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ABSTRACT

Williamson type matrices A, B, C, D will be called nice if ABT +CD7T
0, perfect if ABT 4 CDT = ACT + BDT =0, special if ABT + CDT
ACT + BDT = ADT + BCT = 0.

Type 1 (1, -1)-matrices 4, B, C, D of order n will be called tight
Williamson-like matrices if AAT + BBT + CCT + DDT = 4nl, and
ABT + BAT + DT + DCT =0.

Write N = 3% - pi™ ... pi™ where p; = 3(mod 4), p; > 3,5 =1,...,n
and 7,71,...,T, are non-negative integers. In this paper we prove:

(i) if there exist special Williamson type matrices of order n then there
exist two disjoint amicable W(2n,n), whose sum and difference are
(1 -1)-matrices, and four disjoint and amicable W (4n,n), whose sum
is a (1, -1)-matrix;

(ii) there exists an Hadamard matrix of order 4mn, where m is the
order of tight Williamson-like matrices and n is the order of nice
Williamson type matrices.

Definition 1 Williamson type matrices A, B, €, D will be called nice if ABT +
CDT = 0, perfect if ABT + CDT = ACT + BDT = 0, special if ABT + CDT =
ACT + BDT = ADT 4+ BCT =0 (see Definition 4, [2]).

Definition 2 Type 1 (1, -1)-matrices A, B, C, D of order n will be called tight
Williamson-like matrices if AAT + BBT + CCT + DDT = 4nl, and ABT + BAT +
CDT 4+ DCT = 0 (see Definition 5, [2]).

Notation 1 Write N = 3% . pi™ ... p¥" where p; = 3(mod 4), p; > 3,7 =1,...,n
and r,7q,...,7r, are non-negative integers.
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Theorem 1 If there ezist special Williamson type matrices of order n then there
ezist two disjoint amicable W(2n,n), whose sum and difference are (1, -1)-matrices.

Proof. Let Az, Ay, Az, A4 be the Williamson type matrices of order n. Set

P*l A+ A, A3+ Ay
T2 As+ Ay A+ Ay |0

1 [Al—Ag Aa—Aﬂ

T 9| As—As A - A,

Then P and @ are the required two W (2n,n). ]

Remark. W(2n,n), n odd, exist only if n is the sum of two squares (see Corollary

2.11 [1)).

Corollary 1 There ezist two disjoint and amicable W (2N, N), whose sum and dif-
ference are (1,-1)-matrices.

Proof.  From Theorem 5 [3] there exist special Williamson type matrices of order

N. O

Theorem 2 If there ezist special Williamson type matrices of order n then there
ezist four disjoint and amicable W(4n,n), whose sum is a (1, -1)-matriz.

Proof. Set E = 103 ]O)},F: %’)g) ,G:[g g],H:[g g},where

P, Q were given in the proof of Theorem 1. Then E, F, G, H are the required
weighing matrices. O

Corollary 2 There exist four disjoint and amicable W (4N, N), whose sum is a
(1, -1)-matriz.

It is known that:

(1) if there exist nice Williamson type matrices of order m and special Williamson
type matrices of order n then there exist nice Williamson type matrices of order
mn (see Theorem 5 [2]);

(i1) if there exist tight Williamson-like matrices of order m and special Williamson
type matrices of order n then there exist tight Williamson type matrices of
order mn (see Theorem 1 [4]).
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Theorem 3 If there exist tight Williamson-like matrices of order m and nice
Williamson type matrices of order n then there ezists an Hadamard matriz of order
4dmn.

Proof. Let A;, A,, Az, Ay be the tight Williamson-like matrices of order m on a
additive abelian group G = {¢1," -, gm} and By, Ba, Bs, B, be nice Williamson type
matrices of order n. Set

1

C §(A1 + Az) X 31 + ( Ag) X Bz,
1

C 5(141 + Az) X B3 + - (A1 Az) X B4,
1

C —(A3 + A4) X B1 + (Ag - A4) X Bg,

1
= -—(A3 - A4) X B;; + (A3 - A.4) X B4.

We have . . .
1
2“; C;CT = Zi(.zl AjAT) x (Zl B;B]) = 4mnln,.
1= = 7=
Let Ry = (r;;) be the permutation matrix of order m, defined on G by
s 1 ifg,'+_qj:0,
"5 =1 0 otherwise.
Write R = R; x I, and set
Cy C:R  CsR  C4R
'—CzR 01 ~C4R C3R

~CsR CsR G —GiR
—-CiR —CsR G,R G

H =

where

~ 1 1
Cy = 5(141 + Az)T X Bs + §(A1 — Az)T X By,
~ 1 1
Cg = 5(143 + A4)T X Bl + E(Ag - A4)T X .Bz7
~ 1 1
04 = -2-(143 -+ A4)T X Bg -+ -2—(A3 — A4)T X B4.

We see that éiéiT = C,'O;’r, 1= 2, 3,4, and CIC;F = éjé,‘T, C._‘éjT = CjéiT, for 2 :}é ]
Finally, it is easy to check that

HHT = 4mnl,.,.

O
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