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Abstract

In this paper, we give Jacobi sums for (¢ + 1)st power residue characters
on GF(¢?) by a combinatorial method and construct families of supple-
mentary difference sets from (¢ + 1)st cyclotomic classes by using these
Jacobi sums. Further, we show the theorem on supplementary difference
sets on GF(¢?) for ¢ = 1 (mod 4) by M. Xia, T. Xia and J. Seberry
can be proved by using these Jacobi sums and we shall prove a similar
theorem for ¢ = 3 (mod 4).

1 Introduction

The concept of supplementary difference sets was introduced by J.S. Wallis (now Se-
berry) [2] in 1972 and many new Hadamard matrices have been constructed from
supplementary difference sets [3, 4, 5]. Let ¢ = ef + 1 be an odd prime power. A
necessary and sufficient condition such that unions of eth cyclotomic classes become
supplementary difference sets was given [7]. We need the explicit values of Jacobi
sums in the concrete calculations when we apply this theorem to constructions. Ja-
cobi sums are not determined explicitly in general, though Jacobi sums are evaluated
for e < 24 [1]. In this paper, we give the explicit values of Jacobi sums for (g + 1)st
power residue characters on GF(¢?) by combinatorial method and construct families
of supplementary difference sets from (g + 1)st cyclotomic classes by using these Ja-
cobi sums. Let e=q+1, Q2 ={0,1,--- ,e — 1} and Ay, Ay, -+, A, 1 be parts of a

partition of € such that |A;] = £. Let Sp, S1,---,Sec1 be eth cyclotomic classes in
GF(¢%). We define the subsets D; = Ujea,S; of GF(¢?) for i = 0,--- ,n — 1. Then
we show for any partition of €2, the subsets Dy, D1, -+ , D,,_1 become supplementary

difference sets. Furthermore the theorem on supplementary difference sets on GF(g?)
for ¢ =1 (mod 4) by M. Xia, T.Xia and J. Seberry [6] can be proved by using these
Jacobi sums and we shall prove a similar theorem for ¢ = 3 (mod 4).



74 MIEKO YAMADA

2 Supplementary difference sets and eth cyclotomic classes

First we give the definition of supplementary difference sets.

Definition 1. Let G be an additive abelian group of order v and Dqy,--- ,D,_1 be
subsets of G which contain ko, -- ,k,_1 elements respectively. For d # 0 € G, we
define the numbers.

Xi(d) ={(r,s):d=r—s,r,s€D;}| for i=0,---,n—L
If AX(d) = Xo(d) + -+ + M\—1(d) has a constant value A, Dy,--- ,D,_1 are called
n—{v;ko, -+, kn_1; A} supplementary difference sets. If ko = -+ = kn—1, we simplify
Dg, -+ ,Dy_y to n — {v;ko; \} supplementary difference sets.

The parameters k;, (i =0,--- ,n — 1), v, A satisfy the following relation:

For convenience, we abbreviate supplementary difference set to SDS.

Let ¢ = ef+1 be an odd prime power and F = GF(q) be the finite field with ¢ ele-
ments. Let g be a primitive element of F'. The eth cyclotomic classes Sg, S1,+* , Se—1
in F are defined as

S;={g":5=0,---,f—1}.
Note that Sy is the set of eth power residues.
For non-empty subsets Ao, Ay, -+, A,—1 of & ={0,1,--- ,e — 1}, we define the
subsets
Di= )8, fori=0--,n-1,
leA;
of F', that are unions of some eth cyclotomic classes.

A necessary and sufficient condition such that the subsets Dy, Dy, -+, D, 1 be-
come SDSs was given.

Theorem 1. [7] Let Ay, A1, -+, An_1 be non-empty subsets of Q@ = {0,1,-,e — 1}

and |A;| = u; fori =0,---,n—1. The subsets D; = U S of F determined by
leA;

Ai,i=0,---,n—1, becomen —{q ; uofyurf, - ,un—1f ; A} SDSs if and only if

the following equations are satisfied:

(1) i:ul(uzf —1)=0 (mod e).

n—1 e—1
2 S S A it~ 0 for allt— 1, e—1,
=0 m=0
where w; , = Z(;lm, C. 15 a primitive eth root of unity, w(x™,x!) is the

leA;
Jacobi sum for eth power residue chracters x™,x ¢, and x is a primitive eth
power residue charactor. If f is odd, i.e. —1 ¢ Sy, we have only to verity
equation (2) for even t.
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3 Jacobi sums

Let x be a primitive eth power residue character, i.e. x(g) = . where (, is a primitive
eth root of unity and g is a primitve element of F. We let x(0) = 0. Let x° be the
trivial character. Then

(X" x) = D x"™(@)X'(1 - a)

acl

is called the Jacobi sum for the eth power residue chracters x™ and x¢. The following
theorem on Jacobi sums is well known.

Theorem 2. For the eth power residue characters x™ and X!, the following relations
on Jacobi sums are satisfied:

X" xT™) = —x"(=1) for m #0.

Throughout, we assume ¢ is an odd prime power and let F = GF(q), F* =
F —{0}, K = GF(¢?), K* = K — {0}. We need the following lemma to determine
the values of Jacobi sums.

Lemma 1. Let g be a primitive element of K. For given numbers 1 < z,t < q, we
have

1 if w#t and t#£0,
if =t and t#£0,

q—2 if x=t=0,

0 if ©#0 and t=0.

N={0eF*:1-¢g'5€g°F} =

Proof. First we assume t # 0 and « # t. For § and ' € F*,if 1 — ¢g'§ € g*F*
and 1 — ¢g'd’ € g“F*, then ¢'(6 — &') € g“F*. It follows § = &', since we have
x=tifd#¢ Mfaw=t+#0,1-g% € g*F*, x should be 0, a contradiction.
Hence N = 0. The assumption ¢ = 0 implies x = 0. In this case, for any element
0£1e F*1—§€ F*, thatis N =q — 2. d

Theorem 3. Put e = g+ 1. Let x be a primitive eth power residue character and
X° be the trivial character on K. For 0 <k, k' < e — 1, we have

-2 if k=K =0,
(" F) =4 —1 if k+k =0,
q if k+K #£0, E#£0 and K #£0.
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Proof. From Theorem 1, we have 7(x°, X°) = ¢* — 2, 7(x°, x*) = 7(x*,x°) = —1 and
m(x*,x7F) = —=x*(=1) = =1 for k # 0, since x*(—1) = 1. Assume that k + k' #
0,k # 0 and &' # 0. From Lemma 1,

e—1
0 ") = D0 - (@) =D (g D xF(L—g's
aEK* t=0 JEFX

Let L = GF(¢*) be an extension of K = GF(¢?) and Sy,x be the relative trace
from L to K and Np/x be the relative norm from L to K. Let x be a multiplicative
character on K and A be an additive character on K. We let for g € L,

X(B) = x(NiyxB), MB) = ASL/xB).

Then Y is a multiplicative character on L and \ is an additive character on L, which
are called the lift of x and the lift of A from K to L respectively. Thus the Gauss
sum is defined for the lift of x and the lift of A.

The Davenport-Hasse theorem on lifted Gauss sums shows the relationship be-
tween the Gauss sums with the characters y and A and the Gauss sum with the lifts
of x and . The Davenport-Hasse theorem yields the following theorem.

Theorem 4. If k£0, ¥ #£0 k+kE #0 ,
(kM) = (1) ()T = (-1) e

Proof. See [1]. O

4 Group ring and characteristic functions

Let x be a primitive eth power residue character. The characteristic function fg, of
an eth cyclotomic class .S; is given by

fs (@ Z( ®k(a), for a€ K.

Let Ay, Ay, -+, A, 1 be non-empty subsets of @ = {0,1,--- ,e—1} and D; = U S
leA;
be the subsets of K for i =0,--- ,n—1. Then the characteristic function fp, is given

by

o) = 3 fae) = 3 (2 6wt = L @), o0<igaot

IEA; k 0 I€A;
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for o« € K where w;;, = Z C;lk.
IEA;
Let Z be an integer ring. We consider the group ring Z K of the additive group

K* over Z. Let Dy, D;,---,D,_, be subsets of K. For an element D; = Za of
aED;

Z K, we set

a€D;

We denote the unit of K by o in order to distinguish zero 0 of Z. A necessary and
sufficient condition that Dy, Dy,--- , D,_; become n — {q% ko, k1, - , kn_1; A} SDSs

if and only if
n—1
S - Zklo—i—k Y a
i=0

acK*

where k; = |D;| for i = 0,--- ,n — 1. By using the characterisitc function fp, of a
subset D;, we have

= Z fDi(a)a:% Z z_:wi,kxk(a)a

aeK* aceK* k=0

and

AR SPACIESEES o) SRR

aeK* a€eKX* k=0

5 A partition of GF(¢?) and supplementary difference sets

Let ¢, 4,(0<i<n-1),5(0<1<e-1),D;(0<i<n-1)and x be as in
Theorem 1. The following lemma is used in the proofs of theorems in this and next
sections.

Lemma 2. For w;; = E (e_lk, we have
leA;

e—1
(1) Zwi,kwi,t—k = eWit,
k=0
e—1 .
ok e if €Dy
@) Z;“””“X (o) = { 0 if ad D,
=l

Proof. ( Zwmwltk_zz:(akz(b(t k)_ZZC-thCba

k=0 k=0 a€A; beA; a€A; bEA;

=e Z G = eW; t.

beA;
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(2) Assume o € S;.

DERUBES S IITED D DLLEES SRS by

k=0 a€A; a€A; k=0

a

Put e = ¢+ 1. Let Sp,S1, -+ ,Se—1 be eth cyclotimic classes and n be a divisor
of e. Let Ag, Ay, ,A,—1 be parts of a partition of = {0,1,---,¢} such that
|A;| = € foralli = 0,1,--- ,n—1. Then D; = U S; are parts of a partition of K*

n

leA;
for i = 0,1,--- ,n — 1. We shall prove the subsets Dy, D1,--- , D,_1 become SDSs

for any partition of €.

-1 1
Theorem 5. Dy, Dy, -, D, 1 are n — {q2, ¢ q } SDSs.
n n

Proof. We verify the equations in Theorem 1.

)iﬁ(qzl(q—l)—l)EO (mod ¢ +1).

(2) From Lemma 2 and Theorem 3,

n—1 e—1 n—1 e—1
Z Z T Nwipwi ek = Z{q Z Wi kWi ik — 2Wi0Wi ¢}
i=0 k=0 i=0 k=1, k#t
n—1e—-1
= qz Wi kWi t— A—QQ+1MOZW”
=0 k=0
g+1
= e(q - 2—) Zw”
n—1
Since Dy, -+, D,_1 are parts of a partition of K*, Zwi’t =0. d
i=0

Using Theorem 4, we obtain a similar result over an extension L = GF(g*).

Theorem 6. Let Sy, - ,S._1 be eth cyclotomic classes of L and Ag,--- ,A,_1 be
parts of a partition of Q = {07 1,--,e—1} such that |A;| = € fori=0,--- n—1.
n

We define the subsets D; = U Sy of L fori=0,---,n—1. Then Dy, Dy,--+ ,Dy_1
leA;

2s _ 1 2s _ 1
are n — {q2s;q—;q —1} SDSs.
n n
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Proof We verify the equations in Theorem 1.
g+1 (q +1 ¢¥ -1 )
. —1)=0 d 1).
Z P (mod ¢ +1)
(2) From Lemma 2 and Theorem 4, we obtain

n—1 e—1

>SS wE X wiawie k= { (-1 e = 2((-1) e }Zw” —0.

=0 k=0

Furthermore we can construct SDSs on K combining two partitions of €2.

Theorem 7. Assume ¢ = 3 (mod 4). Let Q@ = {0,1,--- ,e — 1} = Qo U Qy,Q =
{a € Qa =0 (mod 2)} and Q; = {a € Qa =1 (mod 2)}. Let Sp,S1, ++, 51
be eth cyclotomic classes of K>, and Cy,C1,Cs and C3 be biquadratic cyclotomic
classes of K*. Let Ay and Ay be parts of a partition of 1, and Ay and Az parts of

a partition of Qy, and put |A;| = Z fori=0,1,2,3. Then

D; = U S, UC;, i=0,1,2,3,

lEA;

21
are 4 — {qz; qT; i 3} SDSs.

Proof. A biquadratic cyclotomic class is a union of eth cyclotomic classes. By setting
={a € Qa=1i (mod4)} and A; = A;U B, for i = 0,1,2,3, we can thus write

D; = U S, and  w;; = Zg”, for i =0,1,2,3.
leA; lEA;

We verify the equations in Theorem 1. Since |A4;| = - 4+ = = g, |Dy| = g|5i| and

€yt
44

3
Zg(f|50| - 1) = 0 (mod e). It is sufficient to verify for every 1 <t < e — 1,
i=0

(q -2 ) Zw” = 0. The subsets Ule.A S, and Cj are parts of partitions of K,
so that

3

Zwm —ZZC‘“ S (e ) =2y =0

=0 l€A; =0 [€A; leC; leQ
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6 Xia-Xia-Seberry’s theorem and the similar theorem for
¢ =3 (mod 4)

M. Xia, T.Xia and J.Seberry constructed 4 — {q2; 2a(q —2);q(q - 2)} SDSs from
(¢ + 1)st cyclotomic classes and biquadratic cyclotomic classes in GF(¢?) for ¢ = 1
(mod 4) [6]. They used (g; «,y)-partitions and generalized cyclotomic classes to prove
the theorem. Theorem 1 needs Jacobi sums for 2(¢+ 1)st power residue characters in
the concrete calculations to prove Xia-Xia-Seberry’s theorem, since the least common
multiple of 4 and ¢+1 is 2(g+1). Jacobi sums are not determined explicitly in general,
although Jacobi sums are evaluated for e < 24 [1].

In what follows, we assume e = ¢ + 1 and denote (¢ + 1)st cylotomic classes by
So, 51,7+ 4y Se_1.

Let @ = {0,1,---,e =1} = QoUQ;, Q = {a € Q| a = 0 (mod 2)} and
Q) ={aeQ|a=1 (mod 2)}. Assume that Ay is a subset of Q; and A, is a subset
of Qo such that |Ag| = |A1| = (¢ — 1)/4. Further we let Ay = Ap and A3 = A;. Let
Co, C1,Cy and C3 be biquadratic cyclotomic classes.

Lemma 3. We let w; ), = Z(;” and vy = C;ik'. Further we let x be a primitive

leA;
eth power residue character and ¢ be a primitive biquadratic charactor. Then, for

a€ GF( %),
szkx szk’ K —0

(2) If &' is odd, then Zwi,kviyk, =0.

=0
3
3) Zwi,gvm = —(q — ].)
=0
3 ’
(4 ifR+E =0,
4 ;””WM’ - { 0 if k+k #£0.

Proof. (1) This follows from J, 4, Si N C; = 0.

(2) Since wo g = way and w g = Wi,

Zwlkvlk'ZWOk(C4+C42k)+W1k(C +(43k).

t=0

This sum is equal to 0 if &' is odd.

. —£l -l
(3) Since wo,g = Diea, Ge 2 = —|Ao] and wye = Dea b’
Z?:o Wi,gVi2 = Wo,s (Cff + Cf'2) +wie (C4 +¢ 23) = —2(|Ao| + |A1|) =—(g—1).

=|A;|, we have

3 3
4) Y v =3 G =4 b+ K =0 and 0if k+ K # 0. O

=0
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Theorem 8. [Xia-Xia-Seberry, [6]] Assume ¢ =1 (mod 4). Then

D; = U S,UC;, fori=0,1,2,3,

lEA;
become 4 — {q* $q(q — 1);q(q — 2)} SDSs.

Proof. For every subset D;, 0 < i <3, |D;| = |Ao|So| + |Co| = 3a(q¢ — 1), so that we
3
have Z |D;| = 2¢(q — 1).
i=0
The characteristic function fp, is the sum of characteristic function f4, for the
subset |J;c,, 51 and the characteristic function f¢, for the biquadratic cyclotomic
class C;:

fou(a) = fa(@) + fala ZW iyivi,,ﬂ,w’m)
Therefore R
ZD D! ZO 2 Un()+ faleda 32 (ald) +fe )9
>3 i 3 1u(5ID) D3 o 3 gl
ég EKI fe(@)a- ﬂ;x Fa(B)(=B) +i§; 2}; fe(o)a- BGEK:X fe(B)(=5

We denote four terms of the above equation by P, Py, P; and P;. We set m = w; g =
|A)| = (¢ —1)/4fori=0,1,2,3.
3

1 P =) fala)a- > fa(B)(=B)

=0 a€e K% BeKx
3 e—1 e—1

-y ¥ lzwi,kx%a» > lz%km@_m
=0 aer = BeKx k=

e—1 e—

= 222 Z wirwi X ()XY (B)(a = B).

i=0 aeK* BeKX k=0 k'=0

Putting v = a — 3, we obtain

1 3 e—1 2
Po= 5 {2 (Cewd@) o
€ =0 aqeKX k=0
e—1 e—1

+ 30 S wwn N (~Dr

YEK X k=0 k'=0
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Substituting the values of Jacobi sums given in Theorem 3 and from Lemma 2,

3 e—1
1 .
CEES S P SRS o) ERIRURS SRRCHMIG
=0 a€Ueq, St yEKX k=1
e—1 e—1
+ szowzk’ X X +Zzwz EWi k' X k+k W)W(Xk,Xk ))7}
k=1 k=1 k'=1
e—1
:—Z{|A||So|e o+ Z( (> —2) — 2m( ZWMX (7) — wip)
yEKX k=0
_ e—1 e—1
+ q(z Wi,ka('Y) - wi,o)2 - Q(Z Wi kWi, —k — wiz,o) - (Z Wi kWi, —k — wio))v}
k=0 k=0 k=0
1 3 e—1
12 1 2 2 B ok
=(g—1)0+ = Z; zK: (m (¢+1)*—me(g+1) —2m(g+1) gwl,kx (1)
=0 ye K% =

+q(z_:wi,kxk(v))2)W
=(g—1)’0+4(m* —m) W——Z D, ert 22 > «©

yEKX 1=0 y€Uiea, St 1=0 yEUiea, 51
1
1
o 2
=(a=1) 0+ (¢-1)(a~5) > ’Y+(Q+1)Z >
YEKX =0 7€UleAiSl

(2) P :Z fAi Z fC
].

=0 qe KX BeK*
3
DILD DD IENUBNED ) SIMALIET
7= aceK* k=0 BEK* k' —0
3 3
]. ’
- @Z 5 Y S it @ (0)a - ).
=0 qe KX feK* k=0 k'=0

Putting v = a — 3, we get

1

B 2 5 (o) (3 e )

=0 qeK* k=0
3

+ Z i:Z‘Ui,kvi,k'Xk('Y)‘Pk’(W)Spkl(_l)ﬁ(xk’wkl)fy}'

NEKX k=0 k'=0



SUPPLEMENTARY DIFFERENCE SETS 83

From Lemma 3 and Theorem 3,

3 e—1
1
P, = 46 Z{(4mq —2 Z(Z%k}( —wi,o)
yEKX =0 k=0
3 3
-m Z(Z vt (7) = Ui,o)
=0 k/'=0
e—1 3 3
+ Z (Z Wi,kvi,Z)Xk(7)992(7)7T(ka ¢") + Zwi,gvi,zﬂ(X57 902)}V
k=1k#g =0 =0
1 3 e—1 3 3
D IACLED D) DU B) WSl
€ yEK X i=0 k=0 i=0 k'=0
e—1 3 3 3
+ Q(Z (Z Wi,kvi,z) Xk(V)<.02(V) - Zwi,gvi,z) - Zwi,gvi,z}v-
k=1 =0 =0 =0
3
Since Y v, =4if ' =0 and 0if k' £ 0, we have
=0
1 3 3 e—1
Pr=1 > ((4m +1)(¢* - 1) Zzwmx )+a) Zwi,kvi,ZXk('Y)@2(7))7
€ Jexx i=0 k=0 =0 k=0
1
_aqlg—1) _atl + 1
i ED DR =) DD D

YEKX 1=0 7€Uiea,; 5

(3) From y*(—1) = ¢*(-1) =1,

=3 N fela)a- Y faB)(-8) =

i=0 yEK % BEK *

(4) Similarly we have, from Lemma 3 and Theorem 3,

Py=3" Y fela)a- Y fa(B)(=B)

=0 a€K* BEKX

FHE X ()
+ 3 Zi(;” i )P (Ve o )7}

yEK X k=0 k'=0
S0P UATD ) SRECY
i=0 a€C; NEKX k=0

=(-Do+7 (q —5) >

YEKX
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Altogether, we get

3
> ;- D} ZP—qu—lo—i—qq—Z >
k=0

YEKX

Hence Dy, Dy, D3, Dy are 4 — {q* q(q — 1); q(q — 2)} SDSs. O

We have a similar theorem for ¢ = 3 (mod 4).

Let g+1 =0 (mod 2') for ¢ > 2 such that (g +1)/2" is odd. Let & = {0,1,--- ,
e—1} = QyUQ be as in Theorem 8. Let 4;, t =0 (mod 2), 0 < i < 2! —1, be parts
of a partition of {; and A4;, i =1 (mod 2), 0 < i < 2! — 1, be parts of a partition of
Q. We assume |A;| = /2! = (¢ +1)/2" and put A;pp = A; for 0 = 0,1, ,2¢ — 1.
Denote 2it1th cyclotomic classes by Cy, C,« -+ , Coer1_1.

Lemma 4. Let x be a primitive eth power residue character and ¢ be a primitive
2% th power residue character on GF(g*). We put w;y, = Z ¢ oand vy, = C;ffl

lEA;
Then, for an element o € GF(q?),
Wil 2 ifk=0,
- Yik= 0 ifk£0.
2t+1—1
(2) Zwmx Z Vi P "oz =0.
2t+1-1
(3) Ifk’is odd , Z wi kU = 0.
2t_1
4 > Wi~ £ kVigk = 0.
k=0
211
241 if k=0,
(5) z_; ”i”"k_{ 0 if k#0.
9t+1_1 2t+1 Zf k + kl =0
) Z; R { 0 ifk+k#0.
2t+1—1 2t+1—1
Proof. ( szk—ZZ(”‘-22(lk—2elfA—Oand01fA7é0.
=0 €A, leq

(2) This follows from U SiNC; =0 .

leA;
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(3) From wjtat ;, = wy g, we have

2t+l_1 2t—1

Z Wi kVi k! — Z wlk(CZ_t-Zi—Ai + (2t+11+2 ) =0.

2t-1 2t—1 . 2t—1
2R ki k(a—3) _ : _
E Wi - & kVigk = E E ¢ = E E Cye = 0, since Jye 4, SiNC; = 0.
k=0 a€A; a€A; k=0
2t+1_1 20411

S vim= Y GGF =2 k=0, and 0if k £ 0.
i= =0

2t+1_1 2011

ST viviw = Y G =0 k+ K £ 0 and 2040 if k + K = 0. 0

Theorem 9. We define the subsets D; = U SiUC; of K fori=0,1,--- 2%t — 1.

leA;
Then Do, Dy, -+ D 20 — 2 g% 3(&7—1) 9¢°> —3(2"" +3)) ¢ SDS
en 0, 1" 2t+1_1 ATe -39 2t+1 2t+1 ( + ) S.
3( 20411
Proof. For every subset D;, |D;| = |Ao||So] + |Co| = 2t+1 , 50 that Z |D;| =
3(¢> — 1). The characteristic function fp, is a sum of the characteristic functlon fa,
2t+11
of U S; and the characteristic function fo, . We calculate the sum Z D; - D;l
lEA; =0
by separating four terms similar to the proof of Theorem 8. Put n = 2! and
q+1
m = ww = |Az| = QtT
n—1
= fal@a 3 £ B)(-8)
=0 qe K* BeEKX

ISy e

=0 aqeKX k=0

+ Z (m —m)e —2meszkx +q(§wikxk(v))2)7}-

YEKX
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From Lemma 4,

e—1 n-1

P = SnlAd] [Sole?o + (m* — m)n v—%E§32X2F@

YEKX YEKX k=0 =0

+ ;12 "i > (eii wikxk(v)yv

iO'yeKX k=0

:2mn o+nm —m) Z’Y——2622’7+—262Z’y
yEKX yEKX yEKX
:2(q2—1)0+2t—1(q2—1—2t) Z .
yEKX

(2) By Lemma 4 and Theorem 3,

S fater 3 e85

1=0 €KX BEK X
e—12t—1n-1

E > DD D wiwan (e (Mt ™ )y

yEK X k=0 k'=0 i=0

P

n—1 e—1 n-1
1 ‘
=—> {Zwi,ovi,oﬂ(xo,x +Z( w; ) (M7 (x*, ¢°)
"€ Jexx =0 k=1 =0
2t—1 n—1
+my (Z Ui,Zk’) e (e (x°, ™)

=1 =0

-1 e— 2t—1

Y w0 ()¢ )
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1
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ne yEKX
2
g -1
=5 2
yEKX

(3) Similar to the proof of Theorem 8, we obtain P; = P.
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(4) By Lemma 4 and Theorem 3,

P4:i2fci ch

1=0 a€K* BEKX

1 n—1 2
- LSS (Suastw)
=0 qe KX k=0
n—1n—-1 n-1

+ 30 3 3 (v )P (e (Dt

YEKX k=0 K'=0 =0
gt+1 n-l

= (¢ —Do+— >N et ek (-1)y
= (¢ -1lo+ %(cf -1- 2t+1) >

yEK X

Altogether, we obtain

ZD Dt =3(g —1)o+2ﬁ(9q2 32 +3)) - o

yEK X

3¢2-1) 1
Thus Dy, Dy, -+ , Dyes1_p are 201 — {qz; %; W(9q2 - 32" + 3))} SDSs.
a
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