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Abstract

The noncrossing partitions with each of their blocks containing a given
element are introduced and studied. The enumeration of these partitions
is described through a polynomial of several variables which is proved to
satisfy a recursive formula. It is shown that each variable increased by
one is a factor of this polynomial.

1 Introduction

A partition 7 = By/By/ ... /By, of a totally ordered set X is called noncrossing
partition (n.c.p.) if and only if there do not exist four elements a < b < ¢ < d
of X such that a,c € B;, b,d € B; and ¢ # j. We denote by NC(X) the set of
all n.c.p. of X and by NC(X,m) the set of all n.c.p. of X that contain exactly m
blocks By, Ba, ..., By,. If | X| = n, since there is an obvious order preserving bijection
between X and the set [n] = {1,2,...,n}, we can equivalently deal with [n] instead
of X. In this case we will use the notations NC,, and NC,,(m) respectively.

Many authors have worked on n.c.p.; see for example Kreweras [4] and Poupard
[6], followed by Edelman [2], [3] and Prodinger [7] and more recently by Athanasiadis
[1] and Simion [9].

It is well known that |[NC,| equals the Catalan number C,, = #(2:)’ whereas
|NC,(m)| equals the Narayana number N(n,m)=1(")( ™ ).

In this work we introduce a particular class of n.c.p. More precisely, we say that a
n.c.p. m € NC(X) is a noncrossing partition with fized points the elements of A C X,
if and only if every block of 7 contains exactly one element of A. The set of all these
n.c.p. is denoted by NC(X, A). Again if we deal with [n] instead of X we use the
notation NC,(A).

For an application of n.c.p. with fixed points, consider a distribution network for
a product manufactured in various plants (the elements of A) of a firm. The product
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is distributed to particular destinations (the blocks of the partition) from each plant,
covering the whole country. Obviously, the noncrossing condition for the various
routes might be necessary in order to minimize the cost.

The n.c.p. with fixed points were used in [5] for the construction of the generalized
nested sets. In that paper, the set of all n.c.p. of X, with fixed points the elements
of A, had been determined by induction on the number k = | X\ AJ.

This paper deals with the evaluation of the cardinal number |[NC,(A)|. We will
see that this number is determined by the relevant positions of the elements of A.
For this reason, we firstly consider the equivalence relation of the translation in the
set of all nonempty subsets of [n], defined as follows:

Ay ~ A, if and only if there exists ¢ € [n] with A} = (A3 +¢) (mod n).

Furthermore, for A C [n] we define a finite sequence x4 = (z;) of length m = | 4|,
where z;, 1 € [m — 1] is the number of elements of [n]\ A lying between the ith and
the (7 4+ 1)st element of A and xz,, is the number of elements of [n] that are either
smaller or greater than every element of A.

It is easy to prove the following:

Proposition 1.1: Let Ay, Ay C [n]; then Ay ~ Ay if and only if each one of xa, X,
18 a cyclic permutation of the other.

Now let A; ~ Ay and ¢ € [n] such that Ay = (A +¢) (mod n). It is obvious
that the mapping 7 : NC,, (A1) — NC,(Ay) with 7(7) = {(B+¢) (mod n); B € w}
is a bijection, so that we obtain the following result:

Proposition 1.2: If Ay, Ay C [n] with A; ~ Ay then [INC,,(A1)| = INC,,(Ay)].

For every n € IN* and for every sequence x = (z;),i € [m] in IN with m < n and
m
with >~ x; = n — m there exists at least one set A C [n] with x4 =x. Indeed, for the

i=1
set A ={ty,to,... ty} witht; =1 and t;;1 =t; + 2, + 1, i € [m — 1] we have that
Xy =X,

So, we can define a function f,, of m variables as follows:
fm(@1, 22, . ) = [NCR(A)

where A is any subset of [x1 + 22 + ... + Ty + m], with xa = (21,22, ..., 2n).

From the previous propositions it is clear that f,, is well defined and that

fm(-rh T2, .. ,fﬁm) = fm(yh Y2, ... 7ym)7 Whenever the sequence (yh Y2, . .- 7ym) is a
cyclic permutation of (z1,2a,. .., Tn).
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For the evaluation of the formula of the function f,,, which counts |NC,,(A)|, it
is more convenient to express the problem in the following equivalent form:

Let X = [m]UY, where the elements of Y are distributed in the intervals (7,i+1),
i € [m—1] and (m,+), so that |(,i+1)NX| = x;, Vi € [m—1] and |(m,+00)NX| = xpp.
We want to determine the number f,,(z1,xa, ..., z,) = |[INC(X, [m])|.

In Section 2 we give a recursive formula for f,,, which is used to deduce the
explicit formulae of f,, for certain values of m.

In Section 3 WC show that f,,(z1, 22, ..., 2,) is a polynomial which can be written
as a product of H (z, + 1) and of a polynomial P, (x1,xa, ..., %) of degree m — 2.

Finally, we use the Stirling numbers of the first kind in order to determine the
coefficients of x;* in the polynomial P,,(z1, s, ..., %)

2 The recursive formula of f,,

Proposition 2.1: For every xy,x2 € IN, we have
fo(@1,29) = (w1 + 1) (29 + 1).

Proof. Let m € NC(X, [2]), with m = By/B,. The block By is equal either to {1}, or
[1,p]NX, or {1} U ([g,+0c)NX), or ([1,p] U [g,+ec)) N X, where p (resp. ¢) is the max
(resp. min) element of (1,2) (resp. (2,+o)) that belongs to B;y. So, B; (and hence
7) is uniquely determined by the number of elements p, v that it contains in (1,2)
and (2,+) respectively. But since 0 < pp < 1, 0 < v < 25 we have (x; + 1)(zg + 1)
choices for these numbers giving fo(x1,22) = (21 + 1)(z9 + 1). 1

We now consider the general case m > 3. Firstly, notice that obviously
fm(0,0,...,0) =1 and f,,(1,0,...,0) =m.

We give a recursive formula for f,,, m > 3.

Proposition 2.2: For every sequence (x1,%a, ..., Ty) of natural numbers, with m >
3 and x1 # 0 the following relation holds:
fwl(:c17 T, ... 7'1.771.) =
1 m—1
(.Tl + 1)f7n(01 T2y ,l'm) + Z Z f}c(t - 171‘2, - 7xk)fm7k+1(07 xk+l7 - ,.I‘m).
=1 k=2

Proof. Let r = min(1,2) N X. We partition the set NC(X,[m]) into the sets T},
i € [m], so that each partition in 7} contains r and 7 in the same block. Obviously,

[Th| = fm(z1 — 1, @0, ..., 2xm) and [T = fn (0,29, ..., Zpm).
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For k > 3, to each m € T}, correspond two uniquely determined partitions 7y, m
where 7 is a n.c.p. of (r, k] N X with fixed points 2,3,...,k and 7 is a n.c.p. of
{1} U ([k,+00)NX) with fixed points 1,k k + 1,..., m. Thus,

|Tk| = fkfl(l‘z, L3yewo s Tp—1,T1 — l)fm,k+2(o, Ty Lht1y- - - ,.Tm).
Hence, we have f,,(z1,29,...,2m) = > |Tk| = fu(z1 — L, 20, ..., 2m)+
k=1
fm(o LTI $m)+ ka 1( 1,I2,I3,.4.,xk71),fm7k+2(0,{1}k,xk+17...71'7”),
giving the relation fm(xl Loy ooy X)) — fn(T1 — 1, 29,0, 2) =

m—1

fm(07m27 cee 7'rm) + Z fk(:l:l - 17(1"27 C 7xk)fm—k+1(07xk+1v e 7xm)~
k=2

If we apply the above relation for every ¢ € [z;1] and then add, we get

(fm(t Toy ooy Tm) — fm(t = 1Lmay .o 2m)) =

[lings

t=1

x1 m—1
xlfm(ov To,. .. 7‘rm) + Z Z fk(t - 17 Zo,... 7xk)fmfk+1(07 Tht1y .- 7.’L'm),
i=1 k=2
which gives the required result. |

In the next proposition, we will give a recursive relation for f,,, using the values
of fi with k& < m. For this, we firstly introduce a new function g,, on m variables
(which uses fi with & < m only). Namely, for m > 3 let

g’m(‘rl:l‘% s 7Im) = 2 Z (t -1 y L2y 7$k)fm—k+1(07$k+17 s ,l'm),
t=0 k=2

where we assume that f,(—1, 29, z3,...,2,) =0, Vk > 2.
Notice that g,,(0,xa, ..., 2m) = 0.

Proposition 2.3: For every sequence (1,Z2,...,Tn) of natural numbers, with
m > 3, we have

Fnl@1, T2, - ) = ﬁ( D4 S (T @+ 1D)gmns 2asrse st

A=1 v=0

where g =0 and x, = 0, Vk > m.
Proof. We use induction on the number s of nonzero elements of the sequence (x;).

Obviously, for s = 0 the result holds. Suppose that the result holds for every se-
quence with s nonzero elements and suppose that (z;) has got s+ 1 nonzero elements.
Without loss of generality suppose that 2y # 0.

The sequence (y;), @ € [m], with y; = x;11, has got s nonzero elements; so, by
induction hypothesis, we have:
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m 1

Fuwr ) = 1L + 1)+ 35(]

(yu + 1))gm(y)\7 Yn+1y - - ay/\+m71)
v=1 A=1 v=0

with yo = 0 and y, = 0, Yk > m.
Thus7 fm(127$37 cos Ty 0) =

VIT_ZII(-TWA 1)+ gm(@2, @5, Tnga) + i;ilji(%ﬂ + 1)gm(@rs1, Tat2s - -, Tagm) =
H 0+ )+ gt + 35+ Dgmorersasa, . onem)e (1
But, from Proposition 2.2 and thc_dcﬁnition of g, we have :
Jm(z, 2o, ) = (21 + 1) fon (22, 23, . - o, T, 0) + g (T1, T2, oo T)
and so, substituting f,,(z2, z3, ..., zm,0) from (1), we finally get the required result.

We use Proposition 2.3 in order to find the formulae for f3, fy and f5. We present
the proof for f; only. The proofs of the other two propositions are quite more
complicated, but since they follow a similar line of argument, they are omitted.

Proposition 2.4: For every xi1,x9,x3 € IN we have
3
J3(@1, w2, 3) = 1:[1(% 4 1)(Btetn 4 ),

Proof. Suppose x1zox3 # 0. We first determine the function g3. We have (using
T 1

Proposition 2.1) that gs(z1, xe,x3) = >, fa(t—1,22) fa(x3,0) = (xo+1)(x3+1) Dt =
t=1 =1

Thus we get f3(21, 22, 23) =

e

(xl, + 1) + 93($1,$2,$3) + (fEl + l)gg(l'z,mg,()) + (1'1 + 1)(12 + 1)93(1’3,0,0) =

Il
—

v

e

(.77,, + 1)(I1+122+963 + 1).

N
Il
-

It is easy to check that the formula holds for xzex3 = 0, too. 1

In the following two propositions the variables x4, 7 and x5, x; respectively are
considered as consecutive variables.

Proposition 2.5: For every xy, xs, x3, x4 € IN we have

4 4
fa(zr, g, mg,m0) = [[ (@ + DG X 2+ 1 Y aymz; + 23 2+ 1),
v=1 i=1 1<4,j<4 1=1
i
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where
1, ifx;, x; are consecutive variables
ai; = !
R 2, otherwise.

Proposition 2.6: For every x1,xa, x3, 24,25 € N we have f5(x1, %o, x3, T4, T5) =

5 5
H(I,,Jrl)[iz:xﬂrl—g z aij(xiQ:z:jeriij)Jr% Z bwkl'lle'k“'“% Z CijT; T

v=1 i=1 1<i5<5 1<1.5, k<5 1<i5<5
i Ak A i
3~ 9, 13
+e2 @+ 55 >, v+ 1], where
i=1 i=1

1, ifz;, x; are consecutive variables
ai; = .
s 2, otherwise

by — 1, ifw,;, x;, x are consecutive variables
7 3, otherwise

7, if x;, x; are conseculive variables
Cij = !
K 11, otherwise.

3 Properties of f,

In the previous section we have seen that the functions f,, for 2 < m < 5 are
polynomials, with positive rational coefficients and with the product H (z, + 1) as

a factor. We will now prove that this is true for every m € IN, m > 2

Proposition 3.1: For every m > 2, there exists a polynomial P, (x1, %2, ..., Tm) of
degree m — 2, with positive rational coefficients, such that

fm(xlv‘er cee 7'rm) - H (IL',, + 1)Pm(331,l'2, C 7xm)
v=1
Jor every sequence (x;), i € [m], in IN.
Proof. We will use induction on m.
For m = 2 the result holds with Py(z1,22) = 1, because of Proposition 2.1.
Suppose now that m > 3 and that the result is correct for every k € N*, with

2 < k < m —1, so that there exist polynomials P of degree k — 2 with positive
rational coefficients such that:
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=

fk(xlax27-"7xk): (‘TV+1)Pk(xl7~r27“‘7xk)

v=1

for every sequence (x;), i € [k], in IN.

In order to prove the result for m, we firstly show that

1
StP(t — 1, 2e,...,2) = (x1+ V)gr(z1, 22, ..., x1)

t=1

where ¢ is a polynomial of degree & — 1 with positive rational coefficients.

Indeed, since the function zP(z—1,xs, ..., xy) is a polynomial of = with rational
coefficients and degree k — 1, it can be written in the form

k-1
ePp(x —1,m9,...,2) = @i (T2, T3, . . ., xp) Fi(x)
i=1

where (22, 23,...,21), i € [k — 1] are polynomials of degree k — 2 with rational
coefficients and Fj(x) = xz(x — 1)---(x — i + 1) is the factorial polynomial.

If we cancel z in the above equality, we deduce that

k-2
Pz —1,xe,...,2) = Y ajy1u6(2e, s, ..., xp) Fi(z — 1)
j=0
where Fy(z) = 1.
Since the coefficients of Py in terms of © — 1,25, ..., x; are positive, we conclude
that a; (w2, 3, ..., x;) have positive coefficients for every i € [k — 1].

Thus, using the difference operator A, we have :

T x1 k—1 AFi (8)

DRt = 1 ma, ) = 30 Y a2, @3, ) T =

i=1 =1 i=1

k_la'(acz' ) k_la(;l'x k)

_21 e B (Fy (21 + 1) — Fia(1)) = 21 et (g + 1) (1) =

(‘rl + ]‘)qk(‘rlv Z,... 7‘1"16)7
k-1

where ¢, = > Wﬂ(xl) is a polynomial of degree k — 1 with positive
i=1

rational coefficients.

Now, using the induction hypothesis, we have :

x1 m—1

gm(xhx% cee ax’m) = Z Z fk(t - 17°T27 e 7xk)fm7k+1(xk+l7 cee >~Tm70) =
t=0 k=2

xr1 m—1 k m

Z (t—1+1) H (Z’,,-i—l)Pk(t—l, Loy ,.’l'k) H (xu+1)Pw1—k+1(xk+l> R ) 0) =
0 k=2 v=2 v=k+1

~
Il
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m m—1

T
[T +1) >, Pokir(@rst, ooy m, 0) D tP(t — 1,20, ) =
k=2 =1

N
||
N

m—1
(1"1/ + 1) Z mekJrl(kaLl? e 'ax'rn?O)(‘Tl + 1)qk(1"1ax27 cee 7°Tk) =

—3

V=D =2
m m—1
Iz, +1) Pt Tty - o T, 0) e (1, 2, - . -, ).
v=1 k=2

But, for every £k € N with 2 < k < m — 1, the polynomial P,,_r.; has degree
(m —k+ 1) — 2, whereas ¢, has degree k — 1; hence, the polynomial

m—1

rm($17m27 DRI 7xm) = Z Pm7k+1(mk+17 e 7xm70)qk('r17x27 e 7‘1"16)
k=2

has degree m — 2, as well as positive rational coefficients.

Finally, applying the recursive formula of Proposition 2.3 we obtain that

m m A—1 m

fa@r, 2o, ) = [1 (@ +1)+ 2 (1T (2 +1)) T (@ +D)rm(@s, @ag1s - Taem—1)
v=1 A=1 v=1 v=\

= [T (z,+D[1+ > rm(@a, Trst1y - s Tazm—1)] = [[ (@ +1)Pu(21, 22, ..., Zm), where
v=1 A=1 v=1

the polynomial P, (21,2, ..., Tm) = 14> 7p(Tr, Tas1, - - -, Taym—1) has degree m—

A=1
2 and positive rational coefficients. [ |

The final part of this work deals with the evaluation of the coefficient of x;*, for
i€[m], k=0,1,...,m —2 in the polynomial P,,.

Notice that, by Proposition 3.1, if (y1,%2,...,¥m) is a cyclic permutation of

(x1,22,...,2y), then P,(x1,22,...,2y) = Pun(yi,y2,...,ym). Hence, since the
coefficient of x* in P, (21,79, ...,2,) is equal to its coefficient in P,,(0,...,0,z;,
0,...,0), for every i € [m] and k = 0,1,...,m — 2, it is enough to determine the
coefficient of ;¥ in P,,(z;,0,...,0).

For this we need the following result:

Proposition 3.2: For every m € N with m > 2 and for every x € N we have

Fn,0,,0) = (1Y),

Proof. Here, we deal with the set NC(X,[m]) with X = [m]UY, Y C (1,2),
Y] =a.

For every n.c.p. m = By/Bsy/... /By, of X, with i € B; for every i € [m], let
n; = |B;| — 1. Then, the sequence (n;), ¢ € [m] is a nonnegative integer solution of
the equation t| + to + - - -+, = .

Conversely, if (n;), ¢ € [m] is a nonnegative integer solution of ¢ +to+- - -+t,, =
we define recursively the blocks of a n.c.p. # = By/By/ ... /B, of X, with i € B; for
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every i € [m] as follows: By contains 1 as well as the first n; elements of X'\[m]; for
i-1
i=2,3,...,m, B; contains ¢ as well as the last n; elements of X\ ([m] (U B;)).
j=1
We thus define a bijection between the set NC(X, [m]) and the set of all non-
negative integer solutions of the equation t; +ty+- - -+t,, = x. Since the cardinality of
the second set is equal to (“I"™" "), (see [10]) we obtain that f,,(z,0,...,0) = (“7™ ")
indeed. |

We now prove the following result:

Proposition 3.3: For any i € [m], the coefficient of x;*, 0 < k < m — 2, in the
polynomial Py, (x1,Ta, ..., 2Tm) is equal to

_1ym—k
Am k. = ((7,11),1>[ 2 S(mvp)
p=k+2

where s(m,p) are the Stirling numbers of the first kind.

Proof. Since a,, is equal to the coefficient of 2¥ in the polynomial P,,(z,0,...,0)
using Propositions 3.1 and 3.2 we get

m—2

(x+1)P(2,0,...,0) = fru(z,0,...,0), ie. (z+1) appr® = (zjn”:l) and hence
=0
m—2
z4+2)(x+3)--(z4+m—1
kgo gt = i 1) (1)

Furthermore, using the relation

(1) *s(m, k)a*

NgE!

rz+1)(z+2)---(x+m—1) =

k=1
which is an immediate consequence of the definition of s(m, k), we get that

m
(=)™ Fs(m,k)zk—1
=

(x+2)(x+3) - (x+m—1)="~ (2)

x+1
It is easy to check that in the polynomial obtained from the division in (2), the
coefficient of ¥, for 0 < k < m — 2, is equal to (—=1)"* 3 s(m,p).

p=k+2
Hence, (2) gives
(@+2)(@+3)...(c+m—1)= Tg((q)m* :%ZS(m,p))x& (3)

From (1), (3) we finally obtain:
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_ym—k
Amk = ((7,13,1)] Z S(map)' 1
p=k+2

Notice that from the last result we easily obtain that a,o = 1 and amm-2 =
1
(m—=1)!"
Up to now, we do not know the value of every coefficient of P, (1,22, ..., 2Zy).
Even the evaluation of the coefficient of xikle, where 0 < k,land k+1 < m — 2,

seems to be very complicated. For this, the basic step is to evaluate the formula of
fm(x1, 2, ..., Ty) In the case where exactly two variables are nonzero, [8].
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