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Abstract

Let k£ > 3. For each admissible v, we determine the set BS#H (v, k, 1) of
integers = such that there exists a balanced path design H(v, k, 1) with
a blocking set of cardinality z.

1 Introduction

Let G be a subgraph of K, the complete undirected graph on v vertices. A G-design
of K, is a pair (V, B), where V is the vertex set of K, and B is an edge-disjoint
decomposition of K, into copies of the graph G. Usually we say that b is a block of
the G-design if b € B, and B is called the block-set. A G-design of K, is also called
a G-design of order v.

A balanced G-design [5, 4] is a G-design such that each vertex belongs to the
same number of copies of G. Obviously not every G-design is balanced.

A balanced path design H(v,k,1) [4] is a balanced Py-design of K, where Py is
the simple path with & — 1 edges (k vertices) (a1, as,...,0;) =
{{al, (1,2}, {az, (13}, ey {ak_l, ak}}

S. H. Y. Hung and N. S. Mendelsohn [5] proved that a H(v,2h +1,1) (h > 1)
exists if and only if v =1 (mod 4h), and a H(v,2h,1) (h > 2) exists if and only if
v=1 (mod 2h—1).

Given a H(v,k, 1) (V,B), a subset X of V is called a blocking set of B if for each
beB,bNX #P,and bN (V —X) #0. A H(v, k,1) with blocking set is said to be
2-colorable, and the partition (X, V — X) is called a 2-coloring.

Numerous articles have been written on the existence of blocking sets in projective
spaces, in t-designs and in G-designs [1, 2, 7, 8, 9].

For each admissible v, let BSH (v, k, 1) be the set of integers = such that there
exists a H(v,k,1) with a blocking set of cardinality z. S. Milici [8] determined
BSH(v,k,1) for k = 3,4. The aim of this note is to determine BSH (v, k,1) for
every k > 3.
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Theorem 1 (Necessary condition). Let z € BSH (v, k,1), then
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Proof. Let X be a blocking set in a H(v,k,1) (V,B), |X| = z. Since each b € B
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that V — X is a blocking set imply the proof. O

meets X, we have x This inequality and the fact

2 BSH(v,k,1) for even k > 4.

In this section we determine the set BSH (v, k, 1) for each even k > 4. To prove this
result we will use the v — v + k — 1 construction for H (v, k, 1) [5].

Lemma 1 Let k > 4 be an even integer and let z € BSH(v,k). Thenz +t €
BSH(v+k—1,k,1) for eacht =1,2,...,k— 2.

Proof. Let W ={au | p =0,1,...,k — 1}. For each i = 0,1,...,%5 ~ 1 and
p=0,1,..., 2 —1let yzp = Qi and y2p+1 = Qj-1-p+i, Where the indices p + ¢ and
k—1—p+iarereduced (mod k) to the range {0,...,k—1}. Define the H(k,k,1)
(W, D) by putting in D the blocks (yi,3i,..., 3L ;).

Put v =1+ (k—1)a,a > 1. Let (V,B), VNW =0, be a H(v,k,1) with a
blocking set X. Let V = (U*-1X%) U {ao}, Xt = {zf 15 =1,2,...,a}. Suppose
X'CXand X*-1CV - X,

Foreachj=1,2,...,¢,1=0,1,...,k—2and p=0,1,. ,5-—1putzzJ z?“”“
and z§p+1 = Gi4pti where the indices k p+iand 1+p+iare reduced (mod k—1)
to the range {1,2,. — 1}. Let C contain the blocks (23", 2J%, ..., 20" ).

Put £ = BUCUD. It is easy to verify that (see [5]) (VUW,E) isa H(v+k—1,k,1).

Now we prove that X = XU {a; |4 = 1,2,...,t}, t = 1,2,...,k—2, is a
blocking set of £. Let b € £&. Ifb € D then bNX = {a; | i = 1,2,...,t} and
bN(V —X)={a}U{a;|i=t+1,t+2,...,k~1}. If b€ B then bN X # 0 and
bN(V —X)#0. Ifbe Cthen bN (X' U{ar}) #0 and bN (X* U {ap_1}) #0. O

Theorem 2 For each even k > 4 and for each v = 1 (mod k — 1), we have

BS’H(v,k,l)z{x —::lgms-@—%?—_)%f—l}.

Proof. For v = k the proof follows from the fact that each block has cardinality %.
Theorem 1 and Lemma 1 complete the proof. O
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3 BSH(v,k,1) for odd k > 3.

In this section we determine the set BSH(v,k, 1) for each odd £ > 3. We will use
the difference method to construct H(v,k,1) [3, 6].

Lemma 2 If 2 € BSH(4h +1,2h + 1,1), h > 1, then BSH(4h + 1,2h + 1,1) =
{2,3,...,4h — 1}.

Proof. For h = 1 the proof is straight forward. Suppose h > 2. By Theorem 1 it
is sufficient to prove that {2,3,...,2h} C BSH(4h+1,2h +1,1).

Let X be a blocking set in a BSH(4h +1,2h+1,1) (V,B), | X| = 2. For each =
with 3 < z < 2h, let Y be a subset of V such that [Y| =2z -2 and Y NX|=0.
Then X UY is a blocking set of B. ]

Theorem 3 For each odd k > 3 and for each v = 1 (mod k — 1), we have

v—1 (k—2v+1
= LA DS L N
BSH(v, k,1) {a: 1SS Ty }

Proof. Putk=2h+1andv=1+4hm,h>1and m > 1. Foreach j=0,1,...,
m—1landt=0,1,...,h—1define ay = 0, agey1 = t+ 1+ 2hj and agyo = 4hm —t.
Using the difference method construct a H(1 + 4hm,1 + 2h,1) (V,B) having the
following base blocks [6]:

bj = (ag,a1,. .., 001, aap).

The difference of the pair {a;,,a;,}, named so that a; < a;,, is defined to be
D(aiua'iz) = min{a;, — a;;,,v — (ai, — ail)}'

Let S be the set of the differences of the pairs {a;,, a;,} where a;, and a;, are
vertices of b;, 7 = 0,1,...,m — 1, such that {a;,a;,} is not an edge in b;. The
elements of S are the following:

D(agi2,a2p) =t — p+1foreach p=0,1,...,h—landt=p+1,p+2,...,h—1;
and, if h > 2,

D(asps1,0241) =1 — p,

D(azp+1, 02042) =t + 2+ p + 2hj,

D(a2t+1,a2p) =141+ p+ 2hj,

foreach p=0,1,...,h—2and t=p+1,p+2,...,A—- 1L

It is easy to see that SN{2ho | 0 =1,2,...,2m—1} = 0. So there is exactly one
b € B meeting both the elements 2ho, and 2ha, for every 01,02 € {0,1,...,2m—1},
o1 # 0q. Therefore the pair {2hoy, 2ho,} is an edge in b.

Since every point of V meets m(2h + 1) paths of B, the following inequalities
hold:

1< bn{2ho |0 =0,1,...,2m~1}| <2 Vb€ B. (1)

From (1) it follows that {2ho | ¢ = 0,1,...,2m — 1} is a blocking set of minimum
cardinality.

Put X; = {i+2ho |0 =0,1,...,2m—1},i=0,1,...,h—1. It is easy to see that
X;NX; =0 foreach i,j € {0,1,...,h—1}, 7 # j. Then from (1) and [b| = 2h +1
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it follows that ULy Xi, p = 1,2,...,h — 1, is a blocking set of B having cardinality
2m(p +1).

To complete the proof it is sufficient to prove that if z is an integer such that
2m < z < 2hm and z # 2um for each 4 =1,2,...,h — 1, then z € BSH(1 + 4hm,
1+ 2h). For m =1 this result follows from Lemma 2. For m > 2,let £ = 2um + o,
0=1,2,...,2m~ 1 Then (U5 X;) U{u+2hj | j =0,1,...,0 — 1} is a blocking
set having cardinality 2um + o. O
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