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Abstract

Let I be an additive abelian group and 8 = (V, A) a directed graph,
both of order n. A T" labeling of 8 is a bijection ¢: V' — I'. Given such a
labeling ¢, for each x in V| define w(x) to be the sum of the labels on the
vertices of tails of arcs with head x minus the sum of the labels on the
vertices that are heads of arcs with tail x. If £ is a constant function, then
¢ is said to be a directed I'-distance magic labeling for 8 A graph G
is said to be orientable I'-distance magic if there exists a directed graph

with underlying graph G and a directed I'-distance magic labeling
for GG. It has been conjectured that every 2r-regular graph G of order
n is orientable Z,-distance magic. In this paper we find orientable Z,,-
distance magic labelings of some products of graphs, namely the strong
and lexicographic products. We provide orientable Z,-distance magic
labelings for some classes of regular and non-regular graphs which arise
via these products, and we identify some graphs which are not orientable
Z.,~distance magic.
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1 Introduction

In this paper we study a generalization of distance magic graphs introduced recently
in [2]. Let G be a simple, undirected graph on n vertices, and let f be a bijection
f: V(G) — {1,2,...,n}. For every vertex z € V(G), define the weight of x to be
w(x) = > f(y), where N(x) is the set of vertices adjacent to z. If the weight of
yeN (x

every verteyi i)s equal to the same number k, then £ is called the magic constant, and
we say that f is a distance magic labeling of G. If such a labeling can be found, we
say that G is distance magic. For a survey of distance magic graphs, see [1]. If one
uses group elements as labels, the following generalization of distance magic labeling
is possible.

Let T' be an additive abelian group of order n, and let g be a bijection, ¢ :

V(G) — T'. If there exists p € T" such that w(z) = > g(y) = p, for all vertices
yEN ()

x € V(Q), then we say G is I-distance magic. Clearly if G is distance magic, then

it is also Z,-distance magic, but the converse is not necessarily true.

An analogous labeling in the setting of directed graphs was first introduced in
[2]. Let 8 = (V,A) be a directed graph with underlying graph G. For a vertex
2, let Nt(2) ={yeV:yt e A and N~ (z) = {z eV : 72 € A}. Let indeg(z) =
IN*(z)| and outdeg(z) = |[N~(x)|. Let ¢ be a bijection £: V — T". For all z € V,
define the weight of = by

wiz)= Y ly)— > L),

yENT (x) yEN~ ()

where arithmetic takes place in I'. If £ is a constant function, we say ¢ is a directed
['-distance magic labeling of G'. A graph G is said to be orientable I'-distance magic
if there exists a directed graph G with underlying graph G and a directed I'-distance
magic labeling for G'.

The existence of orientable Z,,-distance magic labelings for complete graphs, com-
plete bipartite graphs (in combination with Theorem 5 from this paper), complete
tripartite graphs, circulant graphs, and some products of graphs is established in [2].
They also showed that some graphs are not orientable Z,-distance magic and made
a conjecture motivating our work.

Theorem 1. [2] Let G have order n = 2 (mod 4) and all vertices of odd degree.
Then G is not orientable Z,-distance magic.

Conjecture 2. [2] If G is a 2r-reqular graph of order n, then G is orientable Z,-
distance magic.

Determining whether an arbitrary graph is orientable Z,-distance magic is not
practical. One strategy for building classes of graphs that are more fruitful to study is
to combine common families of graphs via graph products. The four graph products
used in this paper are recalled in [3]. Each of the Cartesian product GOH, the direct
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product G x H, the strong product GX H, and the lexicographic product Go H, is a
graph with the vertex set V(G) x V(H). Two vertices (g, h) and (¢’, k') are adjacent
in:

e GOH if g = ¢’ and h is adjacent to b’ in H, or h = b’ and g is adjacent to ¢’
in G;

e (G x H if g is adjacent to ¢’ in G and h is adjacent to A’ in H;

e GX H if either g = ¢’ and h is adjacent with A" in H, or h = h' and g is
adjacent with ¢’ in G, or ¢ is adjacent with ¢’ in G and h is adjacent with A’/

in H;

e GGo H if and only if either g is adjacent with ¢’ in G or g = ¢’ and h is adjacent
with A" in H.

It V(G) =490, 91, 9m-1} and V(H) = {ho, h1, ..., h,_1} for some m and n,

respectively, we use the notation (4, j) to denote the vertex (g;, h;) in any of the above
products. We also use (i, j) to refer to both the vertex and the label of the vertex.
Since the labelings considered in this paper are bijections, this should cause no am-
biguity. Observe that of the products defined above, only the lexicographic product
is not necessarily commutative. The lexicographic product Go H is sometimes called
graph composition and denoted G [H]. The notation G x H is also commonly used
to denote the Cartesian product, but we have reserved this notation for the direct
product. The local structure of the product of two cycles motivates our choice of
notation, as seen in Figure 1.

e ><

) Cartesian product ) Direct product
¢) Strong product d) Lexicographic product

Figure 1: Local structure of the product of two cycles

2 Lexicographic product

Our work stems from results in [2] on complete multipartite graphs.
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Theorem 3. [2] The complete graph K, is orientable Z,-distance magic if and only
if nis odd.

Theorem 4. 2] Let G = K, n, and ny + ny = n. If n # 2 (mod 4), then G is
orientable Z,-distance magic.

Combined with Theorem 4, the following theorem characterizes orientable Z,,-
distance magic complete bipartite graphs and more.

Theorem 5. Let ny +ny+---+mn,=n. Ifn=2 (mod 4) and p =1 or p is even,
then Ky, m,.,...n, @S not orientable Z,-distance magic.

.....

Proof. Let G = Ky, pny,..n,- If p =1, then G = K, is an odd regular graph on
n = 2(mod4) vertices, so it is not orientable Z,-distance magic by Theorem 1.
So assume p is even. For the sake of contradiction, suppose n = 2 (mod4) and

G is orientable Z,-distance magic with associated directed graph and directed
Zy-distance magic labeling ¢ : V(G) — Z,. Observe that Z, = Zy X Zy, 2 by the
Fundamental Theorem of Finite Abelian Groups since ged (2, %) = 1. Therefore,
there exists a labeling f: V(G) — Zy X Zy/, and an element (a,b) € Zy X Zy, such
that w(v) = (a,b) for all v € V(G). For all v € V(G), let fa(v) represent the Zs
component of f(v). Therefore

= > hw- D> L= ) k)

yeENT(v) yeEN~(v) yEN(v)

Since f is bijective, there exists an odd number of vertices v € V(G) such that
fa(v) = 1. Since p is even, it follows that there exists an odd number of partite

sets A such that > fo(v) = 1 and an odd number of partite sets B such that
vEA

> fa(v) = 0. But this leads to a contradiction since, for x € A and y € B,

veEDB

w(z) = (0,b) # (1,b) = w(y). O

Corollary 6. Let G = K, », be a complete bipartite graph such that ny 4+ ng = n.
Then G is orientable Z,-distance magic if and only if n # 2 (mod 4).

The next result serves as a cautionary tale for the lexicographic product. Let J,
denote the empty graph on n vertices.

Corollary 7. Let n =ny +ny = 1,3 (mod 4) and k = 2 (mod 4). Then K, n, is
orientable Z,,-distance magic, but K, n, o Ji is not orientable Z,-distance magic.

Proof. The proof is clear since K, n, 0 Jp = Ky, kn, and kny +kng = 2 (mod4). O

To conclude this section, we recall a theorem regarding distance magic labelings
in [4] and prove an analagous theorem in the setting of directed graphs.

Theorem 8. [4] If H is an r-reqular graph, then G = H o Jyy, is distance magic for
any k.
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(a) Directed Z4-distance magic labeling (b) Directed Zja-distance magic labeling of
of a graph H the graph G = H o K3

Figure 2: Tllustration of Theorem 9

Figure 2 illustrates the following theorem. In Figure 2b, each bold arc represents
the edges in a directed K3 3.

Theorem 9. If H is an orientable Z,-distance magic graph of order n, then the
lexicographic product G = H o Ji is orientable Zyy-distance magic except possibly
when k = 2 (mod 4) and H contains a vertexr x such that indeg(x) # outdeg(x)
(mod 2).

Proof. Let ﬁ have directed Z,-distance magic labeling f : V(H) — Z, with magic
constant p. Construct the graph G = H o J; with vertex set V(G) = {(4,)) :
i€ V(H),7=1,2,...,k} by replacing each vertex ¢ of H with k isolated vertices
such that two of the new vertices are adjacent whenever their counterparts in H are
adjacent. We will orient the edges of G later. For all i € V(H), let B; represent the
set of k vertices which have replaced the vertex i. We will now label the vertices in
each set B;. For i = 0,1,...,n — 1, define cosets A; = {i + (n)} C Z,x, where (n)
is the subgroup generated by n. For all ¢ = 0,1,...,n—1,1let £ : A; — B; be an
arbitrary bijection.

Case 1. k odd or indeg(x) # outdeg(z) (mod 2) for all z € V(H).

Orient the edges of G so that for (i, j) € B; and (p, q) € B,, each edge (3, j)(p, q)
has the same orientation as its counterpart ip in H. Let

Si = > l(x)
rEeB,;
g Z a
a€A;
i+n+i)+- 4 (k= 1)n+1)
k[2i+(k—1)n]
2 )

with all arithmetic performed modulo nk. Let x € B; and let N/ (i) = {ay,...,a,}
and N (i) = {b1,...,b,} where p = indeg(i) and ¢ = outdeg(i). If Y% ja; = a



B. FREYBERG AND M. KERANEN / AUSTRALAS. J. COMBIN. 70 (3) (2018), 319-328 324

and Y 7 b; = b, then a — b = p, (with all arithmetic performed in Z,) since H is
orientable Z,-distance magic. Recalling that k is odd or p = ¢ (mod 2), we have

w(z) = i—1Sa; — 1 S,

k[2(a1+- +ap)+p(k 1)n] k[2(b1+--+bg)+q(k—1)n]

2 2
Sa — Sy + WTL/{?
Sa — Sp (mod nk)
k(a — b) (mod nk)
ku (modnk),

which shows ¢ is a directed Z,;-distance magic labeling of G.
Case 2. k=0 (mod 4).

Notice that every vertex in B; can be expressed uniquely as ¢ + tn for some
t € {0,1,...,k — 1}. For every edge ij € E(H), orient the edges in G between

B; and B; as follows. For all a,b € [k], orient the edges between i + an € B; and
j +bn € B; such that, if a = 0,3 (mod 4), then

i+an) = {j+bn:
i+an) = {j+bn:

and, if a = 1,2 (mod 4), then
N (

i+an) = {j+bn:b=1,2 (mod4)},
N (i+an) = {j+bn:b=0,3 (mod4)}.

0,3 (mod 4)},
1,2

b
b=1,2 (mod 4)},

N (
Ne(

Let i 4+ an € B; for some a € [k] and let ij € E(H). Let w;;(i + an) be the weight
of i +an in @ induced by the edge ij € E(H). If a = 0,3 (mod 4), then

wij(i +an) = szg%: ) 4)(]' +bn) — . 22(3 ) 4)(1 + bn)
= [(0n+3n) — (In+2n)] + -~ + [(4n + Tn) — (5n + 6n)]
+ [((k =4)n+ (k= 1)n) = ((k = 3)n+ (k — 2)n)]

= 0.

If a = 1,2 (mod 4), a similar calculation shows w;;(i4+an) = 0 . Therefore, each edge
17 in H induces 0 weight in 8 so the graph G is orientable Z,;-distance magic. [

3 Strong product of cycles

Throughout this section, let m,n > 3. Assume V(C,.) = {90,91,---,9m_1} and
V(C,) = {ho,h1,...,hy_1}. The strong product of two cycles C,, X C,, is an 8-
regular graph on V = {(4,75) : i € {0,1,...,m —1},5 € {0,1,...,n — 1}} which is
the union of the direct product C,, x C,, and the Cartesian product C,,[1C,,. Orient
Cm ®C, so that NT(i,5) = {(i +1,5),(i+ 1,5+ 1),(4,j+1),(i — 1,7 + 1)} and
N=(,j)={(—1,5),(t—1,j—1),(i,5 —1),(¢ + 1,j — 1)} where the arithmetic is
taken modulo m in the first coordinate and modulo n in the second coordinate.
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Theorem 10. Ifged(m,n) = 1,2, or 4, then the strong product C,,XC,, is orientable
Loy -distance magic.

Proof. Assume m < n and let a diagonal of C,,,XC,, be the sequence of lem(m, n) ver-
tices (4,0), (i+1,1),...,(m—1,m—1),(0,m), (1,m+1),...,(i—1,n—1). The number
of diagonals is g = ged(m,n). Fori=0,1,...,g—1let D; = (d(o4),dq), - - -, da-1,))
be the i*" diagonal. Similarly, a back diagonal is the sequence of vertices (i,0), (i —
1,1),...,(0,i), (m—1,i+1),...,(i4+1,n—1) and denote the i™™ by B; = (b(0,i), b1,),
. b(lfl,i))‘

Let H = (g), the subgroup of Z,,, generated by g. Define £: V (C,, X C,,) — Zny,
by labeling the vertices of the diagonal D; with the elements of the coset H + i in
increasing order for ¢ =0,1,...,9g— 1. Writen=km+r for 0 <r <m — 1.

If g =1 or 2 it must be the case that b ;) = d,4) for some h. Counting steps
through the lattice, it is not difficult to see that when g = 1, then h = c(km +1)+1
where ¢ is the unique number such that ¢ € {1,2,...,m — 1} and ¢r = —2 (mod m)
and when g =2, h = @ +1. Therefore the two sequences, (b, b1, - - - bi-1,))
and (d(o,), dn), di2nyi), - - - ) are equal since |B;| = |D;|. Notice that for any vertex
(i,4) = digy on Di, we have N¥(i,j) = {d(ar1,), bier2.), dip1.441); digs1e41)} and
N=(i,7) = {d(a,l,t),b(qt),d(p7t+1),d(q,t+1)} for some numbers ¢, p,q, while ¢ + 1 is
performed modulo g. Therefore

w(lv .]) = (d(aJrl t d(a 1 t ) (d (p+1,t+1) d(p,tJrl))
+ (d(q+1,t+1) d(g,t+1)) + (b(c+2t b))
= 29+g9g+g-+2h
= 29(29+h).

If g = 4, the graph contains exactly four diagonals, so bp;) = d,4) for some

h. Counting steps through the lattice, we obtain h = w + 2. For any vertex

(i7j> = d(a,t) on D, we have N+(iaj) = {d(aJrl,t)ab(c+2,t’)7d(p+1,t+1)7d(61+1,t71)} and
N~=(i,7) = {d(a—l,t)a ey, Aip,t41)s d(q,t—l)} for some numbers t', ¢, p, g, and t + 1 and
t — 1 are performed modulo 4. Observing b ;) — b(c—2,i) = gh, we obtain

w(i,j) = (diat1) — da=1.4)) + (dp+1,441) — dipe41))
+ (digs1,0-1) — digt-1)) + (ber2,e) — bier))

= 29+g+g+gh

= g(d+h).
Since h is independent of ¢ and j in all cases, we have proven the result. O
Theorem 11. Let d = ged(m,n) = 3,5, or 6. If d*t m and d* t n, then C,, K C,, is
orientable Z,,-distance magic.
Proof. Let ged(m,n) = d € {3,5,6}, d* { m, and d* { n. Therefore ged(%,d) =

ged(%,d) = 1 which implies gcd(d ) = ged(Z, d?) = ged(2,d%) = 1 and Zpy,
Zgp X Lm X Zn. Let (i) and r(j) represent the unique elements of Zz congruent to
¢ and j, respectively, modulo d.
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Define £ : V (C,, ®Cy,) — Zge X Zm x Zn by

E(lv.]) = (ada677)7

where 0 < 3 < %, 8 =i (mod
as follows. If d = 3, let a3 =
d =6, let

d

2),0 <y <%, v =j(mod?%), and where oy is defined
3r(i) +r(7). If d =5, let a5 = 5r(j) + r(i — 2j5). If

_f 6r(d) +2r(j), even
YT 6r(i — 1)+ 2r(j) + 1, i&odd

where the arithmetic is performed modulo d2.

To show that ¢ is injective, we have £(i, j) = (g, B,7) = (&, B',) = £(¢, j') if
and only if ay = of; (mod d?) and = ' (mod ) and v = 7/ (mod %). Consequently,
i =i (mod%) and j = j' (mod2). If d = 3, then a3 = a4 (mod 3*) implies r(j) =
7(j') so j = j' (mod 3). Since ged(3, %) = 1 by assumption, we have j = j' (modn),
and hence j = j'. It follows easily that ¢ = i’. Therefore ¢ is injective, and hence

bijective when d = 3. A similar argument can be made to show ¢ is bijective when
d =75 or 6.

Let (i,7) € V(C,,, K C,,). We calculate w(i, j) component-wise. Let
U}(’L,j) = (wla Wa, ’lUg) )

where wy € Zg2, wy € Lz, and ws € L. First we determine w, for each d € {3,5,6}.
Consequently, the arithmetic will be performed in Zg. The full computation is shown
only in the case of d = 3, where

wy = Brii+ D) +r(D]+BrE+1)+ (r(j+1))]
+Br@) + (r(G+ )]+ B(r(i = 1)) + (r(j + 1))]
—[8(r(i = 1)) +r(] = [B(r(i + 1)) + (r(j — 1))]
; —[3r(@) + (r(G =] = Brii+1)+ (r(j —1))]

If d = 5, we obtain w; = 5, and for d = 6, we have w; = 24. Next we calculate
wy € Zm and ws € Z». We have

wy = 26—-1)+i+@+1)—-20i+1)—i—i+1
= -2
and . . . .
wy = j+3(+1)—j-3(G—-1)
= 6.

Hence w(i, j) = (w1, —2,6), proving the theorem. O
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Theorem 12. If mn =2 (mod 4), then C,, X C,, is orientable Z,,-distance magic.

Proof. If mn = 2 (mod4), then 2 divides exactly one of m or n. Without loss of
generality, we may assume 2 | m. By the Fundamental Theorem of Finite Abelian
Groups, we have Zy, = Zy X Zmn. Define £: V (Cn R Cy) — Zsy X Zwn by

o (0,in+j4),i even
m’j)_{ (1, 2—n—|—j) ; odd

Clearly ¢ is a bijection. If ¢ is even we have,

w(i,j) = (1,§'n+j)+(1,2n+3+1)+ 1,4n + j)
+(1,%n+j+1) (1 Z2p g (1 —n—l—j—l)
—(O,%n—I—j—l)—(l n—i—j—l)

= (0,n+6).
If 7 is odd then,

w(i,j) = (0, Z“n+])+(0 Z+1n+j+1)+(1,%ﬂ+j+1)
+ (L5 n+i+1) - (0,5 n+5) — (0.5 n+5—1)
— (L5 n+-1)—(0,%n+;5-1)

= (O,n+6).

Our final theorem is a partial result on what can be said of C,, X C,, if mn =
0 (mod4).
Theorem 13. If m = n = 2 (mod 4), then C,, X C,, is orientable Z,-distance
magic.

Proof. Since &
by

"7 is odd we have Zy,, & Zy X Zmn . Define £: 'V (Cn®C,) — Zy X Lmn

J)s ieven, jeven
7), ieven, 7jodd

CA —f-j:), z:odd, j‘even ’
S+ J), dodd, jodd
Clearly, ¢ is a bijection and we proceed to determine the weights. For all (i,j) €
V(Cr ) Cy), let w(i, j) = (w1, wz) where wy € Zy and wy € Zmn. It is easy to check
that wy = 0. If 7 is even,
w = (334 + (35D (34 (P44 )
) (25T () (- 1)

= 5+6
If 7 is odd,
wr = (S5 0) ¢ (52441 + (554 1)+ (S 45 )
05 4 (5 - 4 (-0 1 (34 1)
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