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Abstract

In this paper we introduce unit bar k-visibility graphs, which are bar k-
visibility graphs in which every bar has unit length. We show that almost
all families of unit bar k-visibility graphs and unit bar k-visibility graphs
are incomparable under set inclusion. In addition, we establish the largest
complete graph that is a unit bar k-visibility graph. As well, we present a
family of hyperbox visibility graphs that provide edge maximal rectangle
visibility graphs in every possible standard 2-dimensional cross-section.
We end with a list of open questions.

1 Background and Definitions

Classes of visibility graphs have applications in VLSI design and graph layout [6].
Let R be a set of horizontal closed line segments, or bars, in the plane, at distinct
heights. We say that a graph G is a bar visibility graph, and R a bar visibility
representation of G, if there exists a one-to-one correspondence between vertices
of G and bars in R, such that there is an edge between two vertices in G if and
only if there exists an unobstructed vertical line of sight between their corresponding
bars. Formally, two vertices x and y in G are adjacent if and only if, for their
corresponding bars X and Y in R, there exists a vertical line segment �, called a
line of sight, whose endpoints are contained in X and Y , respectively, and which
does not intersect any other bar in S. A bar k-visibility graph is a graph with a
bar visibility representation in which a line of sight between bars X and Y intersects
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at most k additional bars [4]. A unit bar k-visibility graph is a graph which has
a bar k-visibility representation in which every bar has unit length. Bar 0-visibility
graphs are bar visibility graphs. Similarly, unit bar 0-visibility graphs are unit bar
visibility graphs. The characterization of unit bar visibility graphs was begun in [5].
On the other hand, bar k-visibility graphs are interval graphs for large enough values
of k. So bar k-visibility graphs can be thought of as existing between bar visibility
graphs and interval graphs.

A proper interval graph is a graph that has an interval representation in which
no interval is properly contained in another [1]. Analogously, a proper bar k-
visibility graph is a graph that has a bar k-visibility representation in which no
bar contains another bar when considered as intervals. We omit the proof of the
following proposition since it is a straightforward modification of the technique given
in [1].

Proposition 1 A graph is a unit bar k-visibility graph if and only if it is a proper
bar k-visibility graph.

A rectangle visibility graph (RVG) is a graph G whose vertices can be repre-
sented in the plane by a set R of closed disjoint rectangles whose sides are parallel
to the x- and y-axes. Two vertices u and v in G are adjacent if and only if their
corresponding rectangles rv and ru in R have a line of sight between them, parallel to
one of the axes, that intersects no other rectangle in R. The analogy in d dimensions
is a d-box visibility graph in which each vertex is represented by a d-dimensional hy-
perbox whose sides are parallel to the standard axes in R

d; two vertices are adjacent
if and only if there is an unobstructed line of sight between them, parallel to one of
the standard axes. We define d-box visibility graphs formally in Section 4.

There are two different standard definitions of visibility graphs, using lines of
sight and non-degenerate rectangles of sight. In general more edges may be blocked
using rectangles of sight, and thus more graphs can be represented in this way. In
[4, 3] it is shown that there exists a representation of an edge-maximal visibility
graph G using lines of sight if and only if there exists a representation of G using
bands of sight in two dimensions; the proof generalizes to d dimensions as well. That
is, there exists an edge-maximal visibility graph G using lines of sight if and only if
there exists a representation of G using non-degenerate d-dimensional bands of sight.
Our present interest is in edge-maximal graphs, and thus we use lines of sight.

2 Unit Bar k-Visibility Graphs

Let G be a unit bar k-visibility graph and R a set of closed horizontal unit line
segments in the plane that represents G. The location of each bar A in R is uniquely
determined by the x and y coordinates of its left endpoint, which we will denote by
x(A) and y(A), respectively.

Theorem 2 For every k ≥ 0 the graph K3k+3 is a unit bar k-visibility graph, and is
the largest complete unit bar k-visibility graph.
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Proof: Let G be a complete graph with n vertices, and let R be a unit bar k-visibility
representation of G. We show that n ≤ 3k + 3. Suppose that A and B are the two
bars in R that have the smallest and largest y-values, respectively. In other words,
y(A) < y(C) < y(B) for all C other than A and B in R. Without loss of generality
we may assume that bars in R have distinct x-coordinates. Therefore we may also
assume by symmetry that x(A) < x(B).

We partition the remaining bars in R into three types. We say a bar C in R is
type I if x(C) < x(A), type II if x(A) < x(C) < x(B), and type III if x(B) < x(C),
as shown in Figure 1.

A

B

type I
type II

type III

x(A) x(B)

Figure 1: The three types of bars in a unit bar k-visibility representation of Kn.

Suppose there are a type I bars in R, b type II bars, and c type III bars. Then
R has a total of a + b + c + 2 bars. We assume without loss of generality that a ≥ c.
Note that every type I bar must have a vertical line of sight to every type III bar
because R is a representation of a complete graph. Thus any line of sight between A
and B must pass through b type II bars, and either a type I bars or c type III bars.
If b + c > k, then there are no lines of sight between A and B, which contradicts the
fact that G is a complete graph. Therefore b + c ≤ k.

Let D be the type I bar with smallest x-coordinate. Then more than k type I
bars below D block visibility between D and A, and more than k type I bars above
D block visibility between D and B. Therefore a ≤ 2k + 1 and hence R has at most
a + (b + c) + 2 ≤ (2k + 1) + k + 2 = 3k + 3 bars. Therefore K3k+4 is not a unit bar
k-visibility graph.

Conversely, Figure 2 shows a unit bar k-visibility representation of K3k+3.
�

3 Incomparability of Bar Visibility Graph Families

Let Bk be the set of all bar k-visibility graphs, and let Uk be the set of all unit
bar k-visibility graphs. Hartke, Vandenbussche, and Wenger proved that Bi �⊆ Bk

if i �= k [7]. Since every unit bar k-visibility representation is also a bar k-visibility
representation, it follows that Uk ⊆ Bk for all k ≥ 0. In this section we prove
additionally that Ui �⊆ Uk if i �= k, Ui �⊆ Bk if i �= k, and Bi �⊆ Uk for all i, k ≥ 0.

Theorem 3 The sets Ui and Uk are incomparable under set inclusion for i �= k.
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Figure 2: A unit bar k-visibility representation of K3k+3.

Proof: By Theorem 2, K3k+3 is a unit bar k-visibility graph and not a unit bar
i-visibility graph for k > i, and hence Uk �⊆ Ui for k > i.

Conversely, the proof of Theorem 4 below shows that the graph Kk ∨ C5 is a
unit bar i-visibility graph and not a unit bar k-visibility graph for k > i, and hence
Ui �⊆ Uk for k > i. �

In the following, G1∨G2 is the standard join of G1 and G2,obtained from the disjoint
union of G1 and G2 by adding the edges {uv |u ∈ V (G1), v ∈ V (G2)}.
Theorem 4 The sets Bi and Uk are incomparable under set inclusion for i �= k.

Proof: In [7], Hartke, Vandenbusshe, and Wenger showed that the graph Kk ∨ C5

is not a bar k-visibility graph, but is a bar i-visibility graph for i < k. So Kk ∨ C5

is also not a unit bar k-visibility graph. On the other hand, the bar k-visibility
representation of Kk ∨ C5 given in [7] is easily modified to obtain a unit bar k-
visibility representation of Kk ∨ C5. Hence Ui,Bi �⊆ Uk,Bk for i < k.

The graph K4 is a bar 0-visibility graph and not a unit bar 0-visibility graph [5],
so B0 �⊆ U0. Finally, the claw K1,3 is a bar k-visibility graph for all k ≥ 0, since
Figure 3 shows a bar k-visibility representation of K1,3 that is valid for any k ≥ 0.
On the other hand, one can easily check all arrangements of four unit-length bars to
verify that none are a bar k-visibility representation of K1,3 for any k ≥ 1, so K1,3 is
not a unit bar k-visibility graph for any k ≥ 1. So Bk �⊆ Ui for any k, i ≥ 1. �

Figure 3: A non-unit bar k-visibility representation of K1,3.

In summary, Uk ⊆ Bk, but all other pairs of families of unit or general bar k-
visibility graphs, even for different values of k, are incomparable under set inclusion.
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4 A Family of d-Box Visibility Graphs

A d-box in R
d is a set of the form {(x1, x2, . . . , xd) | a1 ≤ x1 ≤ b1, a2 ≤ x2 ≤

b2, . . . , ak ≤ xd ≤ bd} for some constants ai, bi, 1 ≤ i ≤ k. Given a set of d-boxes R
in R

d and two d-boxes X and Y in R, a line of sight between X and Y is a line
segment parallel to one of the coordinate axes in R

d, with one endpoint contained in
X, one endpoint contained in Y , and no other points contained in any box in R. A
graph G is a d-box visibility graph if there exists a set of d-boxes R in R

d and a
one-to-one correspondence between vertices in G and d-boxes in R, such that there
is an edge between two vertices in G if and only if there exists a line of sight between
their corresponding boxes. A 2-box visibility graph is an RVG [8].

In this section we construct a family of d-box visibility representations inspired
by the particularly elegant representation of K8 as an RVG given in Figure 4. In our
construction, each cross-section by an axis-aligned 2-dimensional plane that passes
through the origin induces a representation with layers of four rectangles, each con-
secutive pair of which are equivalent to the eight rectangles in Figure 4, in the sense
that their x- and y-coordinates occur in the same increasing order.

Our intention is to maximize the number of edges in certain 2-dimensional cross-
sections of our particular representations of d-box visibility graphs and thus we as-
sume without loss of generality that the boxes are pairwise disjoint. In other treat-
ments of this subject, objects that represent vertices are allowed to intersect along a
boundary for the purpose of representing a specific graph or specific family of graphs.

Figure 4: An elegant representation of K8 as a rectangle visibility graph.

We show below that our construction yields a d-box visibility graph with n vertices
and at least d(3n − 4d − 2) edges. For ease in computation we restrict n to n ≡ 0
(mod 2d), so in particular we choose n to be even. A d-box visibility graph with
d(3n − 4d − 2) edges is not edge-maximal when d = 3 for large enough n. In
particular, by a construction given by Bose et al [2] of a representation of K22 by a
set of closed disjoint parallel rectangles in R

3, one can construct a 3-box visibility
graph with n = 22r vertices and 231r edges by using r isolated copies of K22.
When d = 3 and n = 22r, the number of edges of the graph in our construction is
3(3(22r) − 12 − 2) = 198r − 42.
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We construct the representation with n boxes

R = {B0, . . . , Bn
2
−1} ∪ {B0, . . . , B n

2
−1}.

For each box X ∈ R, we give the d-tuple C(X) of coordinates of its center and the d-
tuple L(X) of the lengths of its sides. Let 0 ≤ i ≤ n/2−1. By the division algorithm,
there exist unique integers qi and ri such that i = qid + ri with 0 ≤ ri < d − 1. Box
Bi will be in position ri in layer qi of the representation, and box Bi will be in the
same layer in the opposite position, as in Figure 6.

We place the centers of boxes B0, . . ., Bn/2−1 as follows. For 0 ≤ i ≤ n/2 − 1 let
C(Bi) and C(Bi) denote the (d-dimensional) centers of boxes Bi and Bi, respectively,
and let X|m denote the mth coordinate of vector X. Because of the notation used
to parameterize a box by way of the division algorithm, it will be convenient to call
the first coordinate of a vector the 0th coordinate. Then define C(Bi) = ai + pi + si

and C(Bi) = −ai − pi + si, where for i = 0, . . . , n/2 − 1 and m = 0, . . . , d − 1, ai,
pi, and si are the d-dimensional vectors with

ai|m =

{
2(d − 1)(4qi + 3) if m = ri

0 otherwise,
(1)

pi|m =

⎧⎪⎨
⎪⎩

2ri − 2m − 2d if m < ri

0 if m = ri

2m − 2ri if m > ri,

(2)

and
si|m = qi(4d − 5) for m = 0, 1, . . . , d − 1. (3)

Similarly, let L(Bi) and L(Bi) denote the side lengths of boxes Bi and Bi, respec-
tively, and define L(Bi) and L(Bi) to be the d-dimensional vectors with

L(Bi)|m = L(Bi)|m =

{
4(d − 1) if m = ri

8(d − 1)(2qi + 1) otherwise.
(4)

We say that two sets of rectangles R1 and R2 are equivalent if there is a one-
to-one correspondence between rectangles in R1 and rectangles in R2 such that the
x- and y-coordinates of the corners of the rectangles occur in the same order. Note
that if two graphs have equivalent rectangle visibility representations, they must be
isomorphic graphs.

In what follows, let x and y be any two axes in d-space with 0 ≤ x, y ≤ d−1, and
call the intersections of the boxes Bi and Bi with the xy-plane Si and Si, respectively.
Let R′ be the set of rectangles obtained by intersecting the xy-plane with R, and let
G′ be the rectangle visibility graph with rectangle visibility representation R′. Let
R′(q, q + 1) be the set of rectangles of R′ with qi = q or qi = q + 1, for some integer
q between 0 and n/2d − 1.

Lemma 5 The set of rectangles R′(q, q + 1) is equivalent to the representation in
Figure 4.
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Proof: First we claim that Bi or Bi intersects the xy-plane if and only if ri = x or
ri = y. To see this, observe that Bi intersects the xy-plane if and only if |C(Bi)m| <
L(Bi)m/2 for every coordinate m �= x, y. But |C(Bi)ri

| = 2(d− 1)(4qi + 3) + qi(4d−
5) > 2(d − 1) = L(Bi)ri

/2, and thus Bi intersects the xy-plane only if ri = x or
ri = y. Since |C(Bi)m| < 4(d − 1)(2qi + 1) = L(Bi)m/2 for m �= ri, the claim is true
for Bi. A similar argument establishes the claim for Bi.

There are eight rectangles in R′(q, q + 1), and since each rectangle has two
distinct corner x-coordinates and two distinct corner y-coordinates, these rectan-
gles have a total of 16 potentially distinct x-coordinates and 16 potentially dis-
tinct y-coordinates. Specifically, if rectangle Si has ri = x then Si has center
(2(d − 1)(4qi + 3) + qi(4d − 5), 2(y − x) + qi(4d − 5)) and side lengths 4(d − 1) and
8(d− 1)(2qi + 1); if rectangle Si has ri = x then Si has center −(2(d− 1)(4qi + 3) +
qi(4d−5),−2(y−x)+qi(4d−5)) and side lengths 4(d−1) and 8(d−1)(2qi+1); if rectan-
gle Si has ri = y then Si has center (2(y−x−d)+qi(4d−5), 2(d−1)(4qi+3)+qi(4d−5))
and side lengths 8(d− 1)(2qi + 1) and 4(d− 1); if rectangle Si has ri = y then Si has
center (−2(y − x − d) + qi(4d − 5),−2(d − 1)(4qi + 3) + qi(4d− 5)) and side lengths
8(d − 1)(2qi + 1) and 4(d − 1).

Figure 5 shows the order in which these corners should occur. In this figure,
rectangle Si with qi = q and ri = x is denoted by (q, x), and rectangle Si with qi = q
and ri = x is denoted by (q,−x).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

(q,x)

(q,y)

(q,-x)

(q,-y)

(q+1,-y)

(q+1,-x)

(q+1,x)

(q+1,y)

Figure 5: The ordering of the x- and y-coordinates of two layers of R′.

We verify that these x- and y-coordinates occur in the desired order in the follow-
ing table. The coordinates in the table are listed in the same order that they appear
in Figure 5. Note that 0 ≤ x < y ≤ d − 1, so 1 ≤ y − x ≤ d − 1. Each expression
can be seen to be less than the one below it.

�
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x-coordinates y-coordinates
1. −4dqi − 12d + 3qi + 11 −4qid − 12d + 3qi + 11
2. −4dqi − 10d + 2(y − x) + 3qi + 7 −4qid − 8d − 2(y − x) + 3qi + 7
3. −4dqi − 8d + 3qi + 7 −4qid − 8d + 3qi + 7
4. −4dqi − 8d + 3qi + 8 −4qid − 8d + 3qi + 8
5. −4dqi − 6d − 2(y − x) + 3qi + 7 −4qid − 8d + 2(y − x) + 3qi + 7
6. −4dqi − 6d + 2(y − x) + 3qi + 4 −4qid − 4d − 2(y − x) + 3qi + 4
7. −4dqi − 4d + 3qi + 4 −4qid − 4d + 3qi + 4
8. −4dqi − 2d − 2(y − x) + 3qi + 4 −4qid − 4d + 2(y − x) + 3qi + 4
9. 12dqi + 2(y − x) + 2d − 13qi − 4 12qid + 4d − 2(y − x) − 13qi − 4
10. 12dqi + 4d − 13qi − 4 12qid + 4d − 13qi − 4
11. 12dqi + 6d − 2(y − x) − 13qi − 4 12qid + 4d + 2(y − x) − 13qi − 4
12. 12dqi + 8d − 13qi − 8 12qid + 8d − 13qi − 8
13. 12dqi + 2(y − x) + 14d − 13qi − 17 12qid + 16d − 2(y − x) − 13qi − 17
14. 12dqi + 16d − 13qi − 17 12qid + 16d − 13qi − 17
15. 12dqi + 18d − 2(y − x) − 13qi − 17 12qid + 16d + 2(y − x) − 13qi − 17
16. 12dqi + 20d − 13qi − 21 12qid + 20d − 13qi − 21

Theorem 6 The set R is a valid d-box visibility representation, and the graph G
with d-box visibility representation R has at least d(3n − 4d − 2) edges.

Proof: First we show that any pair of distinct boxes X and Y in R are disjoint.
Suppose X has ri = x and Y has ri = y. Then the xy-plane intersects both X and
Y by the proof of Lemma 5. Call the intersections of X and Y with the xy-plane S1

and S2. By Lemma 5, S1 and S2 are disjoint. Then since X and Y are axis-aligned,
X and Y are also disjoint.

Next we count the vertices and edges in G′. Since R has 2d rectangles in each
layer and R′ has 4 rectangles in each layer, R′ has 2n/d total rectangles and G′ has
2n/d vertices. Note that since we chose n ≡ 0 (mod 2d), this is an integer. To count
the edges in G′, by Lemma 5, any rectangle Si or Si sees every rectangle in its own
layer, the previous layer, and the next layer. So each rectangle sees 11 others, for
a total of 11/2(2n/d) edges in G′. In addition, there are two extra visibilities in R′

between each layer l and layer l + 2, for a total of n/d additional edges. But we
overcount on the first two and last two layers: the first and last layers have 9 fewer
edges and the second and second-to-last layers have 1 fewer edges. So G′ has a total
of 11/2(2n/d) + n/d − 20 = 12n/d − 20 edges.

Finally we show that G has at least d(3n − 4d − 2) total edges. Each subgraph
G′ has 12n/d − 20 edges, and there are

(
d
2

)
= d2/2 − d/2 such subgraphs, one for

each pair of axes. On the other hand, edges between boxes with the same value
of ri are counted once for each G′ they appear in. Consider the subgraph Gri

of
any of the rectangle visibility graphs G′ formed from rectangles with a fixed value
of ri. By a similar argument as the one which counted the edges of G′, Gri

has
5/2(n/d) + 1/2(n/d) − 6 = 3n/d − 6 edges. There are d such subgraphs, one for
each value of ri. Each edge in Gri

is counted d− 1 times over all the graphs G′, one
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for each other axis the ri-axis is paired with, and should be counted only once, so is
overcounted d − 2 times. So the total number of edges in G is (12n/d − 20)(d2/2 −
d/2) − (3n/d − 6)d(d − 2) = d(3n − 3d − 4). �

In [8] the authors show that an RVG on n vertices has at most 6n− 20 edges; we
note that our construction for d = 2 gives an alternative layout of an edge-maximal
rectangle visibility graph.

4.1 Two Examples of d-Box Visibility Graphs

An example of a 2-box visibility graph is shown in rightmost picture in Figure 6;
the first two pictures demonstrate the use of ai and pi. The rightmost picture in
Figure 6 is also a representation of an edge-maximal rectangle (or 2-box) visibility
graph with 12 vertices; for ease in viewing, the boxes are labeled by i and i rather
than Bi and Bi respectively. The black dot in the center of each frame is located
at the origin (0,0) as a point of reference. The table following Figure 6 gives the
evolution of the coordinates of the midpoints as well as the dimensions of each box.
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0 2 4

1

3

5

024

1

3

5

0 2 4

1

3

5

024

1

3

5

0
2

4

1
3
5

0
2

4

Figure 6: The construction in two dimensions. The centers of the boxes in the first two
figures are coordinatized by ±ai and ±(ai + pi). The centers of the boxes on the right are
C(Bi) = ai + pi + si and C(Bi) = −ai − pi + si.

A representation R for d = 3 and n = 18 is shown on the right in Figure 7. In
the first three pictures in Figure 7, several boxes of R are removed in order to expose
boxes that would otherwise be hidden from view.
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Box Midpt.: ai Midpt.: ai + pi Midpt.: ai + pi + si Dimensions
0 (6,0) (6,2) (6,2) 4 × 8
1 (0,6) (-2,6) (-2,6) 8 × 4
2 (14,0) (14,2) (17,5) 4 × 24
3 (0,14) (-2,14) (1,17) 24 × 4
4 (22,0) (22,2) (28,8) 4 × 40
5 (0,22) (-2,22) (4,28) 40 × 4

Box Midpt.: −ai Midpt.: −ai − pi Midpt.: −ai − pi + si Dimensions
0 (-6,0) (-6,-2) (-6,-2) 4 × 8
1 (0,-6) (2,-6) (2,-6) 8 × 4
2 (-14,0) (-14,-2) (-11,1) 4 × 24
3 (0,-14) (2,-14) (5,-11) 24 × 4
4 (-22,0) (-22,-2) (-16,4) 4 × 40
5 (0,-22) (2,-22) (8,-16) 40 × 4

Figure 7: An example of a 3-box visibility graph with 18 vertices and 120 edges.

5 Open Questions

There are several interesting questions that follow naturally from this work. What
is the largest number of edges in a d-box visibility graph? What is the largest
complete d-box visibility graph? For d = 3 Bose et al [2] show that the answer lies
between 22 and 56. Further, we can amalgamate both bar k-visibility and d-box
visibility graphs to d-box k-visibility graphs, and ask for the largest complete graph
and the largest number of edges of such graphs. It would also be interesting to
investigate other standard graph parameters, such as the chromatic number of unit
bar k-visibility graphs, d-box visibility graphs, and d-box k-visibility graphs. For
example, the thickness of the 2-box visibility graph in Figure 6 is 2, and thus the
chromatic number is at most 12.



MORE DIRECTIONS IN VISIBILITY GRAPHS 65

Acknowledgement

The authors are grateful to the referees for their careful reading of the manuscript
and many helpful suggestions.

References

[1] Kenneth P. Bogart and Douglas B. West, A short proof that ‘proper=unit’,
Discrete Math. 201 (1999), 21–23.

[2] Prosenjit Bose, Hazel Everett, Sándor P. Fekete, Michael E. Houle, Anna Lu-
biw, Henk Meijer, Kathleen Romanik, Günter Rote, Thomas C. Shermer, Sue
Whitesides and Christian Zelle, A visibility representation for graphs in three
dimensions, J. Graph Algorithms Appl. 2 (no. 3) (1998), 16 pp. (electronic).

[3] Alice Dean, Will Evans, Ellen Gethner, Joshua D. Laison, Mohammad Ali Safari
and William T. Trotter, Bar k-visibilty graphs: Bounds on the number of edges,
chromatic number, and thickness, In Patrick Healy and Nikola S. Nikolov, eds.,
Lec. Notes in Comp. Sci. 3843: Graph Drawing 2005, 2006, Springer-Verlag,
Berlin, 73–82.

[4] Alice M. Dean, William Evans, Ellen Gethner, Joshua D. Laison, Mohammad Ali
Safari and William T. Trotter, Bar k-visibility graphs, J. Graph Algorithms Appl.
11(1) (2007),45–59 (electronic).

[5] Alice M. Dean, Ellen Gethner and Joan P. Hutchinson, Unit bar-visibility layouts
of triangulated polygons: Extended abstract, In J. Pach, ed., Lec. Notes in Comp.
Sci. 3383: Graph Drawing 2004, 2005, Springer-Verlag, Berlin, 111–121.

[6] Giuseppe Di Battista, Peter Eades, Roberto Tamassia, and Ioannis G. Tollis,
Graph Drawing: Algorithms for the visualization of graphs, Prentice Hall Inc.,
Upper Saddle River, NJ, 1999.

[7] Stephen G. Hartke, Jennifer Vandenbussche and Paul Wenger, Further results
on bar k-visibility graphs, SIAM J. Discrete Math. 21(2) (2007), 523–531 (elec-
tronic).

[8] Joan P. Hutchinson, Thomas Shermer and Andrew Vince, On representations of
some thickness-two graphs, Computational Geometry 13 (1999), 161–171.

(Received 13 Apr 2010; revised 30 Jan 2011)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


