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Abstract

On the basis of the joint tree model introduced by Liu in 2003, the genus
distributions of the orientable embeddings for further types of graphs
can be obtained. These are apparently not easily obtained using overlap
matrices, the formula of Jackson, etc. In this paper, however, by classi-
fying the associated surfaces, we calculate the genus distributions of the
orientable embeddings for two new types of graphs, namely, generalized
necklaces and circulant necklaces. These are different from the graphs
whose embedding distributions by genus have been obtained to date.

1 Introduction

The derivation of the embedding distribution of a graph is a newly thriving aspect of
topological theory. Until now, many authors have computed the genus polynomials
of several types of graphs with different methods. Gross et al. [5] did it for bouquets
of circles using the formula of Jackson [6]; Gross et al. [4] for necklaces; Furst et al.
[2] for closed-end ladders and cobblestone paths using combinatorial methods. Later,
Chen et al. [1] did this for necklaces, closed-end ladders and cobblestone paths using
overlap matrices. In 2003, Liu set up the joint tree model [8], such that the genus
polynomials of more types of graphs can be obtained, such as [7,12-13].

In this paper, on the basis of the joint tree model, by classifying the associated
surfaces of a graph, we obtain the genus distributions of the orientable embeddings
for two new types of graphs, which are generalized necklaces and circulant necklaces.

Suppose that the “beads”of a necklace were placed along a path instead of along
a cycle. Then the genus distribution formula would follow easily from the bar-
amalgamation formula [3]. The difficulty in deriving a formula for necklaces is the
extra edge that changes a path of beads into a necklace.
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An important advance of this paper is coping with the extra edge by basing the
calculation on the explicit choice of a spanning tree. Although one might derive
some of its formulas by direct consideration of a recursion, the focus on spanning
tree selection indicates a direction for further generalization, beyond application in
necklaces.

Another advance of this paper is generalizing the class of beads, beyond those
appearing in [4], for which genus distribution calculations are tractable. This permits
one to obtain formulas for infinite families of regular graphs with degree greater than
3 and 4 and with arbitrarily many vertices.

In what follows, we will introduce some definitions and results.

A graph is always considered to be connected. A linear order X is a sequence of
letters such that if X = ab...z, then it is indicated that a < b--- < z. A reverse
order X of X is the linear order such that X = z...ba. A linear order Y is called a
suborder of X if and only if each letter on Y is also on X and if a < b in X, then
a<binY. Let Y C A mean that Y is a suborder of some linear order in the set
A. A supplementary order Y of Y corresponding to X is a suborder of X such that
ac€Y foreacha ¢ Y and that a ¢ Y for each a € Y.

A surface is a compact 2-dimensional manifold without boundary. It can be
represented by a regular polygon with even number of sides on the plane, where each
pair of sides can be pasted according to a given direction. Further, an orientable
surface can be represented by a cyclic order P of letters satisfying the following
conditions [10]:

Conl. If a € P, then a~ € P.
Con2. For each letter @ on P, both a and a~ occur once on P.

Let (S) be the genus of surface S and S be the set of surfaces. On S, an
elementary transformation [10] is defined by the following three operations:

Op.1VSeS, S=Aaa B, A#0,or B#0<+<= S =AB.
Op.2VSeS, S=AabBb a C < S = AaBa C.
Op.3VvVSeS, S=AaBCa D <= S = BaADa C.

If two surfaces S and Sy can be converted from one to another by finite sequences
of elementary transformations, then they are said to be convertible. It is easily seen
that the convertibility between two surfaces is an equivalence, denoted by S ~ Ss.
Note that S; and S5 have the same orientability and genus.

According to the operations, the following lemma is obtained.

Lemma 1.1 [10] AaBbCa~ Db~ E ~ ADCBFEaba~b~, wherea,b,a”,b~ ¢ ABCDE.

Then by applying these operations above, each orientable surface is equivalent to
only one of the following canonical forms:

apay , if the surface is sphere;
S; =

H};zlakbka; b, if the genus of a surface is i.
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Suppose that there are n sets of linear orders, say A, Ao, ..., A,. Let aX7a X3Sy
and X7 X7S) be surfaces, where X7 = 2,2, ...Z,, X} = Zn .. ZsZy and Z; C A, for
1 <1< n. By Aw, 1), we mean a set constituted by such elements as a X{'a™ X3Sy,
taken over all Z; C A, for 1 <1 < n. Use By, ;) to denote a set as {X7"X}S;}. And
the letters on S or .S; do not appear on X' and X3y'. Note that A, ) as a form is
meant the different set when A; varies for 1 <1 <n. So is B, .

Lemma 1.2 [8] Let Sy and Sy be surfaces, a,b,a™,b~ & Sy. If Sy ~ Saaba™b~, then
Y(S1) = (S2) + 1.

Lemma 1.3 Let S € A, o) and S° be the surface obtained by deleting a and a~
from S. Then
7(50)7 ZfS € A(nfl,kﬁ
V(S) =
Y(S%) — 1, if S € Biu-1y).-

where k and 1 are positive integers or zero.

An embedding (or cellular embedding in early references) of a graph G into a
surface S is a homeomorphism 7: G — S, such that each component of S — 7(G) is
homeomorphic to an open disc. Two embeddings 7: G — S and 7: G — S are the
same if there is a homeomorphism h: S — § such that hm = 7. The embedding
is called orientable if S is orientable. Throughout this article, whenever we use the
term embedding, we are referring to an orientable embedding. By the mazimum
(minimum) genus of a graph G, we mean the maximum (minimum) genus of the
surface into which G has an embedding.

A rotation o, at a vertex v is a cyclic permutation of edges incident with v.
Let 0 = Il,ey(g)0s be a rotation system of G. Let T' be a spanning tree of G. A
Joint tree[8] T, can be got by splitting every cotree edge into two semiedges denoted
by a same letter with a choice of indices: +(always omitted) or —. Based on T,
write down the letters with indices according to a fixed orientation(clockwise or
counterclockwise) to obtain a cyclic order of 25(G) letters. It represents a surface,
called an associated surface. If two associated surfaces of G have the same cyclic
order with the same indices, then they are said to be the same. Otherwise, distinct.
So an embedding of a graph into a surface can be represented by a joint tree of it,
further by an associated surface of it, where 5(G) is the number of the cotree edges.

From [9], for a fixed spanning tree T of the graph G, there is a 1-to—1 correspon-
dence between the associated surfaces and the embeddings of G.

It is soon seen that the problem of determining the genus distribution of all
embeddings for a graph is transformed into that of finding the number of all distinct
associated surfaces in each equivalent class.

An example should serve to clarify the definitions above. For a necklace of 3
beads N3, the spanning tree is presented with thick lines as shown in Fig.1.1 and a
joint tree of N3 in Fig.1.2. Denote cotree edge vivs by ay, vsvy by as, vsvg by as.
Let joint trees of N3 have a clockwise rotation at each vertex. Then an associated
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surface can be shown as S = aajasa; a3 a”asa;. According to the rotation at each
vertex of a joint tree, all associated surfaces can be found.

U1 U3 Uy Vg
aj “
Fig.1.1 N3 Fig.1.2 A joint tree of N3

For a graph G, let g;(G) be the number of distinct embeddings for G into the
orientable surface of genus ¢ for ¢ > 0. The embedding genus distribution of G is:

90(@), 01(G), 32(G), ...

Then the genus polynomial of G is:
fa(z) = gi(G)a'.
i=0

For convenience, throughout this article, we write g;(n) instead of ¢;(G), where
n is variant of G. To understand some definitions mentioned above, also see [11].

2 Generalized necklaces

Given an n-cycle C, for any number k, replace every other edge with a multi-edge
of the same multiplicity j > 1 and then add (k — 7 — 1)/2 loops at each vertex of C'
to obtain a new graph G called a generalized necklace, so that the resulting degree
is k. When j = 1, G denoted by G has no multi-edge. When j > 2, n must be
even and G is denoted by Gfl/?. For @2/2, depending on j, there may be more than

one such graph. Note that G% and C:'fl are n-vertex necklaces of type (0,n) and

(n,0), respectively, as defined in [4]. The following figures illustrate four generalized
necklaces.
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Fig.2.3 G3 Fig.2.4 G¢
a1 a; 43 a; 45 ag ai by a2 by asz by
a” a”
A AT /\
az a, Q4 a; Q6 ag a; by ay by as by
Fig.2.5 A joint tree of G¢ Fig.2.6 A joint tree of G4

(i6" + (1 — 20)4™)a,

M=

Theorem 2.1 fei(z) =
i=0

S -~
Il

131 . .

(==}

i
Proof. Firstly, choose a spanning tree of G2 by deleting a random edge, denoted by
a, from C as indicated with thick lines in Figs. 2.1 and 2.5, and use distinct letters
ai,as,...,a, to denote other cotree edges, which are loops. Let joint trees of G
have a clockwise rotation at each vertex. Then

XM =C1Cy...Cp, XD =0C... o0,
where C; C {aa; ,a; a;} for 1 <1 <mn.
X{L71 :CICQ'-'Cnflu X;71 :én,fl'-'éZél'

So the set of associated surfaces of G2 is A(n,0)- The set can be classified into the
following six sets according to the nth vertex of the joint tree.

{aX7 apa, a” X571} {a X7 a, apa™ X571}
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{aX? 'a,a"a, X571} {aX7 ' a,a"a, X571}
{a X a"ana, X3} {aX7 0" a, a, X5}
By deleting @ and a~ from these sets, we get classifying sets of B, o).

According to Op.1 and Lemmas 1.1-1.3,

aXP apa,a” X537 = y(aX{lam X5,
WaXp anaar X3 = A(XP X7 aanaay)
= OGN
Of course, g;(n) is equal to the number of associated surfaces of genus i in A, o).

And we use ¢?(n) to denote the number of surfaces of genus i in By, ). So the
following equations hold.

gi(n) = 4gi(n — 1) +2¢7,(n — 1) (2.1)
g¢(n) = 6g)(n — 1) (2.2)
90(0) =1 (2.3)
9(0) =1 (2:4)
®0)=0, i>0 (2.5)

From (2.2-2.5), g(n) = 6",

then gi(n) =4g;(n — 1) +2- 61,

So gi(n) =i-6" + (1 —2i)-4",

thus fea (x) = ;) (6™ + (1 — 24)4™)at.

For G‘fw choose all edges of cycle C' except one, which is not multi-edge and
denoted by a, to obtain a spanning tree. Then label other cotree edges by distinct
letters ay, by, ..., an, b, (see Figs. 2.2 and 2.6). Let joint trees of C:'fl also have a
clockwise rotation at each vertex. Let

X'=FRF...F,, Xr'=F,.. FKFE,

where F; C {aiba; by, biaga; b, aibiby a7, byagba; } for 1 < 1 < m. So the set of
associated surfaces of éi is A(n, 0). The set can be classified into 36 sets according
to the rotation of the (2n — 1)th and 2nth vertex of the joint tree, which can be
represented as follows:

{aXP Y1 Yaa VY X5} {aX] Vi Yaa VoY X5 1)

where Yy C {a; b, b a;}, Y1 C {anby, bya,} and the number of the letters on Y; is

1 or 2. By deleting a and a~ from 36 sets, we get the classifying sets of B, o).
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By reducing these sets and applying Lemmas 1.1-1.3, we obtain the following
equations:

gi(n) = 6gi(n = 1) + 18g;1(n — 1) + 1297, (n = 1) (2.6)
g;(n) = 18¢}(n = 1) + 184, (n — 1) (2.7)
9(0) =1 (2.8)
9(0) =1 (2.9)
@0)=0, i>0 (2.10)
From (2.7-2.10), @(n) = ( ZL > 18"
then i(n) = 6g:(n — 1) + 18g;_1( —1)+12&18"’1
€ gi\n) = bgi(n gi—1\1 (Z — 1)'(71, — Z)' -
S =T (gt i 4 )6
- nl3i-t

- — Y (gan—itd A5 n,.i
Thus fGﬁ(x)f;i!(nJrlii)!(zS +3n —4i + 3)6"z". O

Note that the first formula of Theorem 2.1 is consistent with a special case of
Theorem 4 in [4]. Using the same method as Theorem 2.1, we also can get the
following theorem.

Theorem 2.2. fgs(z) = S U (02 o 4o 4 ni2n ) 407

= il(n—i+1)!
n+l i—1Qn—i+1
n!32'-18 ; ; ; ; ;
5 = — —__[i107132n T 7t lgnTi(98n — 370 4 28)]2".
for 1) =3 = (28n — 37i + 28)]a

Proof. For GS, g¢;(n) satisfies the following equations:
gi(n) =40(gi(n — 1) + gi1(n — 1) + g}y (n — 1))

gi(n) = 80g)(n — 1) +40g)_;(n — 1)
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For G%, gi(n) satisfies the following equations:
gi(n) = 72g;(n — 1) + 224g; 1(n — 1) + 184¢%_;(n — 1) + 962 5(n — 1)
g7 (n) = 256 (n — 1) + 320g) ; (n — 1)
90(0) =1 O
9(0) =1

g2(0) =0, i>0.

Generally, for G2**2_ every vertex has k loops. Using the same method as
above, we get the set of associated surfaces A, o), where X7 = G1G, ... G, X5 =
G GQGI, Gy C Ay for 1 <1 < nand A is a set of cyclic permutations on
{am Ay oo Oy Gy )

So by reducing these sets and applying Lemmas 1.1-1.3, A, ¢y can be classified
into such sets as A,—1,x) and B(,—1,; of different genus, B, o) into such sets as
B(n—1,1y of different genus. The same discussion can be done on G¥. So it is obvious
that we obtain the following result.

Theorem 2.3 Let gi(n) be the number of embeddings for G=(G) into an ori-
entable surface of genus i. Then g;(n) is the linear combination with integral coeffi-
cients of g;(n — 1) and g2(n — 1), and ¢¥(n) is that of g(n — 1), fori,j,k > 0 and
0<jk<i.

3 Circulant necklaces

Suppose that uv is an edge. Add vertices ut,ud, ... ul ob vl ... vl ud ud, ... u3,
v s, 2l U ol ol L. v between w and v in such a sequence

and connect ufvl](l <1 <m,1<j<mn)toobtain a graph, denoted by L?. By
amalgamating v and v, we obtain a new graph called a circulant necklace, denoted
by S (see Figs. 3.1 and 3.2).

Uy U V1 Vg

u
Fig.3.1 L} Fig.3.2 53

For L', let the path wuiud ... ul vivd ... vl v be aspanning tree. Label the cotree

edge ujv} by a} for 1 <1 < m, where a},a},...,al, are distinct letters. Let joint
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trees of L* have a clockwise rotation at each vertex. Let
Y™ = EpEm1... B, Y/ =EE,... Ep,,

V" = D\Ds... D, Y™ = DDy ... D,
where By C{a;}, D; C{a; } for 1 <1 <m.
Then the set of associated surfaces of LT is {Y"Y;"Y"Y"}, and the set can be clas-
sified into two {a,,Yy" ‘a;, Yo" 'Y Y™ and two {a,, Yy" ta, Y YY)
Let h;(m) be the number of the surfaces of genus ¢ in {Y{"Y;"Y,"Y,"}.

Then  h;(m) =

8hig(m — 1) + Sh(i,l)l(m -1+ 8Nhi-1), (m—1)+ 8Nhi-1)4 (m—1)+ 32h(i,1)(m —1),
where

hig(m) dh(i—1)s(m — 1) + dh—y(m — 1) + dhg_g), (m — 1) + 4h_g), (m — 1),
hiy(m) = 4hg_1ys(m — 1) + 4dhi_yy(m — 1) + 4dh—y, (m — 1) + 4hg_p,(m — 1),
hi,(m) = 2hg,(m — 1) + 6hy, (m — 1) 4+ 8h—1y,(m — 1),

hi,(m) = 8hg—1y,(m — 1) + 8h_1),(m — 1). [12].

Lemma 3.1 The mazimum and minimum genus of LT is equal to [%§] and 0, respec-
tively.

Proof. When E; = ;, D, = a; for 1 <1 < m, y(Y"YJ"Y"Y") = y(am@m—1 - . -
aayay ...a,) = 0. When By = a;, D; = a; for 1 <1 < m, v(Y"Y"Y"Y") =
Y(araz ... amayay .. .a;,) = [3]. Then this lemma is true. [

m 1,1 11,1 1,22 2 .22 2 n,m

For S}, choose the path wuju; . .. u,, v, ... VU - . U VTV - V5 UTU
ulotvl .. vl as a spanning tree. Denote cotree edge vihu by a, wjv] by a] (1 <1<
m,1 < j < n), where the letters are distinct. Let joint trees of S/ have a clockwise

rotation at each vertex. Let

X' =B,B,...B,, X' =DB,... BB,

where B; C {alab...al d"a .. al} for 1 <1< n.
So the set of associated surfaces of S} is A, o). The set can also be classified

into such sets as A¢,—1,x) and B(,—1 ;) of different genus. By deleting a and a~ from

these sets, we get classifying sets of B, o).

Lemma 3.2 The mazimum and minimum genus of S* (m > 3) is equal to ["52]

and 1, respectively.

Proof. This lemma follows from Lemma 3.1. O

Lemma 3.3 ¢}(n) = ho(m)g}(n — 1)+h(m)g_y(n — 1)+ -+hpz)(m)gi_m) (n—1),
90(0) =1, (i) =0, gin) =gl 1(n),  forn>i=1, whenm = 3.
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Proof. According to Lemma 1.3, this lemma holds. [

Firstly, let k = (k1, ko, . . ., k[%],l), h = (ha(m), hg(m), ..., h[%](m)),

[z 1] m)

E' = ] kl': _E: Z:l hfi({n% a= a17a27"'7a[%]71)7
where ar =[50 =1 = 3ky — dkg — - -+ — [B]kpm) )],
a9 = [%], ...... s a[;],l = [E%nl]]

nlhb hb2pk
kb byl

0<k<a
where by =mn—i+ 14k +2ky+ -+ ([2] = Dkjz)1,
by=1i—1—2k; —3ky—---— |

Lemma 3.4 ¢2(n) = Z

S
=
SEER
L

o0

nl2n= 18 =ta(n 4)
Theorem 3.5 fsz(x) = Y i'(n7i+1()' )x’
=0 ’ ’

where a(n,i) = 4" 4 dn — 5i + 4.

Proof. Firstly, by choosing a spanning tree of S2 with the same method as above, we
get the set of associated surfaces A, o) and its classifying set Ap,—1, ») and Bp,—1, ).
From Lemmas 1.1-1.3 and 3.1-3.2, the following equations can be obtained:

gi(n) = 2gi(n — 1) +8gi_1(n — 1) + 6g)_(n — 1) (3.1)
9;(n) =8¢ (n — 1) + 8g7_y(n — 1) (3.2)
90(0) =1 (3.3)
90(0) =1 (3.4)
§P0)=0, i>0 (3.5)
From (3.2-3.5),
|
0 n. n
O(n) = ———8".
9:(n) = T
Th () = 228 ) where a(n, i) = 4" 4 dn — 5i 4 4
. = T = n — a1 .
en gi(n Z,!(n_l,_~_1)!¢171,1,\x/ ere a(n,1 1
Thus
L pl2nit gl (n,d)
2 (z) = gt O
I =2 =y ¢

Through the discussion above, we can get the following theorem.

Theorem 3.6 fom(z) = z:gi(n)yci7 (m >3)
=0
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1, n=0;
where go(n) = { 0 n>0 "

gi(n) = { Jilm) + g7 (n), n < forz >1,

gz l( ) n>1
i—-n
fitn) = ol (ki —an),
k=0
ak = Za]ozkzﬂl)ﬁ ]72 =1, oz;l =aj, ap=0.

In the following, choose a spanning tree and obtain the set of associated surfaces
and its classifying set of S¢ (3 <4 < 5) in the same way as Theorem 3.5. For brevity,
in the course of proofs of Corollaries 3.7-3.9, we only give some equations that g;(n)
satisfies.

Corollary 3.7 fss(x Z gi(n)x®, where
07 0 S n S 1 — 27'
5601 — 3211 n=1i-—1;
gi(n) =< 321 485614, n=1i;

n!56i718n7i+1
G—Dln—i+ 1)

n > 1.

Proof. The embedding genus distribution g;(n) of S2 satisfies the following equa-
tions:
gi(n) = 32gi(n — 1) + 8¢}y (n — 1) + 2497 ,(n — 1)

g¢(n) =8¢} (n — 1) + 569, ,(n — 1)

Corollary 3.8 fsi(x Zgz n)at, where
0, n<i-—[%;
(240n — 145 +95)n! _ , 1 L 4
n—iQEi—n— _ [ < .
am) =1 G—min—ir P el bl <
50" + g7y (4), n=i;

gi1(n), n>i.
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[5] i— 2k qn—i
(n) = Z nl95k153i—2kgn—itk ‘
i kl(n —i+ k)i — 2k)!

k=0

Proof. The embedding genus distribution g;(n) of S* satisfies the following equa-
tions:

gi(n) =50g;_1(n — 1) + 95g;_2(n — 1) +8¢?_;(n — 1) + 103¢Y 5(n — 1)
g (n) =8¢} (n — 1) + 153¢g;_,(n — 1) + 95g{ 5(n — 1)

90(0) =1

g2(0) =0, i>0.

Corollary 3.9 fgs(z) = Zgi(n)zi, where
=0

07 n<i7[ﬁ};

(876n — 470i + 406)n!

502n7i95i7n71 0 i [l < < i
i—n)2n—it1) tgian), - [F<n <

gi(n) =
64 + g2 (i), n=i;

21 (n), n>i.
[] . .
L nl728k288 " 2kgn—itk

HOEDS

£ K(n — i+ k)I(i — 2k)!

Proof. The embedding genus distribution g;(n) of S? satisfies the following equa-
tions:
gi(n) = 64g;_1(n — 1) + 406g;_2(n — 1) +8¢Y_;(n — 1)

+224¢0 5(n — 1) + 32262 4(n — 1)
gi(n) =8gP(n — 1) +288g) ,(n — 1) + 728g) »(n — 1)
O
go(O) =1

9(0) =1

¢2(0)=0, i>0.
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