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Abstract
Over the last few years a number of authors have investigated the structure of
optimal repeated measurements designs. Various constructions for such designs have been
given. In this paper we consider the construction of non-isomorphic optimal repeated
measurements designs when t=2 and 3.

1. Introduction

In a repeated measurements design (RMD) there are t treatments, n experimental
units and the experiment lasts for p periods. Each experimental unit receives one treatment
during each period. Thus the design may be represented as a pxn array containing entries
from {1,2,...,t}. Examples of RMDs with t=2, p=4 and n=4 appear in Table 1.

1122 1112
2211 1221
1122 2221
2211 2111
(@) (b)

Table 1. Examples of RMDs.

A RMD is said to be uniform on units (or columns) if each treatment appears the
same number of times in each column, and to be uniform on periods (or rows) if each
treatment appears the same number of times in each row. A RMD is said to be uniform if it
is uniform on both units and periods. Thus, in a uniform RMD, each treatment appears p/t
times in each column and n/t times in each row. Hence necessary conditions for the
existence of uniform RMDs are tlp and tin. The design (a) in Table 1 is a uniform RMD,

whereas design (b) is not uniform on either rows or columns.
Let my; denote the number of times that treatment i is preceded by treatment j. A
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RMD is said to be balanced if

my, = (1-5,) t((t 1)) 1 <ij<t,

where ﬁij is the Kronecker 9, and to be strongly balanced if

mu_“—(‘ﬁ‘—l, 1<ij<t.
T.

The design (a) in Table 1 is balanced and design (b) is strongly balanced.

The linear models associated with these designs have been given by a number of
authors (see, for example, Cheng and Wu (1980), Kunert (1984) and Street (1988)).
Cheng and Wu (1980) have shown that one class of optimal designs are the strongly
balanced, uniform RMDs and they give a construction for such designs when n=t* and
p=2t. Placing two such designs side-by-side gives a strongly balanced, uniform design
with n=2t2 and p=2t, and placing two of their designs one under the other gives a strongly
balanced, uniform RMD with n=t* and p=2(2t). (These are examples of pasting
constructions.) Thus, in general, there are strongly balanced, uniform RMDs with n=xlt2,
A;21, and p=2M,t, A,21 for all t. The design (a) in Table 2 is the strongly balanced,
uniform RMD for t=2, p=4, n=4 from the construction of Cheng and Wu (1980). The

designs (b) and (c) show strongly balanced, uniform RMD obtained from (a) by horizontal
and vertical pasting respectively.

@ 1122 b 11112222 ¢y 1122
1212 11221122 1212
2211 22221111 2211
2121 22112211 2121

1122
1212
2211
2121

Table 2. Examples of horizontal and vertical pasting.

Sen and Mukerjee (1987) have shown how to construct a strongly balanced,
uniform RMD for n=t* and p=3t. As their construction uses two mutually orthogonal Latin
squares (MOL.S) of size t, it can only be used when there are at least 3 treatments (and t6).

We are interested in the total number of strongly balanced, uniform RMDs and
ways of constructing all these designs for small values of t and p for varying n. In the
remainder of this paper, we consider the construction of non-isomorphic, strongly
balanced, uniform RMDs for the cases t=2,p=4; t=2,p=6; t=2,peven,p>6 and t=3,p=6.
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2. The Case t=2 and p=4 (=2t)

In this case, the necessary conditions for the existence of strongly balanced,
uniform RMDs are 214, 2in and 4/3n. Thus, n=4s, s>1. Since the designs are uniform on
units (or columns), each column of the array must contain two 1's and two 2's. Hence
each experimental unit must receive one of six possible sequences. These are listed in

Table 3.

2

N S

Sequence 5, S, 3 4 5 6
Period 1 1 1 1 2 2 2
2 1 2 2 1 1 2
3 2 1 2 1 2 1
4 2 2 1 2 1 1

Table 3. All sequences of length 4 containing twe 1's and two 2's.

For each sequence we have also recorded, in Table 4, the number of times the ordered
pairs of treatments (1,1), (1,2), (2,1) and (2,2), appear on adjacent periods.

Sequence l S, S, S, S, S S¢
a,nt 1 0 0 1 0 1
(1,2)F 1 2 1 1 1 0
e nt 0 1 1 1 2 1
2,27 1 0 1 0 0 1

Table 4. The number of times the ordered pairs appear in each sequence.

We let x;,i=1, 2,...,6, be the number of units receiving treatment sequence S;in
the design. Then, counting experimental units and using the fact that the design is both
strongly balanced and uniform in rows (periods), we get the following equations.

Xp+ Xy + X3+ X, +Xs+ X = n = 4s,
X+ X, +Xg = (p-Dn/t2 = 3n/4 = 3s,

x1+2x2+x3+x4+x5 = 3s,
x2+x3+x4+2x5+x6 = 3s,
X)+ Xy +Xg = 3s,
x1+x2+x3:n/t =n/2 = 2s,
X+ Xy +Xg = 2,
Xy + Xy + Xg = 28,
X3+ X5+ X¢ = 2s.
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Solving, we get

Xl—

X3:

,.XS,

Xg = Xy +5,
Xy = s~2x2,

OSHS[ﬂ,wml&w

where [§2_] is the largest integer less than or equal to s/2.

We summarise these results in the following theorem.

Theorem 1

When t=2 and p=4, all strongly balanced, uniform RMDs have n=4s units,

s=1,2,... . There are [-;—] + 1 non-isomorphic designs with 4s units and these designs

have a+s sequences of type S, and of type S¢, @ sequences of type S,, and of type S,

and s-2a sequences of type S3, and of type S4, where a =0,1,2,..., [—;-] All the designs

have (1,2) as an automorphism.

[

In fact, all the designs are obtained by taking appropriate combinations of the

design (xl,xz,x3) =(1,0,1) when n=4 and the design (xl,xz,x3) = (3,1,0) when n=8.

This can be seen from Table 5 where all strongly balanced, uniform RMDs for
n=4,8,12,16 and 20 are given. The designs constructed by Cheng and Wu (1980)
correpsond to the case a =0 of the theorem.

n=4

(RN e N I S R e S R o
BRI = bt DD b e DI DD
PRI = = RN == DI N =
DB = PORD e DO BN et e
DB == BINI == = DA
PO DI = = DN D e = DI DN
B = B = RO B s e DI N
B bt B = = NN = = DO DD e

Table 5. All strongly balanced, uniform RMDs for t=2, p=4 an

e T el I ST ST S Rl W
P N DY N e DD D N
e BB R = DN N e e N

n=8 11112222
11221122
22221111
22112211
11112222
11121222
22212111
22221111

22222 n=20

12222

11111

21111

22222

22222

11111

11111

22222

22222

11111

11111
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n=12 111111222222
111222111222
222222111111
222111222111
111111222222
111122112222
222212121111
222221211111

11111111112222222222

11111222221111122222

22222222221111111111

22222111112222211111

11111111112222222222

11111122221111222222

22222212221112111111

22222221112221111111

11111111112222222222

11111112221112222222

22222221121221111111

22222222212111111111

d n=4,8,12,16 and 20.



3. The case t=2 and p=6 (=3t)

Here the necessary conditions for the existence of strongly balanced, uniform
RMDs are 216, 2in and 4l5n, so again n=4s, s 2 1. There are now twenty possible
sequences, each containing three 1's and three 2's. They are listed in Table 6.

Sequence s1 SZ S3 S4 SS 86 87 S8 S9 Slo Sn SIZ Sn SM SlS Sl& S17 Sls S19 Szo

Period 1 1111 11 11 11 2 2 2 2 2 2 2 2 2 2
2 1 1+ 1+ 2 2 2 2 2 2 111111 2 2 2 2
3 122 2 11 212211212 2 111 2
4 212 2 1 2 1 2 121212 1211 21
5 2 212 2112 2 1 2 11 2 2 11 2 1 1
6 2 2 2 1 2 2 2 1112 2 2 1 112 111

Table 6. All sequences of length 6 containing three 1's and three 2's.

For each sequence, the number of times that the ordered pairs of treatments (1,1), (1,2),
(2,1) and (2,2) appear on adjacent periods, are recorded in Table 7.
Sequence { 5, 8, 8 S

S S S S S SIO S SIZ SIS Sld SlS 816 S17 slﬁ 519 S

2 V3 Y4 6 9 11 20
an’t 2 1111010012 11101211 2
a2’ 1t 22 123 2 2 211221211110
en’ 01 1 1 1 2 1 2 2 1 2 2 2 3 2 1 2 2 1
et 2 112 10111 2100101111 2
Table 7. The number of times the ordered pairs (1,1),(1,2), (2,1), (2,2) appear in each
sequence.

We let x;, i=1,2,..,20, be the number of units receiving treatment sequence S; in

the design. Then we can obtain the following equations in a similar way to those of the
previous case , using the fact that the design is both strongly balanced and uniform on
rows (periods).

185



2X X R K X Ry (DX X 4K kK X ¢ 2R R gt g F2Ryy = ﬁttzlﬁ = 3Ss,
x1+2x2+2x3+x 41\-2)(5+3x6+2x7+2x8+2xg+xm+xl1+2x12+2x13+x1 4+2x15+x1 X7 g Ry = 5s,
Xy X+ 4+x5~;~2x6+x7+2x8+2x9+xm+xl1+2x12+2x13+2x1 /_1+3x15+2x1 6+x17+2x18<l-2x19+x20 = 358,
ZX1+X2+X3+2X4+x5+x7+x8+x9+2x10+x11+X14+X16+X17+X18+x19+2’(20 = 5s,
xl+x2+x3+x4+x5+x6+x7+x8+x9+xm‘=rt~1- = 2s,
Xy ¥ Xyt XgF Xg + X+ X H X3 F Xy FXg X = 2s,
X1+X5+x6+"8+x11+X12+X14+X17+X18+x19 = 2s,
Xy FXgt Xy + X+ X  + X3+ Xyg+Xm F X g+ Xyy = 2s,
Xyt X+ X+ X F X + X3+ X+ X+ X gt Xyy = 2s,
Xy Xg + Xg Xy F Xy F X+ Ko Xpg Xygt Xy = 2s.

Solving these equations, we find that

Xy = x7+ngx10+x13+x15’+x16+x17+x18+x19+2x20——25,
Xy = X7+2X10_Xls+X16+2X17+X18+2X19+3X20“3S’

X3 = = 2%+ Xg = 2X g = Xy3 = Xy FXy5 = Ko = 2Kyg — Xyg =~ 3Xg + 38,
Xy = —Xg = Xg = X=Xy = Xyg— X5 = Xjg ~Xjg— X0+ 25,

= . N — — — —
Xg = Zx7 Xg = 2Xy0 + Xqp + Xy + X5 2x17 X183~ X190 3x20+3s,

Xg = x7—x8+xmmxuw—xm—xls+x17+2x'20-s,
Xjp =~ X X3 Xy X5 Xyg— Xy~ Xyg — X9~ Xp + 25,

0< X5 Xgs Xgs X105 X195 X135 X145 Xy 55 Xy, X175 X g, X9y Ko S 2s, 8 = 1,2,3,... .

In the previous section, we could find all strongly balanced, unifor_m RMDs from
the equivalent equations. Here we cannot find all solutions to the above equations very
easily. When s is any integer value then the set of solutions to the above equations are a
module which is finitely generated. The RMDs correspond to the positive elements of
the module (De Launey (1989))." HoWever, ‘the basis of the module may only be
expressible as linear combinations of the original x;'s. Hence this observation does not
appear to make the task of finding the designs any easier. ’

It is no longer true that all solutions have (1,2) as an automorphism. Those that do
are called symmetric designs. Otherwise, we say that the design is non-symmetric. Ina
symmetric design X =Ko, Ko =K gyeensX 5K 1

All non-isomorphic strongly balanced, uniform RMDs with t=2, p=6 and n=4, are
given in Table 8. We see that there are 15 designs, of which the first 10 are symmetric.

186



1122 1122 1122 1122 1122

1212 1212 1122 1212 1122

1122 1212 2211 2211 2211

2211 2121 1212 1212 2211 )

2211 2211 2211 2121 1212

2121 2121 2121 2121 2121

> Symmetric

1122 1122 1122 1122 1122

1212 1212 1212 2211 2211

2211 2121 2211 1212 2211

2211 2121 2121 1212 1212 “

1122 2211 2121 2121 1122

2121 1212 1212 2121 2121

1122 1122 1122 1122 1122

1212 1212 1212 1212 1212

1221 1221 1221 1221 2211 ‘
2121 2121 2211 2211 1221 non-Symmetric
2112 2211 2112 2121 2121

2211 2112 2121 2112 2112

Table 8. Strongly balanced, uniform RMD's Jor t=2, p=6, n=4.

The number of non-isomorphic (symmetric and non-symmetric), strongly
balanced, uniform RMDs with t=2, p=6 and n=4,8 and 12, are given in Table 9.

n 4 8 12
Symmetric 10 84 388
non-symmetric 5 130 1636
Total 15 214 2024

Table 9. The number of non-isomorphic swrongly balanced, uniform RMDs
Jor t=2 and p=6.

When t=2 and p=4, design with n=4s, s>3, are obtained by horizontally pasting an
appropriate number of designs with n=4 and n=8, and they can be obtained in no other
way. This is no longer the case when t=2 and p=6. Table 10 shows the number of
designs with n=8 which can be obtained by horizontally pasting designs with n=4. (We
used all 20 designs with n=4 - the 10 symmetric and 5 non-symmetric designs from Table
8, and the 5 designs obtained from the non-symmetric designs by applying the permutation
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(12).) Table 10 also gives the number of designs with n=12 which can be obtained by
horizontally pasting a design with n=4 and one with n=8 (84 symmetric, 130 non-
symmetric and 130 non-symmetric permuted (1,2)).

n 8 12
symumetric 51 38
non-symimetric 75 1494
Total 126 1874

Table 10. The number of non-isomorphic, strongly balanced, uniform RMDs possible
using pasting for n=8 and 12.

Non-symmetric designs permuted by (1 2) are included for pasting as they may
lead to designs which cannot be obtained otherwise. Table 11 gives a design for n=8
which is obtained by horizontally pasting a non-symmetric design for n=4 with 1 and 2
interchanged and a n=4 design from Table 8. This design cannot be obtained by pasting
any two designs in Table 8. For n=8 there are 12 such strongly balanced, uniform RMDs,
two of which are symmetric.

11 2 2 2 2 1 1
12 1 2 21 2 1
12 2 1 21 1 2
21 2 1 1 2 1 2
21 1 2 12 2 1
22 11 11 2 2

Table 11. A strongly balanced, uniform RMD for 1=2, p=06 and n=38 pasted from a
non-symmetric design with the non-symmetric design permuted by (12).

Pasting doesn't lead us to all designs: For n=8 there are 88 'new' designs which
cannot be obtained from n=4 designs and for n=12, there are 150 'new' designs.

4. The Case t=2 and p>6 (even)

In this section we describe another recursive construction for strongly balanced
uniform RMDs. Using Theorem 2 it is possible to construct such designs for t=2, n=4s
and p=8,10,12,... .

Theorem 2

Let D, be a strongly balanced, uniform RMD with t=2, p=p, and n units, and let
D, be a strongly balanced, uniform RMD with t=2, p=p, and n units. Then there is a
strongly balanced, uniform RMD with t=2, p=p;+p, and n units.
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Proof
We can permute the columns of D, so that the first n/2 columns have a 1 in the

final row (and hence the remaining columns have a 2 in the final row). We can permute
the columns of D, so that the first n/4 columns begin with 1, the next n/4 columns begin
with 2, the next n/4 columns begin with 1 and the final n/4 columns begin with 2. The

D, = .
3 D2

Clearly Dj has t=2, p=p,+p, and there are n units. Dj is uniform in rows and columns

required design is

because D1 and D2 were. What are the values of mij in D3? From D1 and D2 and the
method of construction we have that
n(p;-1)  n(py-1) ) n(p;-1+p,-1+1)
Wy = —g—t—g—tg T o
as required. ]

The designs in Table 12 illustrate this construction. The first is a t=2, p=8, n=8
design obtained from two (different) designs with t=2, p=4, n=8. The second is a design
with t=2, p=10, n=4 obtained from designs with =2, p=6, n=4 and =2, p=4, n=4. The
third design has t=2, p=12, n=4 and is obtained from two (different) designs with t=2,
p=6, n=4.

(@) 22221111 by 2211 ¢y 1212
12221112 1212 2121
21112221 2112 2121
11112222 2121 2211

1221 1212

11221122 1122 1122
11112222

22112211 1212 1212

22221111 1122 1122

2121 2121

2211 1221

2211

2112

Table 12. Strongly balanced, uniform RMDs obtained by vertical pasting.

5. The Case t=3 and p=6 (=2t)
Once we have more than two treatments, the situation rapidly becomes much more
complicated. We illustrate some of these difficulties by considering the case t=3 and p=6.
There are now 90 sequences of length 6 which contain two 1's, two 2's and two 3's.
These can be grouped into 15 sets of 6 sequences each, where sequences in a set can be
obtained from each other by applying a permutation of 1,2 and 3 (that is, an element of Sy).
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The 90 sequences, grouped into the 15 sets of 6, together with a label for each
sequence, appear in Table 13.

112233 sq; 112323 sy, 112332 sq4
(12 221133 sp 221313 sy, 221331 sq,
(13) 332211 sq4 332121 sy4 332112 543
(23) 113322 594 113232 sy, 113223 sy
(123) 223311 sqg 223131 555 223113 s55
(132) 331122 sy 331212 sy¢ 331221 sg¢
121233 sy, 121323 sg; 121332 s
12) 212133 54 212313 s 212331 sg,
13) 323211 sy 323121 sy 323112 sgy
23) 131322 54y 131232 sqy 131223 sg4
(123) 232311 syq 232131 ss5 232113 sgq
(132) 313122 sy 313212 sgg 313221 sgq
122133 s, 123123 sg; 123132 sg,
(12 211233 s 213213 sgy 213231 sq
(13) 322311 553 321321 sgq 321312 sgg
23) 133122 sy 132132 sgy 132123 sgy
(123) 233211 syg 231231 sgs 231213 sgs
(132) 311322 sg 312312 sgg 312321 sgg
122313 519 123213 5114 132213 spp
(1) 211323 59, 213123 s 231123 515,
(13) 322131 5935 321231 5y) 4 312231 51554
3) 133212 5104 132312 5174 123312 554
(123) 233121 55 231321 sq; 5 213321 5155
(132) 31123250 312132 5114 321132 515
122331 515, 123231 514, 123321 55,
(12) 21133255, 213132 514, 213312 555,
(13) 322113 5134 321213 5144 321123 51454
23) 133221 5134 132321 5144 132231 515,
(123) 2331125335 231312 5145 231132 sy535
(132) 311223 5154 312123 5146 312213 si5¢

Table 13. 90 possible sequences for t=3 and p=6.
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Suppose there are Xy units receiving treaunent sequence Sij in the final design.
Then uniformity in rows gives us 3x6 = 18 equations and the strongly balanced property
gives us a further 9 equations. However, the equations are not independent (for instance
as there can only be 1's, 2's and 3's in each row, once the number of 1's and 2's are
known, the number of 3's is also). The 27 equations in fact have rank 15 and involve 90
unknown Xise

We simplify the problem further by finding only those designs for which all the
elements of S, are an automorphism. Thus n=18s and there are two independent
equations that the 15 unknowns must satisfy,

Letx; be the number of sequences of type S,;in the final design.

Then

15

Yx = /6 = 3s 0
j=1

6, + 2y + A%y + 2+ D+ 4y + 2610+ 2K + Ak +2x s = 5%— = 10s 2)

2x1+4x2+3x3+4x 4+5x5~!—4x6+3x7+5x8+5x9+4x104»5)(11+4x12+3‘x13+5x1 4+4x15 =10s (3)

In attempting to find solutions it appears to be easiest to work with the original equations.
Theorem 3

There are 72 non-isomorphic, strongly balanced, uniform RMDs with t=3, p=6,
n=18 and with S5 as an automorphism group.

Proof

Any such design must satisfy the equations (1), (2) and (3) with s=1. Thus
0= x; < 3. But if any x, =3, then either equation (2) or (3) is contradicted. If Xg, Xg, Xgs
Xqq Or Xy, =2, then (1) and (3) can not hold simultaneously. If Xy = 2, then equation (2)
is false.

If X = 1, then either one of X3, Xy and Xq3 is 1 and one of Xs, Xg, X, X1 and Xy4
is 1, or two of X9 X4 Xgo X100 X195 X1 5 is 1, or one of X9s Xys Xg» Xy X5 and X5 is 2.
This gives 3x 5 + 15 + 6 = 36 designs.

If X = 0, then either one of X35 Xq and Xi3 is 2 and one of Xos Xgo X6 X5 X1 and
X5 is 1 or two of X3, X and X135 are 1 and one of X9> X4 Xg> X1 X and X5 is 1. This

gives 3 x 6 + 3 x 6 = 36 designs. The result follows. D

Similar counting shows that there are 1677 such designs when n=36 (s=2).
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5. Summary

In this paper we have produced constructions for all strongly balanced, uniform
RMDs for t=2, p=4 and n=4s. All strongly balanced, uniform RMDs for t=2, p=6 and
n=4 have been givenfrom which we can horizontally paste to produce some t=2, p=6 and
n=4s designs. Using t=2, p=4, 6 and n=4s we can construct t=2, p>6 (even) and n=4s
strongly balanced, uniform RMDs using vertical pasting. Fort=3, p=6 and n=18, 36
we have counted the number of strongly balanced, uniform RMDs that have elements
of S3 as an automorphism.
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