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ABSTRACT

Let G be a connected graph with even order. Let v € V(G). We define
Ni(v) = {u|u € V(G) and d(u,v} = k}. It is proved that if for each vertex v €
V(G) and for each independent set 5 C No(v). IN()AN(S)] > |5]+2n. then G
is n-extendable. Several previously known sufficient conditions for n-extendable
graphs follow as corollaries.

All graphs in this paper are finite, undirected and simple.

Let G be a graph of order v with a perfect matching and let n be a
positive integer such that n < (v — 2)/2. G is said to be n-extendable if G
has n independent edges and any n independent edges of G are contained in a
perfect matching of G.

Let G be a connected graph and let u and v be a pair of vertices of G
such that d(u.v) = 2. We use I(u.v) to denote [V(u) N N(v)|. We define the
divergence «*(u, v} as follows:

Ny p{w) = max {|5] jw € N{u)NN(v), Sis an independent set in G{{w} U
Ng{(w)] containing u and v }.

a®(u.v) = maz, {n, (wlvw € N(u) NN(vit.

Let v be a vertex of G. We define Ne(v) = {ufu € V(@) and d(u.v) = k |
We denote by w(G) the number of compenents of G and by o{G) the number
of odd components of G.

All terminology and notation not defined in this paper are from [2].

Since Plummer [7] introduced the concept of n-extendable graphs in 1980,
much work has been done on this topic (for example, see [1], [3], [4] and [8]). In
[5], Lou introduced a sufficient condition for n-extendable graphs in terms of the
divergence and some other sufficient conditions for n-extendable graphs. How-
ever there are not many known general sufficient conditions for n-extendable
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grephs at present. In this paper we introduce a new sufficient condition for
n-extendable graphs, which implies the divergence condition and a degree con-
dition set up by Plummer [7]. Lou [6] also gave this type of sufficient condition
for hamiltonian graphs. The following is the main result of this paper.

THROREM 1. Let G be 8 connected graph and let k > 0 be an integer. If, for
each vertex v € V(G) and for each independent set R C No(v), IN(v)AN(R)| >
|R| +k+ 1, then for each subset S C V(G), w(G —5) <|S] - k.

PRrOOF: Let S C V(G) and let |S] = 5. Let w(G=S5) =tandlet Cy,Cy, ..., C,
be the components of G~ 5. Let § = {v1,v2,...,9,} and let k; be the number
of components in G — 5 which are adjacent to v (i = 1,2,...,8), With-
out lose of generality, assume k; < ky < ... < k.. Let kp;, = max{k; |
v; is adjacent to C; and 1 < i < s} (4 =1,2,...,t). Without loss of generality,
assume ky, < ki, < ... < kyn,. We choose S C V(G) such that |S| - w(G - 5)
i# as small as possible.

Claim 1:  We have k; > 2 for 1 <i<s.

Suppose this is not the case. Then there is k; (1 <1 < s) such that
ki < 1. We replace S by &’ = S\{#:}. Then w(G - 5) > w(G ~ 5). However
[5'] =15 = 1. So |S"] = w(G — 5"} < |S] = w(G ~ S), contradicting the choice
of S.

Assume that v, is adjacent to a vertex u in a component (' of G-5. We define
the set T to consist of the §; vertices each of which is adjacent to v; and is chosen
respectively from one of the k; components which are adjacent to v;. Any two
vertices in T belong to two different components of G-S. Then 71 VIO = {u},
T\{u} C No(u) and T\{u} is an independent set. So N{u)nN{T\{u}) C S.
By the hypotheses of this theorem, [N{u)n N(T\{uj) > [T\ {u}][+ % + 1.
So u is adjacent to at least |T\{u}| + % + 1 = k; + k vertices in S. For each
component adjacent to v;, the component is adjacent to at least k; + k vertices
in S. Considering all vertices in S which are adjacent to component sy we
know that C; is adjacent to at least km; + k vertices in 5. For the convenience
of explanation, if a vertex in $ is adjacent to p components of G-8, we say it
sends p edges to the components of G-S; if a component C is adjacent to g
vertices in S, we say C sends q edges to S. Then the vertices in S send totally
kv + ks + ...+ k, edges to the components of G-8, whereas the components of
G-5 send at least (km, + k) + (kbm, + &} + ..ol b, « + k) edges to 5. Hence we
have

kitky+ o+ ky >k, +4) + (B, + R} + o + (Emg + £) {1y
So
H Ed i
—
Dokt Y k2 Y ke th, (2)
=1 j=t41 =1

Claim 2: S b < 550, by,
We shall prove km; 2 ki (i = 1,2,....,t) by induction, and then Claim 2
follows. By the definition of km;, we have kn, > k.
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Assume ko, > &y for all i such that © < ). Now assume i = j. If there
is a component C, € {C1, (3, ..., ) | such that C, is adjacent to v, for g > j,
then &y, > kn, >k, > k;. Otherwise, Cy.C5,...,C; are adjacent only to
Uyy By ey g Then by bhod b bjy 2 (b +5)+ (b, +E) ot (ki +5).
By the induction assumption. ky, > ki (i = 1.2....,-1), and kp; > 1. So
by, F kg + e ¥ hom o+ Em, > ki + k2 4+ ...+ k;_y, which contradicts the
above inequality. Hence ky,, > k,.

By {2) and Claim 2, we have

Sk >tk (3)

But at most t components are adjacent to each of vy, v,, ..., v,, then

Ei<t (i=1.2...5). (4)
By (3) and (4),
(s=tit2 3 hi2tk, (5)
Jamiafl

By (5). we have s —t > k and then t < s — k. Hence

wW(G—~S)<I|S|—k. &

COROLLARY 2. Let G be a connected graph with even order. If for each vertex
v € V(G) and for each independent set 5§ C Ny(v), [IN(v) N N(S)| 2 |5] + 2n.
then G is n-extendable.

Proor: Suppese G is not n-extendable. Then there are n independent edges
e; = u; v (i = 1,2,..,n) such that G — {u;,v;|¢ = 1.2, ..., n} does not have any
perfect matching. Let G' = G — {u;, v}t = 1. 2,...n}. By Tutte’s Theorem.
there is a set 5 C V(G') such that of G' — 5') > |5*|. By parity, oG’ — §") >
[$'] + 2. Let T = S" U {&; vl = 1.2...,n}. Then w(G —T) = w(G' - 5) >
AG'—8") > |§"+2 = |§]-2n+2. But by Theorem 1, w{G—T) < |T[~(2n-1) =
|T} - 2n + 1, contradicting the above inequality. ¢

The lower bound of |[N(v) N N{5)| in Corollary 2 is best possible, Let H
= K, and let u,v ¢ V(H). We construet G by joining u and v respectively
to every vertex of H. Then G satisfies that for each vertex w and for each
independent set § C No(w), |N(w) O N{(S) > |S| + 2n — 1. However G is
not n-extendable because there are n independent edges in H which are not
contained in a perfect matching of G.

The following result in Coroliary 3 was due to Lou {5]. We shall prove that
Corollary 2 implies it. In [6], Lou gave counterexamples to show that it does
not imply Corollary 2.
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(COROLLARY 3. Let G be a connected graph with even order, If for each pair
of vertices u and v distance 2 apart, I{u,v} > a*(u,v) + 2n — 1, then G is
n-extendable.

Proor: Suppose G is a graph satisfying the hypotheses of this corollary. We
shall prove that G also satisfies the hypotheses of Corollary 2.

Let v be a vertex of G and S be an independent set in Ny(v). Let § =
{wicwg,ew,} and T = N@INN(S) = {v1,v2,.cove}. Let ki = [{wjlviw; €
E(G),w; € S} (i = 1,2.....t). Without loss of generality, assame £ < &z <
- S ke Let bk, = max {&fvjw; € B(G) and v; € T} (j = 1,2,...8). Without
loss of generality, assume ky,, < by, < o0 < ki,

I v; is adjacent to w;, as d(v, w;} = 2, by the hypotheses of this corollary,
IN(wi NN (v)| 2 k;+142n—1 = k;+2n and N(w; )NN{v) C T. Considering all
vertices in T w}uch are adjacent to w;, w; is adjacent to at least b, +142n—1 =
kym; +2n vertices in T. The vertices in T send totaﬂv ki 4 ky + ...+ ke edges to
S, and the vertices in S send at least (kp, + 20) + (km, + 20) + ot (kpag + 20)
edges to T, So

byt kst i+ ke 2 By +20) + (b, + 20) 4 oo + (k% + 2n) (1)

By (1),
Zk + Z k> Z’" + 2ns. (2)
FET Rt 1=1

In the following, we shall prove by induction that

ki Shmp (i=1,2,008). (3)
By the definition of k. we have £y, > k1. Assume kn, > k& for all i
such that ¢ < j. Now assume i = j. If there is a vertex wp € {wy, wa,....w;}

such that wyv, € E(G) for ¢ > j, then ky; > ki, > k, > k;. Otherwise
N({wl, Wy, ...,h/)})ﬂT g {'?j],b'g, oy U;‘...l}. Then 1151 + k;,) T e+ !\71‘_.1 2 {kmx +
2n) + (km, + 2n) + ... + (km; + 27). However, by the induction hypothesis,
kg 2 ki (i=1,2,...§-1), and &, 2> 1, hence kpy + ki, + oo + b, + b, >
ky+ky + ...+ kj-q, contradicting the above inequality.

By {2) and (3), we have

1
> ki > 2ms, (4)
=gl
But by the definition of &;.
ki <s (1=1,2,...1). (5)
So
1
(t=2)e> > ki >2ns. (6)
J=s-1
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By (6),t — 5> 2n. Sot > s+ 2n. And hence

NN NS 2 151+ 2n. ¢

In the following we shall prove that Corollary 2 also implies a sufficient
condition set up by Plummer [7].

COROLLARY 4. Let G be a connected graph with even order. If 8(G) > v [2+n,
then G is n-extendable.

Proor: By [5], we know that Corollary 3 implies Corollary 4. ¢
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