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Abstract. A directed triple system of order v, denoted DTS(v), is said to be f-bicyclic
if it admits an automorphism consisting of f fixed points and two disjoint cycles. In
this paper, we give necessary and sufficient conditions for the existence of f-bicyclic

DTS(v)s.

1. Introduction

A directed triple is a set of three ordered pairs of the form {(xy), (v,2), (x,z)}, that
we will denote by [x, ¥, z]. A directed triple system of order v, denoted DTS(v), is a pair
(V, B), where V is a v—set and [3 is a set of directed triples of elements of V, called blocks,
such that any ordered pair of distinct elements of V occurs in exactly one block of B. A
DTS(v) exists if and only if v=0 or 1 (mod 3) [4].

An automorphism of a DTS(v) is a permutation 7t of V which fixes . The orbit of a
block under 7 is the image of the block under the powers of 7. A set of blocks B' is said to
be a set of base blocks for a DTS(v) under the permutation T if the orbits of the blocks of
B' produce the DTS(v) and exactly one block of B' occurs in each orbit.

Several types of automorphisms have been studied for the question: “For what values
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of v does there exist a DTS(v) admitting an automorphism of the given type?”. In
particular, a DTS(v) admitting an automorphism consisting of a single cycle is said to be
¢eyclic; a cyclic DTS(v) exists if and only if v =1, 4 or 7 (mod 12) [2]. A DTS(v)
admitting an automorphism consisting of a fixed point and a cycle of length v—1 is said to
be rotational, a rotational DTS(v) exists if and only if v = 0 (mod 3) [1]. A DTS(v)
admitting an automorphism consisting of f fixed points and a single cycle of length > 2 will
be said to be f-cyclic; an f—cyclic DTS(v) , with f = 2, exists if and only if v > 2f+ 1 and,
further, v =0 (mod 3) and f=1 (mod 3) or v=1 (mod 3) and f= 0 (mod 3) [5]. A
DTS(v) admitting an automorphism consisting of two distinct cycles is said to be bicyclic;
a bicyclic DTS(v) admitting an automorphism consisting of two cycles of the same length
exists if and only if v = 4 (mod 6); a bicyclic DTS(v) admitting an automorphism
consisting of a cycle of length M and a cycle of length N, where M > N; exists if and only
ifN=1,4or 7 (mod 12) and M = kN, with k = 2 (mod 3) [3].

A DTS(v) admitting an automorphism consisting of f fixed points and two disjoint
cycles will be said to be f—bicyclic. The purpose of this paper is to present necessary and
sufficient conditions for the existence of f~bicyclic DTS(v)s. We break this into two cases:
in the first we assume that the two cycles have the same length, and in the second case we

assume that the cycles have different lengths.

2. Automorphism consisting of f fixed points and two cycles of the same length
In this section, we will consider f~bicyclic DTS(v)s, in which the two cycles have the
same length N, with vertex set Zy x {O,I}U {al,az,...,ocf}, where o,0,,...,0; are
the fixed points of the automorphism 7. We will represent (x,0) € Zy x{0} as x; and
(x,1) €Zyy x {1} as xy, therefore we have:
1= () (@) .. @5) (0gdgs N=1)g) (0111, (N=1);)
It is easy to prove the following preliminary lemma.

Lemma 2.1. The fixed points of an automorphism of a DTS(v) form a subsystem.
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We have the following necessary conditions:
Lemma 2.2. If there exists an f-bicyclic DTS(v) admitting an automorphism w in which
the two cycles have the same length, then v >2f+1,v=0o0r1 (mod3), f=0or1
(mod3) and v+ f=4 (mod6).
Proof, A basic condition for the existence of an f-bicyclic DTS(v) is v= 0 or 1 (mod 3),
since this is the spectrum for DTS(v)s. Further, from Lemma 2.1 it follows that f= 0 or 1
(mod 3).

~f
Since the automorphism 7 has two cycles of length Xz—, we have that v — f is even.

Further, if o is a fixed point, then there does exist two blocks starter containing o as only
fixed point, [0p,0t,X0] and [01,0,x1], or [Oo,0,,%1] and [01,0,%0]. It follows that, using the
standard idea of difference methods, we have that the number of fixed points can’t be

greater than the half of the number of differences,i. e. f<v-1f-1, therefore we have

£(F-1)
3

and the length of the
v(v—1)

; since the number of blocks in a DTS(v) is P we

viv-1) f(f-1)
T3

v = 2f + 1. Finally, the number of blocks of fixed points is

v—f

orbit of each other block is

-f
have that YZ— divides , and therefore v + £= 1 (mod 3). Since v — fis

even, we have v+ f=4 (mod 6).

Theorem 2.1. An f-bicyclic DTS(v) admitting an automorphism w in which the two
cycles have the same length, exists if and only if v>2f+1,v=0or1(mod3),f=0o0r1
(mod 3) and v + = 4 (mod 6).

Proof. If v>2f+ 1, v=0or I (mod 3), f=0 or 1 (mod 3) and v + f = 4 (mod 6), then
there is a DTS(v) which admits an automorphism 7 consisting of f fixed points and a cycle
of length v—f. By considering n* we see that this DTS(v) is also f-bicyclic. This shows

that the necessary conditions of Lemma 2.2 are also sufficient. (3

3. Automorphism consisting of f fixed points and two cycles of different lengths

In this section, we will consider f-bicyclic DTS(v)s, f > 0, in which the two cycles
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have lengths M and N, M>N, with vertex set Zy x{0}UZy x {1} {0, 0},
where a,0,,...,0¢ are the fixed points of the automorphism m. We will represent
(x,0) € Zy x {0} as xo and (x,1) € Zy; x{1} as x;, therefore we have:
n= (o) (@) .. (g) (0g1g,....(N=1)g) (0p,1,....,(M —1)1)

We have the following necessary conditions:
Lemma 3.1. If there exists an f-bicyclic DTS(v), f> 0, admitting an automorphism n
in which the two cycles have lengths M and N respectively, M >N, then N>f+ 1,
M =kN, k = 2 (mod 3) and, further, N = 1 (mod 3) and f=0 (mod 3) or N =2 (mod 3)
and f=1 (mod 3).
Preoof. Suppose that there is an f-bicyclic DTS(v) with the vertex set and the
automorphism as described above. |
The set of fixed points of 7" is precisely the set Z; x {0} u{al,az,.l.,af}, therefore by
using the Lemma 2.1 we obtain that this set forms an f-cyclic DTS(N + f). Therefore,
N=f+1 and, further, N+ f=0 (mod 3)and f=1 (mod3) or N+ f= 1 (mod 3) and f=0
(mod 3). So there must be some blocks of the f~bicyclic DTS(v) with one vertex from
Z x{0} and two vertices from Z, x {1}. Since such blocks are fixed under ™, we have

that N divides M, say M =kN.
The number of blocks of the DTS(v) is

v(v—-1)
3

and the number of blocks of the f—cyclic
S N+ )Y(N+f-1)
3

DTS(N + f) with vertex set Zy x {O}U{al,a2,...,ocf} i . The length of

the orbit of each other block of the DTS(v) is M, therefore M divides

1 F)N+f—1
V(V3 ) (¥ )(I;Hf ) Tt follows that M+ 2N+ £ =1(mod3) If N+f=1

(mod 3), then kN = 2 (mod 3); therefore, N =1 (mod 3), f=0 (mod 3) and k=2

{mod 3). If N+ f=0 (mod 3), then kN = 1 (mod 3), therefore, N = 2 (mod 3), f=1
(mod 3) and k=2 (mod 3). (2
We now show that the necessary conditions of Lemma 3.1 are also sufficient.

We require the use of two structures. An (A, n)—system is a collection of ordered pairs
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(a,.,b,), r=1,2, .., n, that partition the set {1,2,..,2n} with the property that b. = a,
+ 1, for every r. It is proved in [7] that an (A, n)-system exists if and only if n = 0 or 1
(mod 4). A (B, n)-system is a collection of ordered pairs (a,,b,), r = 1,2,...n, that
partition the set {1,2,...,2n — 1,2n + 1} with the property that b, =a, + r for every r. It is
proved in [6] that a (B, n)—system exists if and only if n = 2 or 3 (mod 4).

Lemma 3.2. An f-bicyclic DTS(v), £ > 0, admitting an automorphism w in which the
two cycles have lengths M and N respectively, M > N, exists f N2f+ 1, M=kN, k=2
(mod 3), N =1 (mod 3) and f=0 (mod 3).

Proof. Let N=1 (mod 3), f=0 (mod 3), f>0, N2f+ 1, M=kN, with k=2 (mod 3)
M-N-f-1

dleth=
and le 3
We define a set of blocks, B, and we consider two cases:

D If h=0or 1 (mod 4), let:
By ={[04,11,(by +h);]: r=12,...,hand b, from an (A, h) - system

(omit these blocks if h = 0)} U{[0;, 0, Bh +1); ] i =1.2,...,f - 2}

2y Ifh =2 or 3 (mod 4), let:
By =1{[01,1,(by +h){]: r=12,...,hand b, froma (B,h) - system} U{[0y, 01, (3h); ]} U

U005, (3h +i);]: i=23,...,f - 2 (omit these blocks if f = 3)}
We now define another set of blocks, B, , and we consider four cases:
1) IfN =1 (mod 12), say N= 12t + 1, let:
B =1{[0p, Bt + 1)1, (3t — 1 = 1), L[0g, (Ot +1+1);, (Ot =1 = 1), ],
[(Ot—1—1);,(M=3t +1);,05 1[Gt = r = 1), (M= 9t—1+1);,00]: r=0,1,....3t — jU
ALO1),,00, (M = 3t = 1) {0, ,ctpy, (M= N = 2) 1[0, 0, (M~ N = 1), ]}
2) IfN =4 (mod 12), say N = 12t + 4, let:
Ba= {05, Gt + 1+ 1)), (3t = 1) L0t +2 = 1), (M =3t +1)1,0p]: =0,1,... 3t}
Of[00, (9t +4+ 1)1, (9t + 2= 1), LIGt+1- 1)1, (M= 9t =2+ 1),0, ] r=01,...3t = 1}
{1100, (M = 6t = 2), LI(9t +3);,00,(M — 3t~ 1); [}
O{[0). 0y, (M = N =2), 1[0 0, (M =N = D)y f
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3)IfN =7 (mod 12), say N = 12t + 7, let:

Bz={[00,(3t+2+ D, Gt+1-) LIGt+1-1),(M=9t-5+1),,0,]:r :0,1,“.,3t+1}u
U{[0p, (9t + 6+ 1)1, (9t + 4= 1), L[(Ot +4 1), (M =3t~ 14+ 1);,001: 1= 0,1, 3t}
{10t +5)1.00, (M~ 3t = 2), T oA[03, 0001, (M =N = 2), 1[0y, (M= N=1), ]
4)IfN = 10 (mod 12), say N = 12t + 10, let:

B2= {[06, (Bt +2+1), Bt + 1= 1) 1,[05,(9t + 7+ 1), (Ot +5-1) J:r =01, .. 3t + 1}
Of[Ot+7 = 1)1, (M =3t = 1+1),,00]: r=0,1,.._ 3t}

U{lBt+3 1), (M~ 9t—6+1),0]: =01, 3t+2}u

U9t +8)1,00,(M - 3t—4), L[(12t +10),,05,(M - 1), ]}u

U{[0),0p_y, (M = N); 1[0y, atg, (M — 6t - 6), ]}

In all cases, the union of the set B;wP, with a set of base blocks for an f~cyclic
DTS(N + f) on Zy x {0} Ufay,05,...,0¢ ) forms a set of base blocks for an f-bicyclic
DTS(v). O

Lemma 3.3. An f-bicyclic DTS(v) admitting an automorphism 1 in which the two cycles
have lengths M and N respectively, M > N, exists if N2f+ 1, M= kN, k =2 (mod 3),
N=5,80r 11 (mod 12y and £=1 (mod 3).

Proof. Let N=5, 8 or 11 (mod 12), f= 1 (mod 3), N>f+1, M =kN, withk =2
(mod 3) and let h = M

We define a set of blocks, B1, and we consider two cases:

1) Ifh=0 or 1 (mod 4), let:
B = {[Ol,rl,(br +h);]: r=12,...,hand b, from an (A, h) - system

(omit these blocks if h = 0)} U{[0y,a;,(3h +1),]: i=12, ..., f}

2)Ifh=2 or 3 (mod 4), let:
B = {[Ol,rl,(br +h)]: r=12,..,handb, froma (B,h) - system}u{[ol,ocl,@h)l]}u

U{[0,0;,(3h+i),]: i=2,3,...,f (omit these blocks if f =1)}

We now define another set, ,, of blocks and we consider three cases:
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1) IfN =35 (mod 12), say N =12t + 5, let:

B2 = {[0g, Gt+1+1),Bt— 1) LIOt+2 - 1)1, (M= 3t=1+1);,00]: r=0,1,... 3t}u
f[0g, (Ot + 4+ 1), (9t +2 = 1) LIt = 1)1, (M~ 9t =4 +1),,00]: r=01,... 3t}
U{IOt +3)1,00,(M =3t - 2),

2) IfN = 8 (mod 12), say N = 12t + 8, let:

B={[0, Gt +2 + 1)1, (3t + 1= 1) LIOt + 5 1), (M =3t = 141),,00]: r=01,....3t + [}U
{05, (9t + 7+ 1)1, (Ot +5- 1), LIGt +2 — 1)1, (M= 9t = 5+1)1,00]: r=0,1,... 3t}
{10t +6)1.00, (M- 3t = 2), 1 [1,,0,,(M - 6t-4), 1}

3)IfN =11 (mod 12), say N =12t + 11, let:
Bo={[05,(3t+3+1);,(3t+2-1); 11 =01,...3t + 2}

f[00, (9t +9+1), (9t +7 =), L[Ot+7 = 1)y, (M=3t =2 +1),05: 1=01,... 3t + 1}
U[Gt+2-1),,(M-9t-8+1),0]: 1= 0,1,....3t + 2} U

{0t +8),.00,(M~3t-3),
In all cases, the union of the set PB;wfP, with a set of base blocks for an f~cyclic

DTS(N + f) on Zy x {O}u{al,az,m,af} forms a set of base blocks for an f-bicyclic
DTS(v). O

Lemma 3.4. An f-bicyclic DTS(v) admitting an automorphism 7 in which the two cycles
have lengths M and N respectively, M > N, exists if N2 f+1, M=kN, k = 2 (mod 3),
N=2(mod12) and f=1 (mod 3).

Proof. Let N =2 (mod 12), say N=12t + 2, f=1 (mod 3), N>f+ 1, M=kN, withk =2

M-N-f-1
(mod 3) and let h = 5

We define a set of blocks, 1, and we consider two cases:

1)Ifh=0or 1 (mod 4), let:
B, ={{0,,5, (b, +h),]: r=12,..,hand b, from an (A, h) - system
(omit these blocks if h = 0)} L {[N;,0,, (M = 1), 1,[(6t + 1);,05, (M - 21}
{0, 0, 3h+1),]: i=12,...,f 1 (omit these blocks if f = D}
W {[Ohafa(M -6t - 2)1}}

2) If h =2 or 3 (mod 4), let:
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By = {[Ol,rl,(br +h);]:r=12,...,handb, froma (B,h) - system} o
AN 00, (M= 2), LI(6t +1)1,00, (M= 1), FU{[04, 01, (M = 6t = 3), U
U{[04,a1,(3h), 1[0y, 061, (M ~ N = 1), ] (omit these blocks if f = 1)} U
U{[0y,0,(3h +1);]: i=2,3,...,f — 2 (omit these blocks if £ =1)}

Further, let:
B2 ={[0,,(1+1)g,(M=6t—1+2r),]: =01, 3t}u
U0t —1)1,00,(M=3t=1+1),]: r=01,,... 3t -2} U

{6t - 1)1,00,(M + 1), 1,[(3t ~ 11,06, (M= 9t =2 +1);]: r =0,1,... 3t — 1}

In all cases, the union of the set [(; P, with a set of base blocks for an f-cyclic
DTS(N + ) on Zy x {O}U{al,az,...,ocf} forms a set of base blocks for an f-bicyclic
DTS(v). O
The results of this section combine to give us:

Theorem 3.1. An f-bicyclic DTS(v), with £ > 0, admitting an automorphism « in which
the two cycles have lengths M and N respectively, M > N, exists if and only if N > f+ 1,
M = kN, k = 2 (mod 3) and, further, N = 1 (mod 3) and f = 0 (mod 3) or N = 2 (mod 3)
and f=1 (mod 3).
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