing of
G. We choose M and P so that

(P1) |E(P)N E(M)] is as large as possible.
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Set Py ={P eP:|V(P)|>3}and P, =P —P;. Let Z = {z € V(P) : dp(z) > 2}.
Note that Z C V(Py). Let M; be the set of edges in F(M) incident with a vertex
in Z, and let My = E(M) — M;. Let H be the subgraph of G induced by the set
(My — E(P2)) U (E(Ps2) — M,).

Claim 2.1 For each component C' of H, we have |E(C) N M| < |E(C) N E(Ps)|.

Proof. Since My and E(P;) are sets of independent edges of G, C' is a path or a
cycle. By way of contradiction, we suppose that |E(C) N M| > |E(C) N E(Py)|. It
follows that C'is a path of even order and, if we write C' = ujus - - - ug,, (m > 1), then
Ugi—1Ug; € My (1 <7 < m) and ugugiyg € E(P2) (1 < i < m —1). Furthermore,
uy, U € (V(P1) — Z) U (V(G) — V(P)). Let P’ be the path ugugi for each
i (1 <i<m~—1),and let Q' be the path uy;_juy; for each ¢ (1 <i < m). Note that
P’ € Py and E(P) N (Ui B(Q7)) = 0.

We first suppose that {uy, usm JN(V(G)=V(P)) # 0. If {u1, usy } € V(G)=V(P),
then Q; = (P — {P',...,P"1Hu{Q',...,Q™} is an f-star-packing of G with
[V(Q1)] > |V(P)]|, which contradicts the maximality of P. Thus, without loss of
generality, we may assume that u; belongs to an element R of P;. Then Q, =
(P —{R,P,....P" '} ) U{R — uy,Q',...,Q™} is an f-star-packing of G with
[V (Q2)| > |V(P)], which contradicts the maximality of P. Consequently, {uy, ug;,} C
V(P) - Z.

For i € {1,2m}, let R’ be the element of P; containing u;. If R' # R?*™, let
Q3 = (P—{RY R*™ P! ... P HU{R —uy, R? —uy,,, Q',...,Qm}; if Rt = R*™
and |[V(RY)| > 4, let Q3 = (P—{R', P!,..., P" ' HU{ R —{u1, uapn }, Q' ..., Q™}; if
R' = R? and |[V(RY)| = 3,let Q3 = (P—{R', P, ..., P" ') U{vujus, Q?,...,Q™}
where v is the vertex in Z N V(R'). In each case, Q3 is an f-star-packing of G with
|V (Qs)| = |[V(P)| and |E(Qs) N E(M)| > |E(P) N E(M)|, which contradicts (P1)
(note that this argument works even if m =1). O

It follows from Claim 2.1 that [M,| = > o |E(C) N My| + |M, N E(P,)| <
Yo |E(C) N E(Py)| + |My N E(P2)| = |Pa|, where C runs over all components of
H. Furthermore, we have |M;| < |Z| = |P1|. Consequently,

[Pl = [Pil+ [P2] = [Mi] + [Ma] = IM] = d/(G).
As we mentioned before the statement of Theorem 1.1, we have |P| < o/(G). There-

fore, |P| = o/(G).
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