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Abstract

A diagonal cycle is a cycle of length 2n together with one edge between
two vertices at distance n in the cycle. For example, K; — e is a cycle of
length four with one extra edge between two vertices at distance two in
the cycle. Methods for decomposing the complete graph K, into diagonal
cycles are given when v = 0 (mod 2n + 1) if n is odd, and when v = 1
(mod 2n+ 1), if n = 3 (mod 4); in the case n = 1 (mod 4) further partial
results are obtained.

1 Introduction and necessary conditions

The necessary and sufficient conditions for the existence of a decomposition of the
complete graph on v vertices, K,, into cycles of length n are now known. There have
been many papers written on the properties of cycle systems. For a survey of cycle
systems see [6]. Until recently, the existence of some cycle sytems was not known.
These cases are covered in [2] and [7]. A cycle of length 2n (n > 2) is a graph on
the vertices ay,ay, ..., a0, with edge set {a;a;41}, 1 < ¢ < 2n — 1, {aj,a2,}. A
diagonal edge adjoined to such a cycle is any edge between two vertices at distance
n apart around the cycle. In the above cycle, if a diagonal edge such as {ay, any1}
is adjoined to the cycle, we call the resulting graph a diagonal cycle and denote
it by [ay,a,..., 0, Any1, Gnyo, . . ., G,]. Furthermore, we denote any such diagonal
cycle by Da,. Thus, for instance, K4 — e is a diagonal cycle of the smallest possible
size, denoted by Dy. There have also been many papers written on the subject of
K4 — e designs. The necessary and sufficient conditions for the existence of K, — e
designs are given in [3], the intersection problem is solved in [4] and blocking sets
are investigated in [5].

A decomposition of a graph into edge-disjoint copies of Dy, is called a Dy, -
decomposition. A Ds,-decomposition of the complete graph on v vertices is also
called a Dy,-design of order v. A Ds,-decomposition of a graph with vertex set
V' may be written as a pair (V, B), where B is a collection of copies of D,, that
partitions the edge set of the graph.
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The graph Dy, has 2n + 1 edges, so the expected spectrum (or the set of possible
orders) of D,,-designs will consist of all v for which

v{v - 1)
2(2n +1)

is an integer. When 2n + 1 = p*, where p is prime and « is an integer, the expected
spectrum for Dy, -designs is
v=0or1l (mod2n+1). (%)

When 2n + 1 # p®, the set of v satisfying (x) will form a subset of the expected
spectrum for Dy,-designs.

In this paper we demonstrate methods for constructing D,,-designs of order v
where n is odd and v satisfies (%), except when v = 2n + 2 (mod 4n + 2) where
n =1 (mod 4) and n > 13. Thus, this paper gives the necessary and some sufficient
conditions for the existence of certain G-designs, where GG can be thought of as a
generalization of Ky — e or an extension of an even length cycle.

2 Dg-designs

In this section we show that for all v = 0 or 1 {(mod 7), v > 7, there is a Dg-design
of order v.

LEMMA 2.1 There is no Dg-design of order 7.

Proof

In any Dg-design of order 7 we expect 3 copies of Dy. Let the vertex set of K7 be
V ={1,2,3,4,5,6,7}. Without loss of generality, we can label one of the expected
copies of Dg as [1,2,3;4,5,6]. (See Figure 1a.) This forces the vertices shown below
in Figures 1b and 1c¢ on the remaining two expected copies of Ds.

1 2 1 5 4 6
6 3 3 2
5 4 7 7
Figure la. Figure 1b. Figure 1c.
Expected Copy 1 Expected Copy 2 Expected Copy 3

This leaves nowhere for the edges {3,5} or {2,6}. Hence there is no Dg-design of
order 7. g

We now present examples of Dg-decompositions of graphs required for our con-
structions.
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EXAMPLE 1
Let V =Zg and let B = {{0,1,7;4,5,3] +i:4=0,1,2,3}.

Then (V, B) is a Dg-design of order 8.

EXAMPLE 2
Let V = Zy4 and let
B= {[0,1,2;4,5,7}, 0,2,9;5,8,3], [0,6,3;10,2,12], [1,5,2;11,7,10],
[1,8,9;13,2,3], [1,12,6;9,11,4], [2,7,1;6,10,8], [3,9,12;5,6, 4],
[4,8,6;7,9,10], [4,9,0;13,3,12], [5,10,12;13,6,11], [8,13,10;11,3,7,
[11,13,7;12,8,0] }.
Then (V, B) is a Dg-design of order 14.

EXAMPLE 3
Let V' = Z3 x Z7 and let B contain the blocks arising from the following set, with
the first components all cycled modulo 3, and the second components fixed.

{1(0,0),(0,2),(0,4); (0,5), (2, 0) (1,2)], 1(0,0),(2,0),(2,1);(1,3),(1,2),(2,6)],
[(0,1),(0,6),(1,3);: (0,2),(2,4), (2, ], {(0,2),(2,1),(1,2);(0,5), (1,6), (1,0)],
[(073)7(1’4)7(0’1); (1’0)7(075)7( 3)]7 [(073)’(27 1)1(170)7 (2)5)7 (276)7(176)]7
[(0,4),(1,4),(2,1);(2,5),(1,6),(2,2)],  [(1,1),(1,3),(1,0);(2,6),(1,4),(2,5)],
[(2,0),(0,4),(0,3); (2,4), (1,6), (1,4)],  [(2,3),(2,5),(0,1);(2,6),(2,2),(0,2)} }.

Then (V, B) is a Dg-design of order 21.

EXAMPLE 4
Let V = ZyxZy and let B = {{(0,0), (1,1),(3,0); (0,1),(1,0), (3, 1)+ (4,0) : i € Z}.

Then (V, B) is a Dg-decomposition of K77, where V is partitioned in the obvious
way.

The following three lemmas use the Dg-designs given in Examples 1, 2, 3 and 4
to construct Dg-designs of order v for all v = 0 or 1 (mod 7), v > 7.

LEMMA 2.2 There is a Dg-design of order Tk +1, k > 1.

Proof
Let V = (Zy x Z7) U {oo} and let B contain the copies of Dg from the following two
types of Dg-decompositions.

Type 1: For each 4, 0 <i < k—1, place a Dg-design of order 8 on ({1} x Z;) U {oo}.
Type 2: TFor each 1 and j satisfying 0 <i < j < k — 1, place a Dg-decomposition of
1\/7’7 on {’L,j} X Z'(.

Then (V, B) is a Dg-design of order 7k -+ 1. O

LEMMA 2.3 There is a Dg-design of order 14k, k > 1.
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Proof

Let V = Zy, x Z and let B contain the copies of Dg from the following two types
of Dg-decompositions.

Type 1: Foreach 4, 0 < i < k —1, place a Dg-design of order 14 on {27,2i+ 1} X Zs.
Type 2: For each 4 and j satisfying 0 <1 < j < 2k — 1 and (i, §) # (2z, 2z + 1) for
any 7, 0 <z < k — 1, place a Dg-decomposition of K77 on {i,j} x Z.

Then (V, B) is a Dg-design of order 14k. O
LEMMA 2.4 There is a Dg-design of order 14k + 7, k > 1.

Proof

Let V = Zogy1 X Z7 and let B contain the copies of Dg from the following three types
of Dg-decompositions.

Type 1: Place a Dg-design of order 21 on Zs X Zs.

Type 2: For each i, 2 < i < k, place a Dg-design of order 14 on {2¢ — 1,2i} x Zs.
Type 3: For each i and j satisfying 0 <4 < j <2k, (4,7) # (22 — 1,2z) for any «,
2<x <k, and {3,7} ¢ {0,1,2}, place a Dg-decomposition of K77 on {7,5} x Z7.

Then (V, B) is a Dg-design of order 14k + 7. 0

3 General Cases

In this section we give methods for constructing the Dy,-decompositions which will
be used in the constructions in Section 5. In Figures 2 and 3 the heavy edge denotes
the diagonal edge of the diagonal cycle.

LEMMA 3.1 There is a Do, -design of order 2n + 1, where n is odd and n > 5

Proof

Ifn =5,let V = (ZsxZs)U{oo} and let B = {[(1,0), (0,0), (0,1), (4,0), (1,1);(3,0),
(2,1),(4,1),(3,1),00] + (4,0) : i € Zs}. If n =7, see Example 5 below Ifn=09,let
V = (ZgxZy) U{cc} and let B = {[(1,0), (0, 0}, (O 1),(8,0),(1,1),(7,0},(2,1), (6,0),
(3,10 (5,0), (4,1), (8,1), (5,1), (7, 1), (6,1), 00, (2,0), (4,0)] + (,0) : i € Za}. If
n > 11, let V = (Z, X Zy) U {oo} and let

B = {[(1,0), (0 0) (0 1), (n—1,0),(1,1), (n - 2,0),(2,1),...,(n — m,0), (m,1),...,

(71";“37 )( 1) (n+1 0), (n; 1’1)7(7)'_171)’(71—2%171)7@_2’1)7

n+3 / +(2m—1) 3n

( 5 ,1),...,(71—m,l),(-—w~2—~,l),‘..7(L—4~J,1),oo,(n(m0d4)+
[?_’_:l;ﬂj’g),__w(m7g)y(w7o),_..,(2,0), nﬁl, )] +(5,0) i € Zy, }.

2

Then a straightforward check shows that (V, B) is a Da,-design of order 2n + 1. O
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EXAMPLE 5

Let V = (Z7 x Zy) U {oo} and let B = {[(1,0), (0,0),(0,1), (6,0), (1, 1), (5,0), (2, 1);
(1

(4,0), (3,1), (6, 1), (4, 1), (5, 1), 00, (3,0)] + (1,0) : i € Z7}.
(0,0) (0,1)
(1,0) (11
(2,0) § (2,1)
(30) / 31
(4,0) 4,1)
(5,0) (5,1)
(6,0) - 6,1)

00

Figure 2. The starter configuration for a Dis-design of order 15.
Then (V, B) is a Dj4-design of order 15.
LEMMA 3.2 There is a Dy, -design of order 2n + 2, where n = 3 (mod 4).

Proof

If n = 3 see Example 1, otherwise let V' = Zg, 2, where n = 3 (mod 4). Define a
sequence of differences, {d;}, in the following way:

{d;} = (1,-2,3,~4,...,2m — 1,=2m,... oL —(nbly nid _(ndly ni9 _(nill)

IR 2 2
n+(4m+1) ”(n+(4m+3)) 'n+’5>.

C soe,n—1,—n,
The sequence of differences, {d } forms a ‘semi-cycle’ in the starter configura-
tion defined below. By ‘semi-cycle’ we mean the path of length n on the vertices
ay, Az, ..., Qp41 OF Gnoy, Gnyo, .-, Az, Let B = {0, Zl 145, Z; L5, .,Z;:ll d;;
n—!—1,n+1—I—Z;:ldj,nJrlJrZ;:ldj,“ 77+1+Z” 1d]+7 i=0,1,...,n}

Then (V, B) is a Dy,~design of order 2n + 2. ]
EXAMPLE 6

Let V' = Zyg and let {d;} = (1,-2,3,-4,6,-7,5).
Let B ={[0,1,15,2,14,4,13;8,9,7,10,6,12,5] +7:7=0,1,...,7}.




14

13 o

12 :\ \ \ s
[ 2
11 6
10 7

9 8
Figure 3. The starter configuration for a Dy4-design of order 16.

Then (V, B) is a Dj4-design of order 16.
LEMMA 3.3 There is a Dqy,-design of order 4n + 3, where n =1 (mod 4).

Proof

Let V = Zypnys, where n = 1 (mod 4). Define a sequence of differences, {d;}, in the

following way:

{d;} =(-2,4,-6,8,...,—(n—=3),(n— 1), —(n +3) n+ 5, —(n+T7),n-+9,...,

2n—4,~(2n-2),1,2n+1,2n—1,-(2n - 3),2n - 5,~(2n - 7),...,5, =3).

Once again, the sequence of dlﬂeren(es {d;}, forms a ‘semi-cycle’ in the starter con-

figuration defined below. Let B = {[ZJ L dj, Z] gy 0 dy E"H dj, Z”“ dj,
. 2321 (ij] +1:12 € Z4n+3}.

Then (V, B} is a Dy,-design of order 4n + 3. O
LEMMA 3.4 There is a Dy,-decomposition of Kyyi1 2041, where n is odd.

Proof

Let V = Zony1 X Zy where n is odd. We shall consider the case n = 3 (mod 4) and
the case n = 1 (mnod 4) separately.

The case n = 3 (mod 4). If n = 3, see Example 4, otherwise define a sequence of
differences, {d;}, in the following way:

{d;} =(1,2,3,4,...,2m —1,2m, ..., 25> 2, ned el bl —1n, 55,

Let B = {{ (0,0), (ZJ (=17 1), (005 (- )J“dpo) (T, ),
(Z —1)74d;, 00 (0, 1), (22, (=1)71d;, 00, (5, (= )“1(1-; U,

( = 1( ]+1d O) (Zn 1( ) -de?]')] ( ) ZEZZH—H}

Then (V, B) is a Dy,-decomposition of Kany12n+1, where n = 3 (mod 4).

The case n = 1 (mod 4). Define two sequences of differences, {a;} and {b;}, in
the following way:
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If n=">51let {a;} =(9,1,2,3,4) and let {b;} = (7,8,6,10,5). If n > 5 let
{a;} = (3(n+1),1,2,3,...,n—1) and

{b;} —(71+2 n+3,. %(3n+1) n+1,2n,2n—1,...,£(3n+5),n).

Let B = {{(0,0), (3221 (=1)*a;, 1), (X5 (1) a5, 0), . (Z?‘f( 1)*a;,1),
(3721 (=1 ay, 00;(0,1), (3252, (=1)71b;,0), (5., (= 1)”’% 1),.

(722 (1) 1, 0), (32523 (= 1)+, )] + (4,0) 16 € Zpnr }-

Then (V) B) is a Dy,-decomposition of Ky, y1 9541, where n = 1 (mod 4). il

4 Some useful D,,-designs of order 2n + 2

In this section we give examples of some Dy,-designs of order 2n + 2, where n = 1
(mod 4). These designs enable us to complete the spectrum for D,,-designs when
n=>5andn=9.

EXAMPLE 7

Let V' = Z3 X Zy and let B =

{[(0» 0)7 (110)7 (07 1)7 (2,0)7 (27 1); (07 2): (1) 1)7 (Oa 3)5 (L 2)7 (1v3)] -+ (i70)7

[(Oa 1)7 (1’ 1)7 (1’ 2)7 (0’0>7 (27 3)’ (073)’ (2’ 2)a (0>2)) (170)> (17 3)] + (7’70) S ZB}'

Then (V, B) is a Dyo-design of order 12.

EXAMPLE 8

Let V = Zg x Zy and l B =

{((0,0),(1,0),(0,1),(3,0), (4, 1), (1, 1), (1 2) (2,0), (3,3);
(2,2),(4,2),(2,1), (0 2),(4, ):(2,3),(3,1),(4,3),(0,3)] + (1,0),
[(4,1),(3,2), (3,0), (1,0), (0,3),(1,2), 3, 3) (0 2)7(472),
(4,3),(1,3),(4,0), (2, 2) (1,1),(2,1),(2,0),(0,1),(2,3)] + (4,0) : i € Zs}.
Then (V, B) is a D)g-design of order 20.

5 General Constructions

Since Section 2 completely deals with Dg-designs, here we consider Dy,-designs where
n is odd and n > 5.

LEMMA 5.1 There is a Dqy,-design of order k(2n+ 1), where n is odd, n > 5, and
k>1.

Proof

Let V' = Zy X Zon41 and let B contain the diagonal cycles from the following two
types of Dy, ~-decompositions.

Type 1: Foreach i, 0 <7 < k-1, place a Dy,-design of order 2n+1 on {i} X Zgy11;
such a design exists by Lemma 3.1.
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([o] | - . . o] oy
0 1 k-1

Figure 4. Ds,-decompositions of Type 1

Type 2: For each i and j satisfying 0 < ¢ < j < k -1, place a Dy,-decomposition
of Kopyran+1 00 {1, 7} X Zgyy; such a decomposition exists by Lemma 3.4.

[00"°."'.'°'0JO
1

(. .............}

(. el - . |@| « + & e, - - OJQn

? J
Figure 5. Ds,-decompositions of Type 2

Then (V, B) is a Dy,-design of order k(2n+ 1), where n is odd, n > 5, and k > 1.
O

LEMMA 5.2 There is a Do, -design of order k(2n+1)+ 1, where n=>5,n=9 or
n=3 (mod4), n>7, and k > 1.

Proof

Let V = (Zy x Zgp1) U{oo} and let B contain the diagonal cycles from the following
two types of Dy,-decompositions.

Type 1: For each i, 0 < ¢ < k — 1, place a Dy,-design of order 2n + 2 on
({i} X Zin41) U {o0}; such a design exists by Lemma 3.2, Example 7 or Example 8.
Type 2: For each 7 and j satisfying 0 < i < j < k — 1, place a Dy,-decomposition
of Kapt12n41 001 {4, 5} X Zoniq; such a decomposition exists by Lemma 3.4.

Then (V, B) is a Dy,-design of order k(2n + 1) + 1, where n = 5, n = 9or n = 3
(mod 4), n > 7 and k > 1.
O
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LEMMA 5.3 There is a Dq,-design of order 2k(2n+ 1) + 1, where n =1 (mod 4)
and k > 1.

Proof

Let V' = (Zog X Ly 41)U{oo} and let B contain the diagonal cycles from the following
two types of Ds,-decompositions.

Type 1: For each ¢, 0 < ¢ < 2k — 1, place a Dy,-design of order 4n + 3 on
({i,4 + 1} X Zgpi1) U {oo}; such a design exists by Lemma 3.3.

Type 2: For each i and j satisfying 0 < 4 < j < 2k — 1, (4,5) # (22,22 + 1),
0 <z < k—1, place a Dy,-decomposition of Ky, q19n11 00 {4,5} X Zgnyy; such a
decomposition exists by Lemma, 3.4.

Then (V, B) is a Dy,-design of order 2k(2n+1)+1, where n = 1 (mod 4) and k > 1.
O

6 Summary
When combined, all of the lemmas in this paper give us the following theorem:

THEOREM 6.1

(1) When v = 0 (mod 2n+1) and n is odd, there exists a Dy, -design of order
v, except whenn =3 andv =7.

(ii)(a) Whenv =1 (mod2n+1)andn =5, n=9, orn =3 (mod 4), there
exists a Doy, -design of order v.
(ii)(b) When v =1 (mod 4n+2) and n = 1 (mod 4), n > 13, there exists a

Dy~ design of order v. (However if v = 2n+2 (mod 4n+2), n > 13, the
existence of a Do,-design of order v remains open.)

Proof

Part (i) follows from Lemmas 2.1 and 5.1.

Part (ii)(a) follows from Lemma 5.2.

Part (ii)(b) follows from Lemma 5.3. O

We conjecture that when v = 1 (mod 2n + 1), a Dy,-design exists for all odd n
and work is proceeding on this.

Acknowledgements

Many thanks to Elizabeth Billington for suggesting this problem and for her many
helpful discussions and suggestions. Thanks also to Peter Adams for use of his
graph decomposition package, autogen [1]. Examples 2, 3, 7 and 8 were found using
autogen; the remaining examples were found by hand.

229



References

[1] P. Adams, autogen, a graph decomposition package (in PhD Thesis, Combina-
torial designs and related computational constructions, University of Queens-
land, 1995).

[2] B. Alspach and H. Gavlas, Cycle decompositions of K, and K, -1, J. Combin.
Theory Ser. B, to appear.

[3] J.C. Bermond and J. Schénheim, G-decompositions of K,, where G has four
vertices or less, Discrete Math. 19 (1977), 113-120.

[4] E.J. Billington, M. Gionfriddo and C.C. Lindner, The intersection problem for
K, — e designs, J. Stat. Plann. Inference 58 (1997), 5-27.

[5] M. Gionfriddo, C.C. Lindner and C.A. Rodger, 2-colouring K4 — e designs,
Australas. J. Combin. 3 (1991), 211-229.

[6] C.C. Lindner and C.A. Rodger, Decomposition into Cycles II: Cycle Systems,
in Contemporary Design Theory: A Collection of Surveys (eds. J.H. Dinitz and
D.R. Stinson), Wiley, New York, 1992, pp. 325-369.

[7] M. Sajna, Cycle decompositions of K, and K, — I, PhD Thesis, Simon Fraser
University, 1999.

(Received 18/8/2000)

230




