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Abstract

In this paper we generalize parameters of independence and domination
for graphs. The behavior of parameters for independence and domination
by monochromatic paths is studied when an edge or a vertex is deleted.
Then we give main results concerning u-feasible sequences and interpo-
lation.

1 Introduction

Let G be a finite graph where V(G) is the set of vertices and E(G) is the set of
edges of G. By a path from a vertex z; to a vertex x,, n > 2, we mean a sequence
of vertices x1,...,, and edges z;z;41 € E(G), fori =1,...,n — 1 and we denote
it by z1...2,. If Gy and G, are two graphs then their union, denoted by G U G,
has V(G U Gy) = V(G1) UV(Gs) and E(Gy U Ge) = E(G1) U E(Gs). The join
G1 + G5 of graphs G and G is defined as the disjoint union of G; and Gy with
additional edges linking each vertex of (G; with each vertex of G5. Let G be a graph
on V(G) ={z1,...,2z,}, n > 1, and let H = (H,);er where Z = {i;z; € V(G)} is a
sequence of vertex disjoint graphs on V(H;) = {yi,..., v} }, pz > 1. The corona of

G and H is the graph G o H such that V(GOH)* ()UUV( ;) and
E(GoH)= UUE UU{L‘Zyt,tZI...,pi}.

A graph G is said to be edge-m- coloured if its edges are coloured with m colours. A
path is called monochromatic if all its edges are coloured alike. A subset S C V(G) is
independent by monochromatic paths of the edge-coloured graph G if for any two dif-
ferent vertices x,y € S there does not exist a monochromatic path between them. In
addition a subset containing only one vertex and the empty set also are independent
by monochromatic paths sets of G. For convenience we will write imp-set of GG in-
stead of independent by monochromatic paths set of G. For a proper edge-colouring
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of the graph G an imp-set of G is an independent set of G in the classical sense. The
lower and upper independence by monochromatic paths numbers 4,,,(G) and a,,,(G)
of G are respectively the minimum and maximum cardinalities of maximal imp-set
of vertices of G. A subset @ C V(G) is dominating by monochromatic paths of the
edge-coloured graph G if for each z € (V(G)\ Q) there exists a monochromatic path
from x ...y, for some y € (). We will write a dmp-set of G instead of a dominating by
monochromatic paths set of G. For a proper edge colouring of the graph G dmp-set
of G is a dominating set of G in the classical sense. The lower and upper domination
by monochromatic paths numbers 7,,,(G) and I',,,,,(G) of G are respectively the min-
imum and maximum cardinalities of minimal dmp-set of vertices of G. Parameters
Ymp(G) and a,,,(G) will be called as the domination by monochromatic paths and
independence by monochromatic paths numbers, respectively.

The concept of independence by monochromatic paths and domination by mono-
chromatic paths generalizes independence and domination in the classical sense and
was studied for instance in [1], [2], [6], [7].

In this paper we present general properties of imp-sets and dmp-sets in graphs.
Next we study the behavior of parameters ®,,(G), tmp(G), Ymp(G) and T, (G)
when an edge or a vertex are deleted. We give the characterization of u-feasible
sequences for the parameter p being monochromatic parameters of independence
and domination. We also studied interpolation properties for these parameters.

2 General properties of imp-sets and dmp-sets in edge-col-
oured graphs

Theorem 1 For an arbitrary edge-coloured graph G and a subset S C V(G) the
following conditions are equivalent:

(1) S is a mazimal imp-set of G
(2) S is an imp-set of G and a dmp-set of G

(8) S is both a mazimal imp-set and a minimal dmp-set of G.

PRrROOF: Let S be a maximal imp-set of G. We shall show that S is a dmp-set of G.
Assume on contrary that S is not a dmp-set of G. This means that there exists a
vertex ¢ € (V(G)\S) such that for every y € S there does not exist a monochromatic
path from z...y in G. Hence S U {z} is an imp-set of G, a contradiction with
maximality of the set .S.

Let now S be an imp-set and a dmp-set of G. Then S is a maximal imp-set of G, for
otherwise S would not be a dmp-set of G. We will prove that S is a minimal dmp-set
of G. Assume on contrary that S is not a minimal dmp-set of G. Hence there exists
x € S such that S" = S\ {z} is a dmp-set of G. So there is a monochromatic path
from z to S, a contradiction that S is an imp-set of G. Thus S is a minimal dmp-set

of G.

This suffices to complete the proof of the theorem. O
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The next result is an immediate consequence of Theorem 1.
Corollary 1 For an arbitrary edge-coloured graph G we have 7, (G) < 4y (G).

Theorem 2 For any verter x of an edge-coloured graph G
(1) ’Ymp(G) -1< ’YmP(G — )
(2) amp(G) = 1 < (G — )
(8) timp(G) — 1 < ip(G — ).

Proor: (1). If ) is a minimum dmp-set of G — z, then ~,,,(G —z) = |Q)|. Moreover
the set @ U {z} dominates by monochromatic paths G and therefore 7,,,(G) <

|Q U {z}| = ymp(G — z) + 1.

(2). Let S be a maximum imp-set of G. Then |S| = a,,,(G). We distinguish two
possible casses:

(2.1). = & S.

Then it is clear that a,,,(G — x) > |S| = ump(G) hence @, (G — ) > m,(G) — 1.
(22). z €S

In this case S\ {z} is an imp-set of G — z and this implies that @,,,(G — z) >
IS\ {z}] = amp(G) = 1.

So, from the above possibilities we obtain that a,,,(G — x) > ay,,(G) — 1.

(3). Let S be a minimum maximal imp-set of G — . If there does not exist in G
a monochromatic path ...y, for all y € S then S U {z} is a maximal imp-set of
G and consequently 4,,,(G) < |SU{z}| = iyp(G — ) + 1. If there is y € S and a
monochromatic path between ...y in G then the set S is a maximal imp-set of G,
50 Uyp(G) < typ(G — &) < iy (G — ) + 1. Hence the above possibilities give that
tmp(G) < (G — ) + 1.

This completes the proof. O

Theorem 3 For every edge-coloured graph G and every edge e of G
(1) Yp(G) < Yinp(G =€) < Yp(G) + 1
(2) () < QnplG = €) < () + 1

PROOF: (1). Let e = xy be an arbitrary edge of the edge-coloured graph G. Assume
that @ is a minimum dmp-set of G — e. Then @ is a dmp-set of G and 7,,,(G) <
|Q] = Yimp(G — €). If @ is a minimum dmp-set of G then at least one of the sets @,
QU{z}, QU{y} is a dmp-set in G — e and hence Y, (G —€) < |Q+1 = Ymp(G) + 1.
(2). Since every imp-set of G is an imp-set of G — €, 30 Qp(G) < (G —€). To
prove the inequality a,,(G —€) < a4, (G) + 1 assume that S is a maximum imp-set
of G—e. If S is also an imp-set of G then a,,,(G —¢€) = |S| < p(G) < a4 (G)+ 1.
Hence assume that S is not an imp-set of G. This means that there are vertices
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u,v € S such that there is no a monochromatic path «...v in G — e whereas there is
a monochromatic path ... v in G. Evidently this monochromatic path contains the
edge e = zy. Let H be a maximal monochromatic subgraph of the graph G containing
the edge e. Evidently u,v € V(H). Moreover in the graph G — e we have z ¢ S for
every vertex z € (V(H) \ {u, v}), otherwise there exists a monochromatic path from
z to S, a contradiction the fact that S is an imp-set of G — e. The definition of an
imp-set implies that exactly one vertex from monochromatic subgraph can belong to
an imp-set of G. Because SNV (H) = {u, v}, so it is obvious that S\ {u} and S\ {v}
are imp-sets of G. Therefore a,,(G) > |S\ {u}| = |5\ {v}] = amp(G —¢) — 1.

This completes the proof. |

3 Independence and domination feasible sequences

Let p be an integer-valued graphical invariant. A sequence (ag, a1, . .., a,) of positive
integers is a p-feasible sequence if there exists a graph G with distinguished vertices
x1,%a,..., %, such that u(G) = ag and pu(G — 2y — 29 — ... — ;) = a;, for i =
1,2,...,n. Hence u-feasible sequences describe the possible behaviors of the invariant
L in successive vertex-deleted subgraphs. In [4], [5], p-feasible sequences were studied
for p being the lower (upper) independence number ¢ («) and the lower domination
number 7.

The following is immediate from Theorem 2.

Theorem 4 Let p1 = (ag, ay,. .. ,a,) be a sequence of positive integers. If
(1) pis an auy,-feasible sequence

(2) i is a Yumy-feasible sequence

(8) i is an iyy-feasible sequence

then a; > a;—y —1 forj=1,...,n.

Theorem 5 Let = (ag, a1, ...,a,) be a sequence of positive integers. If aj_; >
a; > aj_1—1 for j =1,...,n then p is an qu,y-feasible sequence and p is a I'pp-
feasible sequence.

PROOF: Assume that p = (ag,a,...,a,) is a sequence of positive integers with
a1 > a; > aj_1 — 1, for j = 1,2,...,n. We shall show that there exists an
edge-coloured graph G with distinguished vertices z1, ..., z, such that a,,,(G) =
Lp(G) = ap and @y (G — 21 — ... —x) = Tpp(G — 2y — ... — ) = a; for

i = 1,...,n. To prove it we apply the construction of the graph G from [4] for
edge-coloured graph. Let K1 be an edge-coloured complete graph with the vertex
set {v1,...,vnp1} and Gg, is a graph with V(Go) = {y1,...,vs} and E(Gy) = 0.
We define the edge-coloured graph G as the join G = K11 + G,,, where every two
added edges between V(K1) and V(G,,) have different colours which are not used
for colouring of the graph K, ;. The definition of the graph K,;; + G,, imply that
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App(Kn1+Gop) = i (Kny1+Goy) = ao. In the graph K,,41+G,, we choose vertices
. . v it gy =ai and ag—a; =k
Z1,...,%T, in the following way x; = ye if ai—a;y—1 and ap—a; =k,
fori =1,...,n. It is clear that if a; = ap — k for some nonnegative k, then the graph
(Kny1+Gay) — 21— ... —x; is obtained from K1+ G,, by the removal of k vertices
belonging to the subgraph G,, and i — k vertices belonging to the subgraph K, ;.
Hence (K414 Gap) — 21 —. .. —x; is isomorphic to Kyp1—(i—k) + Geo—r and it is clear
that ,((Knp1+Gay)—T1—. .. —2;) = Dy (Knp1 +Gop) —21—. .. —20) = agp—k = a;.
Consequently f is an a,,,-feasible sequence and p is a I'y,-feasible sequence.

Thus the theorem is proved. O

Theorem 6 Let = (ag, a1, .. .,a,) be a sequence of positive integers with ag = n.
Ifa; > a;_y forj=1,...,n then p is an qu,y-feasible sequence and p is a I'y,p-feasible
sequence.

PROOF: Assume that u = (ag, a1, ..., a,) is a sequence of positive integers with ag =
n and a; > a;—1 for j =1,...,n. We shall prove that there exists an edge-coloured
graph G with distinguished vertices 1, . .., z,, such that a,,,(G) =T'p(G) = ap =n
and (G —21—...—z;) =10y (G—21—...—2;) = q;, fori=1,...,n. Let K, be
an edge-coloured graph with the vertex set V(K,,) = {vy,...,v,} and H be a family
of graphs H,, ..., H, with V(H;) = {yi,... ,yz’;i}7 and F(H;) =0, fori =1,...,n,
where numbers p; are defined as follows: p; = a; —(n—1) and p; = a; — a;_1 + 1 for
t=2,...,n. From the assumption it is obvious that p; > 1 for every i =1,...,n. We
define the graph G as the corona K, o H, where for every i = 1,...,n all edges z;y!,
t=1,...,p; are coloured alike by a colour not used in the colouring of the graph K.
Firstly we shall show that ay,,, (K, 0H) = n. Evidently the definition of K0 implies
that at most one vertex from each H;, 7 = 1,...,n can belong to the imp-set of K,,0H.

n

Hence the maximum imp-set S of K, o H has the form S = | S; where S; is a 1-
i=1

element set of V(H;) containing an arbitrary vertex from H;. This immediately gives

that au, (K, o H) = n. Similarly I',,,(K, o H) = n. In the graph K,, o H we choose
vertices 1, ..., x, as x; = v;, fori = 1,... n. It isclear that (K,oH)—z1—...—x; isa

disconnected graph isomorphic to the union of (K, _;o(H\ CJ Hy)U CJ H,. Therefore
p=1 p=1

amp((KnoH)fxlf- . .71‘1') = Fmp((KnoH)fxl - -71’2') =pi1+p2+.. -erﬂrn*i-
Because p; = a; — (n — 1) and p; = a; — a;_; + 1 then by simple calculations we
obtain that a,,((K,oH) —z1—...—x;) = [ (KpoH) —a1 — ... — ;) = a;. Thus

 is an auy,-feasible sequence and p is a I'y,-feasible sequence, which completes the
proof. |
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4 Interpolation properties of independence and domination
parameters

For a connected graph G let 7 (G) be the set of all spanning trees of G. An integer -
valued graph function 7 is interpolate over a connected graph G if the set 7(7 (G)) =
{n(T);T € T(G)} listed in increasing order is a set of consecutive integers. A
function 7 interpolates over a family F of graphs if = interpolates over each graph of
the family F. Finally we say that 7 is an interpolating function if 7 interpolates over
each connected graph. In [3] a sufficient condition was given for an integer-valued
graph function to be an interpolating function.

Theorem 7 [3] An integer-valued graph function m is an interpolating function if
one of the following conditions is satisfied.

(1) For every graph G and every edge e of G we have 7(G) < n(G —e) < 7(G) +
(2) For every graph G and every edge e of G we have n(G) —1 < 7(G — e)

The following results are obvious using Theorem 3 and Theorem 7

Theorem 8 The monochromatic domination number v, is an interpolating func-
tion.

Theorem 9 The monochromatic independence number oy, s an interpolating func-
tion.

The monochromatic lower independence number 4,,, is not an interpolating function.
This follows by simple counter example shown on Fig.1., in which the edge-coloured
graph G has only three nonisomorphic spanning trees Ty, T5, T3 such 4,,,(77) = 2 and
Unp(T2) = typ(T3) = 4.

G T
2 1 ; 21 j
3 3 3 / 3 3 3 1
I 2 1 1
Tmp(T1) = 2
T T3
1 2
) 3 3 f ) 3 3 /
2 1 2 1
Zmp(Tg) =4 Zmp(Tg) =4
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